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Abstrakt: V kombinatorice na slovech je intenzivně studovaným objektem kritický exponent
významných tříd nekonečných slov. V této práci se konkrétně věnujeme (asymptotickému) kri-
tickému exponentu jednoduchých Parryho nekonečných slov, což jsou slova kódující mezery mezi
β-celými čísly v numeračních systémech s reálným základem β. Představíme obecný algoritmus
pro určení (asymptotického) kritického exponentu těchto slov, který je založený na vlastnostech
jejich bispeciálních faktorů a nejkratších návratových slov. Hlavním výsledkem této práce je
důkaz rovnosti kritického a asymptotického kritického exponentu konfluentních jednoduchých
Parryho nekonečných slov a nalezení jejich konkrétní hodnoty. Dále odvodíme asymptotický
kritický exponent ternárních jednoduchých Parryho nekonečných slov a poskytneme postup pro
výpočet kritického exponentu pro konkrétní volbu parametrů těchto slov.
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Abstract: In combinatorics on words, the critical exponent of important classes of infinite words
is an intensively studied object. In this work, we specifically focus on the (asymptotic) critical
exponent of simple Parry infinite words, which are words encoding distances between β-integers
in numeration systems with a real base β. We introduce a general algorithm for determining the
(asymptotic) critical exponent of these words, based on the properties of their bispecial factors
and shortest return words. The main result of this work is the proof of the equality between the
critical and the asymptotic critical exponents of confluent simple Parry infinite words and the
determination of their precise values. Furthermore, we derive the asymptotic critical exponent of
ternary simple Parry infinite words and provide a procedure for calculating the critical exponent
for a specific choice of parameters of these words.
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Introduction

The critical exponent of infinite words has recently emerged as a subject of intensive research
in theoretical computer science. While several major classes of infinite words have already been
studied, the repetitive structure of many other infinite words is still unknown. In this work, we
present a new result about the critical exponent and the asymptotic critical exponent of simple
Parry infinite words.

First, let us introduce the essential notions related to repetitions in infinite words. For
a positive integer n, the n-th power of a non-empty word u, denoted un, is a concatenation of
n copies of u. In other words, un denotes the prefix of length |u|n of the periodic infinite word
uuu · · · = uω, where |u| is the length of u. For example, consider a square bonbon = (bon)2,
a cube blablabla1 = (bla)3 or the 4-th power kukukuku2 = (ku)4. Besides integer powers,
we can also define rational powers of non-empty words. Any prefix of length k of the periodic
infinite word uω can be written as ur, where r = k

|u| ∈ Q. For instance, the word kabelka3 can

be written in this formalism as (kabel)
7
5 .

The critical exponent E(u) of an infinite word u = u0u1u2 · · · is defined as

E(u) = sup{r ∈ Q | ur is a factor of u for a non-empty word u} .

Its asymptotic version is called the asymptotic critical exponent E∗(u) and it was introduced by
Cassaigne [9] under the name asymptotic index. It is defined to be E∗(u) = +∞ if E(u) = +∞,
otherwise it is defined as

E∗(u) = lim
n→∞

sup{r ∈ Q | ur is a factor of u for some word u of length ≥ n} .

It is easily seen that E∗(u) ≤ E(u).
An important characteristic of a class C of infinite words is the infimum of critical exponents

and asymptotic critical exponents of infinite words from that class. The repetition threshold
RT(C) for the class C is defined as

RT(C) = inf{E(u) | u belongs to the class C} .

Its asymptotic version is called the asymptotic repetition threshold RT∗(C) for the class C and
it is defined as

RT∗(C) = inf{E∗(u) | u belongs to the class C} .

It is readily seen that RT∗(C) ≤ RT(C).

1Meaningless or idle chatter.
2The sound of a cuckoo.
3Handbag in Czech.
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For the class C of all d-ary infinite words, the repetition threshold and the asymptotic
repetition threshold are usually denoted as RT(d) and RT∗(d). In 1912, Thue [37] proved that
the Thue-Morse infinite word, i.e. the fixed point of the morphism 0 7→ 01, 1 7→ 10, has the
critical exponent equal to 2. Since all binary infinite words contain squares, it follows that
RT(2) = 2 and the repetition threshold is reached for the Thue-Morse infinite word. In 1972,
Dejean [15] showed that RT(3) = 7

4 and conjectured that RT(4) = 7
5 and RT(d) = d

d−1 for
d ≥ 5. This conjecture is now known as Dejean’s theorem and it was proved through the efforts
of many authors [30, 28, 7, 14, 33].
Especially since the completion of the proof of Dejean’s theorem, much work has been done

on determining the critical exponent and the repetition threshold in different classes of infi-
nite words. In particular, the following classes of infinite words were examined: episturmian
words [21], balanced words [16, 22, 32], rich words [13, 12] and words with given factor com-
plexity [29, 11, 36].
In this work, we will focus on the study of the critical exponent and the asymptotic critical

exponent of another class of infinite words called simple Parry infinite words.

Parry infinite words are closely connected to non-standard numeration systems, in which
a real base β > 1 is used instead of an integer base. Every non-negative real number x can be
expressed using powers of the base β in the form

x =

k∑
i=−∞

xiβ
i, where k ∈ Z, xi ∈ N and xk ̸= 0 .

For negative real numbers x, a minus sign is added. Such a representation of a real number
can be obtained using the greedy algorithm, we then use a term β-expansion. Numbers whose
β-expansion has a vanishing fractional part, i.e. numbers in the form ±

∑k
i=0 xiβ

i, where k ∈ N,
are called β-integers. The set of β-integers Zβ is therefore an analogue of the set of integers Z for
integer bases. If there are only finitely many different distances between consecutive β-integers,
then these distances can be encoded with letters. The obtained infinite words are called a simple
/ non-simple Parry infinite words and the base β is called simple / non-simple Parry number.
Parry infinite words are a widely studied object in the field of combinatorics on words. They

have been examined by many authors from different points of view [17, 27, 3, 5, 1, 2, 25, 39,
20]. In this work, we will focus on the study of simple Parry infinite words in terms the of
(asymptotic) critical exponent.

In the first chapter, we introduce the fundamental concepts of combinatorics on words and
summarize known results. We present Parry numbers and non-standard numeration systems and
mention their relationship with simple and non-simple Parry infinite words. Furthermore, we
define the critical exponent and the asymptotic critical exponent and explain their connection
to bispecial factors and return words. Additionally, we provide an algorithm for finding all
bispecial factors and return words for the simple Parry infinite word.
The second chapter is dedicated to new results. First, we derive the critical exponent and

the asymptotic critical exponent for binary simple Parry infinite words. We then determine the
asymptotic critical exponent for ternary simple Parry infinite words and provide a method for
computing the critical exponent for a specific choice of word parameters. Finally, as the main
new result of this work, we derive the critical exponent and the asymptotic critical exponent
for the whole class of confluent simple Parry infinite words. The proof of this result consists in
a thorough application of generating functions.
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Chapter 1

Basic notions of combinatorics on
words and known results

1.1 Preliminaries

An alphabet A is a finite set of symbols, called letters. A word of length n over A is a string
u = u0u1 · · ·un−1, where ui ∈ A for every i ∈ {0, 1, . . . , n − 1}. The length of the word u is
denoted |u|. The number of occurrences of the letter j ∈ A in the word u is denoted |u|j . The set
of all finite words over A is denoted A∗. This set together with the operation of concatenation
forms a monoid. Its neutral element is the empty word ε. We denote A+ = A∗ \{ε}. An infinite
word (sequence) over A is an infinite string u = u0u1u2 · · · , where ui ∈ A for every i ∈ N.
Infinite words will be denoted by bold letters.
Let u ∈ A∗, u = xyz for some x, y, z ∈ A∗. The word x is called a prefix of u, z is called

a suffix of u and y is called a factor of u.
Let u be an infinite word over A, u = u0u1u2 · · · . A word y such that y = uiui+1ui+2 · · ·uj−1

for some i, j ∈ N, i ≤ j, is called a factor of u. If i = j, then y = ε. If i = 0, then y is called
a prefix of u. The number i is said to be an occurrence of the factor y in the infinite word u. An
occurrence of a factor in a finite word is defined analogously. If each factor of u has infinitely
many occurrences in u, the infinite word u is called recurrent. Moreover, if for each factor of u
the distances between its consecutive occurrences in u are bounded, the infinite word u is called
uniformly recurrent.
Let u ∈ A∗. uk = uu · · ·u, where k ∈ N, denotes a concatenation of k copies of u and is

called the k-th power of u. Similarly, uω = uuu · · · denotes an infinite concatenation of u. An
infinite word u over A is called eventually periodic if u = vwω for some v ∈ A∗ and w ∈ A+. In
particular, u is called periodic if v = ε. Furthermore, u is called aperiodic if u is not eventually
periodic.
A factor w of an infinite word u over A is called a left special factor if aw, bw are factors of u

for two distinct letters a, b ∈ A. Analogously, we define a right special factor. A factor is called
bispecial factor if it is both left and right special factor. We say that an infinite word u over A
is closed under reversal if for each factor w = w0w1 · · ·wn−1 of u its reversal wn−1 · · ·w1w0 is
also a factor of u. A binary infinite word u is called Sturmian if u is closed under reversal and
u contains exactly one left special factor of every length.
Let u be a recurrent infinite word over A, u = u0u1u2 · · · , and its factor w. Let i, j ∈ N,

i < j be two consecutive occurrences of w in u. Then the word uiui+1ui+2 · · ·uj−1 is called
a return word to w in u. If u is uniformly recurrent, the set of all return words to w in u is

9
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finite for each factor w. If u is recurrent and the set of all return words to w in u is finite for
each factor w, then u is uniformly recurrent.
A mapping φ : A∗ → A∗ satisfying for all u, v ∈ A∗

φ(uv) = φ(u)φ(v)

is called a morphism. Let u be an infinite word over A, u = u0u1u2 · · · . The morphism may be
applied also to infinite words as

φ(u) = φ(u0u1u2 · · · ) = φ(u0)φ(u1)φ(u2) · · · .

An infinite word u is called a fixed point of the morphism φ if φ(u) = u. A morphism φ is called
primitive if there exists a positive integer k such that for every pair of letters a, b ∈ A, the letter
a occurs in the word φk(b). If an infinite word u is a fixed point of a primitive morphism, then
u is uniformly recurrent.
Let φ : A∗ → A∗ be a morphism and w be a factor of a fixed point of the morphism φ.

A decomposition of w is a representation of w as a sequence of (potentially incomplete) φ-images
of letters. The decomposition is denoted by placing • at the boundaries between the φ-images
of individual letters. A factor can have more than one decomposition. However, if there is
a common • for all these decompositions, this • is called a synchronizing point.

Example 1.1: Let φ : 0 7→ 001, 1 7→ 02, 2 7→ 0. Consider its fixed point

u = 0010010200100102001000100102 · · ·

and its factor w = 0010. There are three possible decompositions of w, i.e. w is a factor of
φ(0)φ(0), φ(0)φ(1) and φ(0)φ(2). However, all these decompositions have a common • in the
factor w = 001 • 0, thus this • is a synchronizing point.

Definition 1.2: Let u, v be two infinite words over {0, 1, . . . , d} for some d ∈ N, u = u0u1u2 · · ·
and v = v0v1v2 · · · . We say that u is lexicographically smaller (greater) than v, we write
u ≺lex v (u ≻lex v), if for the smallest index i ∈ N such that ui ̸= vi holds ui < vi (ui > vi).

1.2 Incidence matrix and its properties

Let φ : A∗ → A∗ be a morphism. The incidence matrix Mφ is a matrix associated with the
morphism φ and it is defined for every i, j ∈ A = {0, 1, . . . ,m− 1} as

[Mφ]ij = |φ(j)|i .

The morphism φ is primitive if the incidence matrixMφ is primitive, i.e. there exists k ∈ N such
that Mk

φ is a positive matrix.

When multiplying the incidence matrix Mφ by the vector 1⃗T from the left and by the vector
e⃗1 from the right, we obtain 1⃗TMφe⃗1. It is the sum of the elements of the first column of matrix
Mφ, thus

|φ(0)| = 1⃗TMφe⃗1 .

Let u ∈ A∗. The Parikh vector u⃗ is a vector whose i-th component is equal to |u|i. When
multiplying the Parikh vector u⃗ by the incidence matrix Mφ, we obtain the Parikh vector ⃗φ(u),
i.e.

⃗φ(u) = Mφu⃗ .

10
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Then it holds true that
|φ(u)| = 1⃗TMφu⃗ .

Therefore, when multiplying the n-th power of the incidence matrix Mn
φ for n ∈ N by the vector

1⃗T from the left and by the vector e⃗1 from the right, we obtain

|φn(0)| = 1⃗TMn
φ e⃗1 .

1.3 Parry infinite words and non-standard numeration systems

As mentioned in the introduction, the Parry infinite words code distances between consec-
utive β-integers, where β-integers generalize the notion of integers to numeration systems with
a real base β > 1. In this section, we describe this concept in a more formal way. We draw
information from [26] (Chapter 7 Numeration systems).

1.3.1 β-expansion

Definition 1.3: Consider a base β ∈ R, β > 1, and x ∈ R, x ≥ 0. If

x =
k∑

i=−∞
xiβ

i, where k ∈ Z, xi ∈ N for each i ∈ Z, i ≤ k and xk ̸= 0 ,

then xk · · ·x1x0•x−1x−2 · · · is called a β-representation of x. In particular, a β-representation
of x obtained by the greedy algorithm is called the β-expansion of x and denoted ⟨x⟩β.

Example 1.4: For β = 1+
√
5

2 , it holds β
2 = β + 1. We have

⟨3⟩β = 100•01, ⟨
√
5⟩β = 10•1 or ⟨β2/2⟩β = 1•(001)ω .

Thanks to the greedy algorithm, the lexicographic order of β-expansions corresponds to the
order of non-negative real numbers.

Lemma 1.5: Consider a real base β > 1 and x, y ∈ R, x ≥ 0, y ≥ 0, such that ⟨x⟩β =
xk · · ·x1x0•x−1x−2 · · · and ⟨y⟩β = yℓ · · · y1y0•y−1y−2 · · · . Then x < y if and only if k < ℓ or
k = ℓ and ⟨x⟩β ≺lex ⟨y⟩β.

Lemma 1.6: Consider a real base β > 1 and x ∈ R, x ≥ 0, ⟨x⟩β = xk · · ·x1x0•x−1x−2 · · · .
Then ⟨xβ ⟩β = xk · · ·x1•x0x−1x−2 · · · .

Thanks to Lemma 1.6, it suffices to know the β-expansions of numbers in the interval [0, 1)
to get the β-expansions of all real numbers.

1.3.2 Rényi expansion of unity

The β-expansion of numbers from the interval [0, 1) may be computed using the transforma-
tion Tβ : [0, 1] → [0, 1) defined as

Tβ(x) = {βx} = βx− ⌊βx⌋ . (1.1)

It holds for each x ∈ [0, 1) that ⟨x⟩β = 0•x−1x−2 · · · if and only if

x−i = ⌊βT i−1
β (x)⌋ . (1.2)

For x = 1, the formula (1.2) does not provide the β-expansion of 1 since ⟨1⟩β = 1•. Nevertheless,
it gives us a useful tool, the Rényi expansion of unity (defined in [34]).

11
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Definition 1.7: Let β ∈ R, β > 1. Then the Rényi expansion of unity in the base β is defined
as

dβ(1) = t1t2t3 · · · , where ti := ⌊βT i−1
β (1)⌋ . (1.3)

Since t1 = ⌊β⌋, we have t1 ≥ 1. On the one hand, every number β > 1 is uniquely given by
its Rényi expansion of unity. On the other hand, not every sequence of non-negative integers
is equal to dβ(1) for some β. Parry solved this problem [31]: The sequence of numbers (ti)i≥1,
ti ∈ N, is the Rényi expansion of unity for some number β > 1 if and only if it satisfies the
lexicographic condition

tjtj+1tj+2 · · · ≺lex t1t2t3 · · · for each j > 1 . (1.4)

In particular, it implies that the Rényi expansion of unity is never periodic. Parry moreover
proved that the Rényi expansion of unity enables to decide whether a β-representation of a pos-
itive number x is its β-expansion. For this purpose, we introduce the infinite Rényi expansion
of unity (it is the lexicographically greatest infinite β-representation of unity).

d∗β(1) =

®
dβ(1) if dβ(1) is infinite ,

(t1t2 · · · tm−1(tm − 1))ω if dβ(1) = t1 · · · tm, where tm ̸= 0 .
(1.5)

Proposition 1.8 (Parry condition): Consider a real base β > 1 and a real number x ≥
0. Let d∗β(1) be the infinite Rényi expansion of unity and let xk · · ·x1x0•x−1x−2 · · · be a β-
representation of x. Then xk · · ·x1x0•x−1x−2 · · · is the β-expansion of x if and only if

xixi−1 · · · ≺lex d∗β(1) for all i ≤ k . (1.6)

Example 1.9: For β = 1+
√
5

2 , the Rényi expansion of unity dβ(1) = 11. Thus, d∗β(1) = (10)ω.
Applying the Parry condition, we can see that every sequence of coefficients in {0, 1}, which
does not end in (10)ω and does not contain the block 11, is the β-expansion of a non-negative
real number.

Definition 1.10: A real number β > 1, which has an eventually periodic Rényi expansion of
unity, is called a Parry number. If the expansion dβ(1) is finite, then β is a simple Parry number.
If the expansion dβ(1) is infinite, then β is a non-simple Parry number.

1.3.3 β-integers

Consider a real number β > 1. Real numbers x whose β-expansion has a vanishing fractional
part are called β-integers and their set is denoted Zβ. Formally written

Zβ := {x ∈ R | ⟨|x|⟩β = xkxk−1 · · ·x0•} .

According to Lemma 1.5, the lexicographic order of β-expansions corresponds to the order
of numbers with respect to the size. Therefore, there exists an increasing sequence (bn)∞n=0 such
that

{bn | n ∈ N} = Zβ ∩ [0,∞) . (1.7)

Since Zβ = Z for any integer β > 1, the distance between consecutive elements of Zβ is
always one. This situation radically changes if β ̸∈ N. In this case, the number of different
distances between neighboring elements of Zβ is at least two.

12
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Thurston [38] showed that the distances between neighbors in Zβ form the set {∆k : k ∈ N},
where

∆k :=
∞∑
i=1

ti+k

βi
for k ∈ N . (1.8)

Obviously, the set {∆k | k ∈ N} is finite if and only if dβ(1) is an eventually periodic sequence. If
the number of distances of consecutive elements in Zβ is finite, we may code the same distances
with the same letters. In such a way, we obtain an infinite word uβ encoding Zβ ∩ [0,∞), as
illustrated in Figure 1.1.

Example 1.11: Consider again β = 1+
√
5

2 , i.e. dβ(1) = 11 and d∗β(1) = (10)ω. According to the
formula (1.8), we observe that the distances between neighboring β-integers attain two values:
∆0 = 1 and ∆1 = 1

β . When coding the distances ∆0 → 0 and ∆1 → 1, we get the famous
Fibonacci infinite word. A prefix is written in Figure 1.1.

Zβ = ±{0, 1, β, β2, β2 + 1, β3, β3 + 1, β3 + β, β4, β4 + 1, . . . }

0 1 0 0 1 0 1 0 0

0 1 β β2 β2+1 β3 β3+1 β3+β β4 β4+1

Figure 1.1: Illustration of coding of distances in Zβ for β = 1+
√
5

2

1.3.4 Morphisms and Parry numbers

Fabre [23] noticed that the infinite words uβ coding non-negative β-integers for Parry bases
β are fixed points of morphisms.
More precisely, if β is a simple Parry number, i.e. dβ(1) = t1t2 · · · tm for m ∈ N,m ≥ 2,

then uβ is the fixed point of the morphism φ defined over the alphabet {0, 1, . . . ,m− 1} in the
following way

φ(0) = 0t11 ,
φ(1) = 0t22 ,

...
φ(m− 2) = 0tm−1(m− 1) ,
φ(m− 1) = 0tm .

(1.9)

The infinite word uβ is called a simple Parry infinite word.

Similarly, let β be a non-simple Parry number, i.e. let m, r ∈ N,m ≥ 1, r ≥ 1, be minimal
such that dβ(1) = t1t2 · · · tm(tm+1 · · · tm+r)

ω, then uβ is the fixed point of the morphism φ
defined over the alphabet {0, 1, . . . ,m+ r − 1} as follows

φ(0) = 0t11 ,
φ(1) = 0t22 ,

...
φ(m− 1) = 0tmm,

...
φ(m+ r − 2) = 0tm+r−1(m+ r − 1) ,
φ(m+ r − 1) = 0tm+rm.

(1.10)

13
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The infinite word uβ is called in this case a non-simple Parry infinite word.
Let us recall an essential relation between a β-integer bn and its coding by a prefix of the

associated infinite word uβ.

Proposition 1.12 (Fabre [23]): Let uβ be the infinite word associated with a Parry number
β and let φ be the associated morphism. Then for every β-integer bn ∈ Zβ ∩ [0,∞) holds that
⟨bn⟩β = xk−1xk−2 · · ·x1x0• if and only if φk−1(0xk−1)φk−2(0xk−2) · · ·φ(0x1)0x0 is a prefix of uβ

of length n.

1.4 Pisot and Parry numbers

A Pisot number is a real algebraic integer 1 greater than 1, all of whose conjugates are less
than 1 in absolute value.
Schmidt [35] proved that if β is a Pisot number, then β is a Parry number. It also follows

from his work that if β is associated to a binary Parry infinite word, then β is a Pisot number.
Bassino [4] showed that if β is associated to a ternary simple Parry infinite word, then β is
a Pisot number.
Brauer [6] showed that if a monic polynomial r(x) = xd − ad−1x

d−1 − · · · − a1x − a0 with
integer coefficients satisfies inequalities ad−1 ≥ ad−2 ≥ · · · ≥ a1 ≥ a0, then all roots but one lie
inside a unit circle and one root, say β, is real and larger than 1. Hence, β is a Pisot number.
Moreover, r(x) is the minimal polynomial of β, hence all roots are distinct.
Following [26] (Chapter 7 Numeration systems), the properties of Pisot and Parry numbers

are determined by the eigenvalues of the incidence matrix Mφ. If β is a Parry number, then

(∀λ ∈ σ(Mφ), λ ̸= β)(|λ| < β) .

β is a Pisot number if and only if

(∀λ ∈ σ(Mφ), λ ̸= β)(|λ| < 1) .

1.5 Critical exponent and its asymptotic version

Let u be a word of length q = |u| ≥ 1. If z of length p is a prefix of uω, we say that q is
a period of z and write z = ur, where r = p

q . For instance, the word karkulka
2 has period 6

and karkulka = (karkul)
8
6 = (karkul)

4
3 .

The critical exponent of an infinite word u is defined as

E(u) = sup{r ∈ Q | ur is a non-empty factor of u} .

Its asymptotic version is called the asymptotic critical exponent, denoted E∗(u). If E(u) = ∞,
then E∗(u) = ∞. Otherwise, it is defined as

E∗(u) = lim
n→∞

sup{r ∈ Q | ur is a non-empty factor of period ≥ n of u} .

It is easily seen that E∗(u) ≤ E(u).
To compute the critical exponent of a uniformly recurrent aperiodic infinite word, it suffices

to know bispecial factors and their shortest return words.

1An algebraic integer is a root of a monic polynomial with integer coefficients.
2“Little Red Riding Hood” is “Červená Karkulka” in Czech
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Theorem 1.13 ([16], Theorem 3): Let u be a uniformly recurrent aperiodic infinite word.
Let (bn)n∈N be the sequence of all bispecial factors in u ordered by length. For every n ∈ N, let
rn be the shortest return word to the bispecial factor bn in u. Then

E(u) = 1 + sup
n∈N

|bn|
|rn|

and E∗(u) = 1 + lim sup
n→+∞

|bn|
|rn|

.

An important characteristic of a class C of infinite words is the infimum of critical exponents
of infinite words from that class. The repetition threshold for the class C is defined as

RT(C) = inf{E(u) | u belongs to the class C} .

Its asymptotic version is called the asymptotic repetition threshold for the class C and it is
defined as

RT∗(C) = inf{E∗(u) | u belongs to the class C} .

It is readily seen that RT∗(C) ≤ RT(C).

1.6 Critical exponent of non-simple Parry infinite words

The critical exponent of non-simple Parry infinite words, fixed points of the morphism φ
defined in (1.10), was studied in [2]. Bispecial factors and their shortest return words were
described and formulas for the critical and the asymptotic critical exponent were obtained under
some additional assumptions. To recall the main theorem, let us denote t = min{tm, tm+r} and
{0, z} the set of left extensions of 0tm.

Definition 1.14: Let n ∈ N and write n = ℓm+ k with 0 ≤ k < m. We define

z(n) =


ε , n < m ,

φk(0tm)φm+k(0tm) · · ·φ(ℓ−1)m+k(0tm) , n ≥ m and r divides z ,

φn−m(0tm) , otherwise .

Theorem 1.15 ([2], Theorem 17): Let uβ be a non-simple Parry infinite word, i.e. the fixed
point of the morphism (1.10). Let z be defined as above. If t1 ≥ 4, or if t1 = 3 and r does not
divide z, then the critical exponent satisfies

E(uβ) = sup

®
t1 +

|z(n)|+ |φn(1)| − 1

|φn(0)|

∣∣∣∣∣n ∈ N
´

.

The asymptotic critical exponent is

E∗(uβ) =

{
β + 1

βm−1(t+∆m) , if r divides z ,

β + 1
βm (t+∆m) , otherwise ,

where ∆m is defined in (1.8).
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1.7 Description of bispecial factors

To describe the structure of all bispecial factors, we use a method by Klouda [24]. This
method works for fixed points of primitive injective non-pushy morphisms. This is the case of
all simple Parry infinite words.
The method does not work directly with bispecial factors, but with bispecial triplets. In the

case of a simple Parry infinite word u, the bispecial triplets are of the form

({a, b}, w, {c, d}) ,

where the left prolongations a, b are letters from {0, 1, . . . ,m − 1} and the right prolongations
c, d ∈ {0, 1, . . . ,m − 2, (m − 1)0} with a ̸= b, c ̸= d, and either both awc and bwd or both awd
and bwc are factors of u. Obviously, each bispecial factor is a middle element of a bispecial
triplet. We say that the bispecial factor is associated with the bispecial triplet. A bispecial
factor may be associated with more than one bispecial triplet if it has more than two left or two
right prolongations.
The method by Klouda says that there is a mapping that maps one bispecial triplet to

another and that all bispecial triplets are obtained by repeated application of the mapping to
a finite set of initial bispecial triplets.
The mapping, in the paper called f -image, is defined as follows: The f -image of a bispecial

triplet ({a, b}, w, {c, d}) is the bispecial triplet ({a′, b′}, u1φ(w)u2, {c′, d′}), where u1 is the largest
common suffix of φ(a) and φ(b), a′u1 is a suffix of φ(a) and b′u1 is a suffix of φ(b), similarly,
u2 is the largest common prefix of φ(c) and φ(d), u2c′ is a prefix of φ(c) and u2d

′ is a prefix of
φ(d).
The initial bispecial triplets are bispecial triplets ({a, b}, w, {c, d}), where the bispecial factor

w does not have synchronizing points.
In the simple Parry case, any factor containing a non-zero letter or containing the block

0t1+tm has a synchronizing point. The list of bispecial factors without synchronizing point is

ε, 0, 02, . . . , 0t1+tm−2, 0t1+tm−1.

Example 1.16: Let φ : 0 7→ 001, 1 7→ 02, 2 7→ 0. Consider its fixed point

u = 0010010200100102001000100102 · · · .

The initial bispecial triplets are given below, with a ∈ {1, 2} and b ∈ {0, 2},

1. T1 = ({0, a}, ε, {0, 1});

2. T2 = ({0, a}, ε, {0, 20});

3. T3 = ({0, a}, 0, {0, 1});

4. T4 = ({1, b}, 0, {0, 20});

5. T5 = ({0, 1}, 0, {1, 20});

6. T6 = ({0, 1}, 00, {0, 1}).

It is easy to see that for all i ∈ {1, 2, 3, 4}, independently of the choice of a ∈ {1, 2}, resp.
b ∈ {0, 2}, the triplet Ti gives rise to the same bispecial factors by a repeated application of the
mapping f .
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Let us describe the application of f to the triplet T1 = ({0, 1}, ε, {0, 1}).

f(T1) = ({a′, b′}, u1φ(ε)u2, {c′, d′}) = ({1, 2}, 0, {0, 20}) ,

where u1 = ε is the largest common suffix of φ(0) = 001 and φ(1) = 02, a′u1 = 1 is a suffix of
φ(0) = 001 and b′u1 = 2 is a suffix of φ(1) = 02. Similarly, u2 = 0 is the largest common prefix
of φ(0) = 001 and φ(1) = 02, u2c′ = 00 is a prefix of φ(0) = 001 and u2d

′ = 020 is a prefix of
φ(1)0 (and φ(1) is always followed by 0).
Similarly, we get

f2(T1) = ({0, 2}, φ(0)00, {0, 1}) ,

f3(T1) = ({0, 1}, φ2(0)φ(00)0, {0, 20}) .

Applying the mapping f repeatedly to T4 gives us the same sequence of non-empty bispecial
factors as application to T1. Analogously, applying the mapping f repeatedly to T5 gives us the
same sequence of bispecial factors as its application to T3. Similarly, applying the mapping f
repeatedly to T6 provides the same sequence of non-empty bispecial factors as its application to
T2. Every non-empty bispecial factor of u may be found in one of the three following sequences,
obtained when f is applied to T1, T2, and T3. In other words, every bispecial factor equals b

(Ti)
2n

or b(Ti)
2n+1 for some n ∈ N and i ∈ {1, 2, 3}.

1.

b
(T1)
2n = φ2n(0)φ2n−1(00)φ2n−2(0) · · ·φ2(0)φ(00)0 ;

b
(T1)
2n+1 = φ2n+1(0)φ2n(00)φ2n−1(0) · · ·φ2(00)φ(0)00 .

2.

b
(T2)
2n = φ2n(00)φ2n−1(0)φ2n−2(00) · · ·φ2(00)φ(0)00 ;

b
(T2)
2n+1 = φ2n+1(00)φ2n(0)φ2n−1(00) · · ·φ2(0)φ(00)0 .

3.

b
(T3)
2n+2 = φ2n+2(0)φ2n+1(0)b

(T2)
2n ;

b
(T3)
2n+1 = φ2n+1(0)φ2n(0)b

(T2)
2n−1, where b(T2)

−1 = ε .

In order to compute the (asymptotic) critical exponent, it is necessary to know the shortest
return words to bispecial factors, see Theorem 1.13. We state two useful lemmas, the first one
concerns the return words to bispecial factors with exactly two left and two right extensions, the
second one the return words to φn(0k), where φ is the morphism fixing a simple Parry infinite
word uβ from Section 1.3.4.
For words r and s, we write r⃗ ≤ s⃗ if the i-th component of r⃗ is less than or equal to the

i-th component of s⃗ for all i. By the shortest return word, we refer to the return word with the
minimal Parikh vector.
The following lemma is an adapted version of Proposition 11 from [19].
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Lemma 1.17: If a bispecial factor w in a simple Parry infinite word uβ is associated to a bispe-
cial triplet ({a, b}, u1φ(v)u2, {c, d}), where u1 is the largest common suffix of φ(a) and φ(b) and
u2 is the largest common prefix of φ(c) and φ(d), and φ(v) has the synchronizing points •φ(v)•
and v has only two left and two right extensions, then the return words to w are the same as the
images by φ of return words to v.
In particular, if r is a return word to v such that r⃗ ≤ s⃗ for any return word s to v, then φ(r)

is the shortest return word to w.

Proof: In the case of simple Parry infinite words, the images of letters end in different letters,
consequently u1 = ε. Let z be a return word to w = φ(v)u2

φ(v)u2 · · ·︸ ︷︷ ︸
z

φ(v)u2 .

Since v has only two left and two right extensions, using the definition of bispecial triplet,
φ(v) is always followed by u2, hence φ(v) occurs only twice in φ(v)u2 · · ·φ(v)u2. Knowing the
synchronizing points •φ(v) • u2 · · · • φ(v) • u2 and by the injectivity of φ, there exists a unique
return word r to v such that φ(v)u2 · · ·φ(v)u2 = φ(r)φ(v)u2. Consequently, z = φ(r).
The second statement is then obvious.

Lemma 1.18: The shortest return word to φn(0k) in a simple Parry infinite word uβ, for
k ∈ {0, 1, . . . , t1 + tm − 1}, equals φn(0) for each n ∈ N.

Proof: The statement evidently holds for n = 0 since 0 is the shortest return word to 0k. Assume
it holds for n and consider n+ 1. The factor φn+1(0k+1) occurs in uβ, it has φn+1(0k) as both
a prefix and a suffix. Consequently, φn+1(0) is a return word or a concatenation of return words
to φn+1(0k). Denote v = φn(0k) and r = φn(0). Assume φ(v) = φn+1(0k) has a shorter return
word z than φ(r) to φ(v). The synchronizing points are •φ(v)•. Then

φ(v) · · ·︸ ︷︷ ︸
z

φ(v) .

By the injectivity of φ, there exists a unique return word s to v such that φ(v) · · ·φ(v) =
φ(s)φ(v). Since z = φ(s) is shorter than φ(r), this is a contradiction with the assumption that
r is the shortest return word to v.
Consequently, φ(r) = φn+1(0) is the shortest return word to φ(v) = φn+1(0k).
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Chapter 2

Critical exponent of simple Parry
infinite words

In this chapter, we will find the critical exponent and the asymptotic critical exponent for
various subclasses of simple Parry infinite words. We will start with binary simple Parry infinite
words and prove that the critical exponent and the asymptotic critical exponent are equal for this
subclass. We will continue with ternary simple Parry infinite words, determine their asymptotic
critical exponent and provide a method for computing the critical exponent for a specific choice
of word parameters. Finally, we will consider the whole class of confluent simple Parry infinite
words. Using a thorough application of generating functions, we will show that the critical
exponent and the asymptotic critical exponent are equal.
Simple Parry infinite words are uniformly recurrent and aperiodic, thus when investigating

the critical exponent and the asymptotic critical exponent, it is possible to use Theorem 1.13.
Therefore, it will be important to determine the form of bispecial factors and return words for
individual subclasses of simple Parry infinite words.

2.1 Critical exponent of binary simple Parry infinite words

Binary simple Parry infinite word uβ = uβ(t, s) is a fixed point of the morphism

φ(0) = 0t1 ,
φ(1) = 0s ,

(2.1)

where t, s ∈ N, 1 ≤ s ≤ t. For s = 1, it is a subclass of Sturmian words. The critical exponent
of Sturmian words is known, see [8].

2.1.1 Bispecial factors and return words

Let (bn)n∈N be the sequence of all bispecial factors in uβ ordered by length. For every
n ∈ N, let rn be the shortest return word to the bispecial factor bn in uβ. By Theorem 1.13, the
asymptotic critical exponent can be computed as

E∗(uβ) = 1 + lim sup
n→+∞

|bn|
|rn|

,

and the critical exponent can be computed as

E(uβ) = 1 + sup
n∈N

|bn|
|rn|

.
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Different bispecial factors can have the same shortest return word. Therefore, for every
return word, it suffices to consider only the longest bispecial factor to this return word. In
Section 1.7, we introduced a method developed by Klouda [24]. Using this method, we can
describe the structure of all bispecial factors in uβ. Then, using Lemma 1.17 and Lemma 1.18,
we can determine the structure of all shortest return words to those bispecial factors. Moreover,
we can identify the longest bispecial factor to each shortest return word.
Every bispecial factor in uβ can be written as

b(k)n = φn(0k)φn−1(0t) · · ·φ(0t)0t ,

where n ∈ N and k ∈ {0, 1, . . . , t + s − 1}, where we denoted the empty word as 00 := ε. The

shortest return word to the bispecial factor b(k)n is then

r(k)n = φn(0) .

Let (b∗n)n∈N be the sequence of longest bispecial factors having the shortest return word equal
to r∗n = φn(0) in uβ. For every n ∈ N, the longest bispecial factor is

b∗n = φn(0t+s−1)φn−1(0t) · · ·φ(0t)0t ,

and its length is

|b∗n| = |φn(0t+s−1)φn−1(0t) · · ·φ(0t)0t| = |φn(0t+s−1)|+ |φn−1(0t)|+ · · ·+ |φ(0t)|+ |0t| =
= (t+ s− 1)|φn(0)|+ t|φn−1(0)|+ · · ·+ t|φ(0)|+ t|0| .

For every n ∈ N, the length of the shortest return word r∗n to the bispecial factor b
∗
n is

|r∗n| = |φn(0)| .

2.1.2 Lengths of bispecial factors and return words

The Rényi expansion of unity corresponding to the binary simple Parry infinite word uβ has
the form

dβ(1) = ts

and
1 =

t

β
+

s

β2
,

which corresponds to the equation
β2 = tβ + s .

The incidence matrix Mφ has the form

Mφ =

Å
t s
1 0

ã
and its characteristic polynomial pMφ has the form

pMφ(x) = det(Mφ − xI) =

∣∣∣∣t− x s
1 −x

∣∣∣∣ = −x(t− x)− s = x2 − tx− s .
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When searching for the eigenvalues of the matrix Mφ, we look for the roots of the characteristic
polynomial pMφ , and therefore we set the characteristic polynomial pMφ(x) equal to zero, which
corresponds to the equation

x2 = tx+ s .

One of the roots of the characteristic polynomial pMφ (and the eigenvalue of the matrixMφ)
is the number β. Let us denote the second root of the characteristic polynomial pMφ (and the
eigenvalue of the matrix Mφ) as λ.
Using Section 1.4, we will determine the properties of the eigenvalues of the matrix Mφ. It

holds true that β is a Parry number, thus β ∈ R, β > 1 and

|λ| < β .

Moreover, the coefficients of the characteristic polynomial pMφ satisfy t ≥ s, thus all roots of
the characteristic polynomial pMφ are distinct (and all eigenvalues of the matrixMφ are simple)
and β is a Pisot number, i.e.

|λ| < 1 .

β and λ are roots of a quadratic polynomial, therefore β ∈ R implies that λ ∈ R.
Let us rewrite the characteristic polynomial pMφ using the fact that β and λ are its roots.

The characteristic polynomial pMφ has the form

pMφ(x) = (x− β)(x− λ) = x2 − (β + λ)x+ βλ.

Then
pMφ(x) = x2 − tx− s = x2 − (β + λ)x+ βλ ,

thus

t = β + λ ,

s = −βλ .

β > 0, s > 0, therefore it must be true that λ < 0. Overall, λ ∈ R, λ < 0, |λ| < 1, thus
λ ∈ (−1, 0).
Since β and λ are the roots of the characteristic polynomial pMφ , we can directly calculate

the values of β and λ as

β =
t+

√
(−t)2 − 4 · 1 · (−s)

2 · 1
=

t+
√
t2 + 4s

2
,

λ =
t−

√
(−t)2 − 4 · 1 · (−s)

2 · 1
=

t−
√
t2 + 4s

2
.

Using the Cayley-Hamilton theorem, the matrixMφ is a root of its characteristic polynomial
pMφ , thus

M2
φ = tMφ + s .

When multiplying by the matrix Mn
φ , we obtain

Mn+2
φ = tMn+1

φ + sMn
φ .

Moreover, after multiplying this equation by the vector 1⃗T from the left and by the vector e⃗1
from the right and using the method from Section 1.2, it follows that

|φn+2(0)| = t|φn+1(0)|+ s|φn(0)| .

21



CHAPTER 2. CRITICAL EXPONENT OF SIMPLE PARRY INFINITE WORDS

Let us denote an := |φn(0)| for n ∈ N. Then we get a recurrence a0 = 1, a1 = t+ 1 and

an+2 = tan+1 + san for n ∈ N .

The characteristic polynomial of this recurrence is the same as the characteristic polynomial
pMφ of the matrix Mφ. Subsequently, the general term an can be written as

an = Aβn +Bλn for n ∈ N ,

where A,B ∈ C.
The numbers A,B can be obtained using a0 and a1. We can write the equations for a0 and

a1 as

a0 = A +B = 1 ,

a1 = Aβ +Bλ = t+ 1 .

Then

A =
t+ 1− λ

β − λ
=

β + λ+ 1− λ

β − λ
=

β + 1

β − λ

and

B =
t+ 1− β

λ− β
=

β + λ+ 1− β

λ− β
=

λ+ 1

λ− β
,

where we used t = β + λ.
Using the notation for an, we can rewrite the length of the longest bispecial factor b∗n and

the length of the shortest return word r∗n to the bispecial factor b
∗
n. For every n ∈ N, it holds

true that

|b∗n| = (t+ s− 1)|φn(0)|+ t|φn−1(0)|+ · · ·+ t|φ(0)|+ t|0| =
= (t+ s− 1)an + tan−1 + · · ·+ ta1 + ta0 ,

and
|r∗n| = |φn(0)| = an .

2.1.3 Asymptotic critical exponent and critical exponent

First, let us compute the limit lim
n→+∞

|b∗n|
|r∗n|
.

Lemma 2.1: Let uβ = uβ(t, s) be the binary simple Parry infinite word defined in (2.1). It
holds true that

lim
n→+∞

|b∗n|
|r∗n|

= t+ s− 1 +
t

β − 1
.

Proof: We start with the simplification of |b∗n|
|r∗n|

|b∗n|
|r∗n|

=
(t+ s− 1)an + tan−1 + · · ·+ ta1 + ta0

an
= t+ s− 1 + t ·

n−1∑
k=0

ak

an
=

= t+ s− 1 + t ·

n−1∑
k=0

Aβk +Bλk

Aβn +Bλn
=
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= t+ s− 1 + t ·
Aβn−1

β−1 +B λn−1
λ−1

Aβn +Bλn
=

= t+ s− 1 + t ·
Å
A

βn − 1

(β − 1)(Aβn +Bλn)
+B

λn − 1

(λ− 1)(Aβn +Bλn)

ã
=

= t+ s− 1 + t ·

Ñ
A

1− 1
βn

(β − 1)
Ä
A+B

Ä
λ
β

änä +B

Ä
λ
β

än
− 1

βn

(λ− 1)
Ä
A+B

Ä
λ
β

änäé .

Consequently, using the inequalities |λ| < β and β > 1,

lim
n→+∞

|b∗n|
|r∗n|

= t+ s− 1 +
t

β − 1
.

Now, we can compute the asymptotic critical exponent E∗(uβ).

Theorem 2.2: Let uβ = uβ(t, s) be the binary simple Parry infinite word defined in (2.1). The
asymptotic critical exponent of uβ is

E∗(uβ) = t+ s+
t

β − 1
.

Proof: By Theorem 1.13 and Subsection 2.1.1, the asymptotic critical exponent can be computed
as

E∗(uβ) = 1 + lim sup
n→+∞

|bn|
|rn|

= 1 + lim sup
n→+∞

|b∗n|
|r∗n|

.

Subsequently, by Lemma 2.1, the asymptotic critical exponent is

E∗(uβ) = 1 + lim sup
n→+∞

|b∗n|
|r∗n|

= 1 + lim
n→+∞

|b∗n|
|r∗n|

= t+ s+
t

β − 1
.

Theorem 2.3: Let uβ = uβ(t, s) be the binary simple Parry infinite word defined in (2.1). The
critical exponent of uβ is equal to the asymptotic critical exponent of uβ, i.e.

E(uβ) = E∗(uβ) = t+ s+
t

β − 1
.

Proof: By Theorem 1.13 and Subsection 2.1.1, the critical exponent can be computed as

E(uβ) = 1 + sup
n∈N

|bn|
|rn|

= 1 + sup
n∈N

|b∗n|
|r∗n|

.

To prove that the critical exponent E(uβ) is equal to the asymptotic critical exponent E∗(uβ),
it has to be shown that for every n ∈ N, the following inequality holds true

1 +
|b∗n|
|r∗n|

≤ E∗(uβ) = t+ s+
t

β − 1
.

By the proof of Lemma 2.1, we already know that

|b∗n|
|r∗n|

= t+ s− 1 + t ·
Aβn−1

β−1 +B λn−1
λ−1

Aβn +Bλn
.
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Hence, it remains to verify that

Aβn−1
β−1 +B λn−1

λ−1

Aβn +Bλn
≤ 1

β − 1
.

We can rewrite this inequality as

(β − 1)A
βn − 1

β − 1
+ (β − 1)B

λn − 1

λ− 1
≤ Aβn +Bλn

(β − 1)
β + 1

β − λ

βn − 1

β − 1
+ (β − 1)

λ+ 1

λ− β

λn − 1

λ− 1
≤ β + 1

β − λ
βn +

λ+ 1

λ− β
λn

β + 1

β − λ
βn − β + 1

β − λ
+

β − 1

λ− 1

λ+ 1

λ− β
λn − β − 1

λ− 1

λ+ 1

λ− β
≤ β + 1

β − λ
βn +

λ+ 1

λ− β
λn

β − 1

λ− 1

λ+ 1

λ− β
λn − λ+ 1

λ− β
λn − β − 1

λ− 1

λ+ 1

λ− β
≤ β + 1

β − λ

(λ+ 1)
β − 1

1− λ
λn + (λ+ 1)λn − (λ+ 1)

β − 1

1− λ
≤ β + 1

(λ+ 1)

Å
β − 1

1− λ
+ 1

ã
λn − (λ+ 1)

β − 1

1− λ
≤ β + 1

(λ+ 1)
β − λ

1− λ
λn − (λ+ 1)

β − 1

1− λ
≤ β + 1 .

Then it holds true that

(λ+ 1)
β − λ

1− λ
λn − (λ+ 1)

β − 1

1− λ
≤ (λ+ 1)

β − λ

1− λ
|λ|n︸︷︷︸
≤1

−(λ+ 1)
β − 1

1− λ
≤

≤ (λ+ 1)
β − λ

1− λ
− (λ+ 1)

β − 1

1− λ
=

=
λ+ 1

1− λ
(β − λ− (β − 1)) =

λ+ 1

1− λ
(−λ+ 1) = λ+ 1 < β + 1 ,

where λ+ 1 > 0, β − λ > 0, 1− λ > 0 and β − 1 > 0.

Corollary 2.4: Let uβ = uβ(t, s) be the binary simple Parry infinite word defined in (2.1) and C
be the class of binary simple Parry infinite words. The repetition threshold and the asymptotic
repetition threshold for C are equal to each other, and both are

RT(C) = RT∗(C) = 2 +
1

β − 1
.

Proof: By Theorem 2.3, the critical exponent and the asymptotic critical exponent of uβ are
equal to each other, and both are

E(uβ) = E∗(uβ) = t+ s+
t

β − 1
.

Subsequently, the repetition threshold and the asymptotic repetition threshold for C are equal
to each other, i.e.

RT(C) = RT∗(C) .

The repetition threshold can be computed as

RT(C) = inf{E(uβ) | uβ is the binary simple Parry infinite word} .
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It holds true that
1 ≤ s ≤ t < β < t+ 1 ,

thus the infimum is reached for parameters t = 1, s = 1 and is equal to

RT(C) = RT∗(C) = 2 +
1

β − 1
.

Remark 2.5: In the proof of Corollary 2.4, we showed that the repetition threshold and the
asymptotic repetition threshold are reached for parameters t = 1, s = 1, i.e. for the Fibonacci
infinite word.

2.2 Critical exponent of ternary simple Parry infinite words

Ternary simple Parry infinite word uβ = uβ(p, q, r) is a fixed point of the morphism

φ(0) = 0p1 ,
φ(1) = 0q2 ,
φ(2) = 0r ,

(2.2)

where p, q, r ∈ N, p, r ≥ 1, p ≥ q, p ≥ r.

2.2.1 Bispecial factors and return words

Let (bn)n∈N be the sequence of all bispecial factors in uβ ordered by length. For every
n ∈ N, let rn be the shortest return word to the bispecial factor bn in uβ. By Theorem 1.13, the
asymptotic critical exponent can be computed as

E∗(uβ) = 1 + lim sup
n→+∞

|bn|
|rn|

,

and the critical exponent can be computed as

E(uβ) = 1 + sup
n∈N

|bn|
|rn|

.

Different bispecial factors can have the same shortest return word. Therefore, for every
return word, it suffices to consider only the longest bispecial factor to this return word. In
Section 1.7, we introduced a method developed by Klouda [24]. Using this method, we can
describe the structure of all bispecial factors in uβ. Then, using Lemma 1.17 and Lemma 1.18,
we can determine the structure of all shortest return words to those bispecial factors. Moreover,
we can identify the longest bispecial factor to each shortest return word.
Every bispecial factor in uβ can be written as

b
(k)
2n = φ2n(0k)φ2n−1(0q)φ2n−2(0p)φ2n−3(0q) · · ·φ2(0p)φ(0q)0p ;

b
(k)
2n+1 = φ2n+1(0k)φ2n(0q)φ2n−1(0p)φ2n−2(0q) · · ·φ2(0q)φ(0p)0q ,
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where n ∈ N and k ∈ {0, 1, . . . , p+ r − 1}, where we denoted the empty word as 00 := ε, or

b̃
(k)
2n = φ2n(0k)φ2n−1(0p)φ2n−2(0q)φ2n−3(0p) · · ·φ2(0q)φ(0p)0q ;

b̃
(k)
2n+1 = φ2n+1(0k)φ2n(0p)φ2n−1(0q)φ2n−2(0p) · · ·φ2(0p)φ(0q)0p ,

where n ∈ N and k ∈ {0, 1, . . . , q}, where we denoted the empty word as 00 := ε. The shortest

return word to the bispecial factors b(k)2n , b
(k)
2n+1 and b̃

(k)
2n , b̃

(k)
2n+1 is then

r
(k)
2n = r̃

(k)
2n = φ2n(0) ;

r
(k)
2n+1 = r̃

(k)
2n+1 = φ2n+1(0) .

Let (b∗n)n∈N be the sequence of longest bispecial factors having the shortest return word equal
to r∗n = φn(0) in uβ. For every n ∈ N, the longest bispecial factor is

b∗2n = φ2n(0p+r−1)φ2n−1(0q)φ2n−2(0p)φ2n−3(0q) · · ·φ2(0p)φ(0q)0p ;

b∗2n+1 = φ2n+1(0p+r−1)φ2n(0q)φ2n−1(0p)φ2n−2(0q) · · ·φ2(0q)φ(0p)0q ,

(since p+ r − 1 ≥ p ≥ q) and its length is

|b∗2n| = |φ2n(0p+r−1)φ2n−1(0q)φ2n−2(0p)φ2n−3(0q) · · ·φ2(0p)φ(0q)0p| =

= |φ2n(0p+r−1)|+
n−1∑
k=0

|φ2k(0p)|+
n−1∑
k=0

|φ2k+1(0q)| =

= (p+ r − 1)|φ2n(0)|+ p

n−1∑
k=0

|φ2k(0)|+ q

n−1∑
k=0

|φ2k+1(0)| ;

|b∗2n+1| = |φ2n+1(0p+r−1)φ2n(0q)φ2n−1(0p)φ2n−2(0q) · · ·φ2(0q)φ(0p)0q| =

= |φ2n+1(0p+r−1)|+
n∑

k=0

|φ2k(0q)|+
n−1∑
k=0

|φ2k+1(0p)| =

= (p+ r − 1)|φ2n+1(0)|+ q
n∑

k=0

|φ2k(0)|+ p
n−1∑
k=0

|φ2k+1(0)| .

For every n ∈ N, the length of the shortest return word r∗2n, r
∗
2n+1 to the bispecial factor b

∗
2n,

b∗2n+1 is

|r∗2n| = |φ2n(0)| ;
|r∗2n+1| = |φ2n+1(0)| .

2.2.2 Lengths of bispecial factors and return words

The Rényi expansion of unity corresponding to the ternary simple Parry infinite word uβ

has the form
dβ(1) = pqr

and
1 =

p

β
+

q

β2
+

r

β3
,
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which corresponds to the equation

β3 = pβ2 + qβ + r .

The incidence matrix Mφ has the form

Mφ =

Ñ
p q r
1 0 0
0 1 0

é
and its characteristic polynomial pMφ has the form

pMφ(x) = det(Mφ − xI) =

∣∣∣∣∣∣
p− x q r
1 −x 0
0 1 −x

∣∣∣∣∣∣ = x2(p− x) + r + qx = −x3 + px2 + qx+ r .

When searching for the eigenvalues of the matrix Mφ, we look for the roots of the characteristic
polynomial pMφ , and therefore we set the characteristic polynomial pMφ(x) equal to zero, which
corresponds to the equation

x3 = px2 + qx+ r .

One of the roots of the characteristic polynomial pMφ (and the eigenvalue of the matrixMφ)
is the number β. Let us denote the remaining two roots of the characteristic polynomial pMφ

(and the eigenvalues of the matrix Mφ) as λ2 and λ3.
Using Section 1.4, we will determine the properties of the eigenvalues of the matrix Mφ. It

holds true that β is a Parry number, thus β ∈ R, β > 1 and

|λ2| < β and |λ3| < β .

Since all ternary simple Parry numbers are Pisot numbers, it also holds true that β is a Pisot
number, i.e.

|λ2| < 1 and |λ3| < 1 .

Using the Cayley-Hamilton theorem, the matrixMφ is a root of its characteristic polynomial
pMφ , thus

M3
φ = pM2

φ + qMφ + r .

When multiplying by the matrix Mn
φ , we obtain

Mn+3
φ = pMn+2

φ + qMn+1
φ + rMn

φ .

Moreover, after multiplying this equation by the vector 1⃗T from the left and by the vector e⃗1
from the right and using the method from Section 1.2, it follows that

|φn+3(0)| = p|φn+2(0)|+ q|φn+1(0)|+ r|φn(0)| .

Let us denote an := |φn(0)| for n ∈ N. Then we get a recurrence a0 = 1, a1 = p + 1,
a2 = p(p+ 1) + q + 1 = p2 + p+ q + 1 and

an+3 = pan+2 + qan+1 + ran for n ∈ N .
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The characteristic polynomial of this recurrence is the same as the characteristic polynomial
pMφ of the matrix Mφ. Subsequently, the general term an for n ∈ N can be written as

an = Aβn +Bλn
2 + Cλn

3 ,

where A,B,C ∈ C.
Using the notation for an, we can rewrite the length of the longest bispecial factor b∗2n, b

∗
2n+1

and the length of the shortest return word r∗2n, r
∗
2n+1 to the bispecial factor b

∗
2n, b

∗
2n+1. For

every n ∈ N, it holds true that

|b∗2n| = (p+ r − 1)|φ2n(0)|+ p
n−1∑
k=0

|φ2k(0)|+ q
n−1∑
k=0

|φ2k+1(0)| =

= (p+ r − 1)a2n + p
n−1∑
k=0

a2k + q
n−1∑
k=0

a2k+1 ;

|b∗2n+1| = (p+ r − 1)a2n+1 + q

n∑
k=0

a2k + p

n−1∑
k=0

a2k+1 ,

and

|r∗2n| = |φ2n(0)| = a2n ;

|r∗2n+1| = |φ2n+1(0)| = a2n+1 .

2.2.3 Asymptotic critical exponent and critical exponent

First, let us compute the limits lim
n→+∞

|b∗2n|
|r∗2n|

and lim
n→+∞

|b∗2n+1|
|r∗2n+1|

.

Lemma 2.6: Let uβ = uβ(p, q, r) be the ternary simple Parry infinite word defined in (2.2). It
holds true that

lim
n→+∞

|b∗2n|
|r∗2n|

= lim
n→+∞

|b∗2n+1|
|r∗2n+1|

= p+ r − 1 +
qβ + p

β2 − 1
.

Proof: We start with the simplification of |b∗2n|
|r∗2n|

|b∗2n|
|r∗2n|

=

(p+ r − 1)a2n + p
n−1∑
k=0

a2k + q
n−1∑
k=0

a2k+1

a2n
= p+ r − 1 + p ·

n−1∑
k=0

a2k

a2n
+ q

n−1∑
k=0

a2k+1

a2n
=

= p+ r − 1 + p ·

n−1∑
k=0

Aβ2k +Bλ2k
2 + Cλ2k

3

Aβ2n +Bλ2n
2 + Cλ2n

3

+ q ·

n−1∑
k=0

Aβ2k+1 +Bλ2k+1
2 + Cλ2k+1

3

Aβ2n +Bλ2n
2 + Cλ2n

3

=

= p+ r − 1 + p ·
A (β2)n−1

β2−1
+B

(λ2
2)

n−1

λ2
2−1

+ C
(λ2

3)
n−1

λ2
3−1

Aβ2n +Bλ2n
2 + Cλ2n

3

+

+ q ·
Aβ (β2)n−1

β2−1
+Bλ2

(λ2
2)

n−1

λ2
2−1

+ Cλ3
(λ2

3)
n−1

λ2
3−1

Aβ2n +Bλ2n
2 + Cλ2n

3

=

= p+ r − 1 + p ·
Å
A

β2n − 1

(β2 − 1)(Aβ2n +Bλ2n
2 + Cλ2n

3 )
+
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+B
λ2n
2 − 1

(λ2
2 − 1)(Aβ2n +Bλ2n

2 + Cλ2n
3 )

+

+C
λ2n
3 − 1

(λ2
3 − 1)(Aβ2n +Bλ2n

2 + Cλ2n
3 )

ã
+

+ q ·
Å
Aβ

β2n − 1

(β2 − 1)(Aβ2n +Bλ2n
2 + Cλ2n

3 )
+

+Bλ2
λ2n
2 − 1

(λ2
2 − 1)(Aβ2n +Bλ2n

2 + Cλ2n
3 )

+

+Cλ3
λ2n
3 − 1

(λ2
3 − 1)(Aβ2n +Bλ2n

2 + Cλ2n
3 )

ã
=

= p+ r − 1 + p ·

Ñ
A

1− 1
β2n

(β2 − 1)
(
A+B

Ä
λ2
β

ä2n
+ C
Ä
λ3
β

ä2n)+
+B

Ä
λ2
β

ä2n
− 1

β2n

(λ2
2 − 1)

(
A+B

Ä
λ2
β

ä2n
+ C
Ä
λ3
β

ä2n)+
+C

Ä
λ3
β

ä2n
− 1

β2n

(λ2
3 − 1)

(
A+B

Ä
λ2
β

ä2n
+ C
Ä
λ3
β

ä2n)é+

+ q ·

Ñ
Aβ

1− 1
β2n

(β2 − 1)
(
A+B

Ä
λ2
β

ä2n
+ C
Ä
λ3
β

ä2n)+
+Bλ2

Ä
λ2
β

ä2n
− 1

β2n

(λ2
2 − 1)

(
A+B

Ä
λ2
β

ä2n
+ C
Ä
λ3
β

ä2n)+
+Cλ3

Ä
λ3
β

ä2n
− 1

β2n

(λ2
3 − 1)

(
A+B

Ä
λ2
β

ä2n
+ C
Ä
λ3
β

ä2n)é ,

and with the simplification of
|b∗2n+1|
|r∗2n+1|

|b∗2n+1|
|r∗2n+1|

=

(p+ r − 1)a2n+1 + q
n∑

k=0

a2k + p
n−1∑
k=0

a2k+1

a2n+1
= p+ r − 1 + q ·

n∑
k=0

a2k

a2n+1
+ p

n−1∑
k=0

a2k+1

a2n+1
=

= p+ r − 1 + q ·

n∑
k=0

Aβ2k +Bλ2k
2 + Cλ2k

3

Aβ2n+1 +Bλ2n+1
2 + Cλ2n+1

3

+ p ·

n−1∑
k=0

Aβ2k+1 +Bλ2k+1
2 + Cλ2k+1

3

Aβ2n+1 +Bλ2n+1
2 + Cλ2n+1

3

=

= p+ r − 1 + q ·
A (β2)n+1−1

β2−1
+B

(λ2
2)

n+1−1

λ2
2−1

+ C
(λ2

3)
n+1−1

λ2
3−1

Aβ2n+1 +Bλ2n+1
2 + Cλ2n+1

3

+

+ p ·
Aβ (β2)n−1

β2−1
+Bλ2

(λ2
2)

n−1

λ2
2−1

+ Cλ3
(λ2

3)
n−1

λ2
3−1

Aβ2n+1 +Bλ2n+1
2 + Cλ2n+1

3

=
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= p+ r − 1 + q ·
Ç
A

β2n+2 − 1

(β2 − 1)(Aβ2n+1 +Bλ2n+1
2 + Cλ2n+1

3 )
+

+B
λ2n+2
2 − 1

(λ2
2 − 1)(Aβ2n+1 +Bλ2n+1

2 + Cλ2n+1
3 )

+

+C
λ2n+2
3 − 1

(λ2
3 − 1)(Aβ2n+1 +Bλ2n+1

2 + Cλ2n+1
3 )

å
+

+ p ·
Ç
Aβ

β2n − 1

(β2 − 1)(Aβ2n+1 +Bλ2n+1
2 + Cλ2n+1

3 )
+

+Bλ2
λ2n
2 − 1

(λ2
2 − 1)(Aβ2n+1 +Bλ2n+1

2 + Cλ2n+1
3 )

+

+Cλ3
λ2n
3 − 1

(λ2
3 − 1)(Aβ2n+1 +Bλ2n+1

2 + Cλ2n+1
3 )

å
=

= p+ r − 1 + q ·

Ñ
A

β − 1
β2n+1

(β2 − 1)
(
A+B

Ä
λ2
β

ä2n+1
+ C
Ä
λ3
β

ä2n+1
)+

+B
λ2

Ä
λ2
β

ä2n+1
− 1

β2n+1

(λ2
2 − 1)

(
A+B

Ä
λ2
β

ä2n+1
+ C
Ä
λ3
β

ä2n+1
)+

+C
λ3

Ä
λ3
β

ä2n+1
− 1

β2n+1

(λ2
3 − 1)

(
A+B

Ä
λ2
β

ä2n+1
+ C
Ä
λ3
β

ä2n+1
)
é

+

+ p ·

Ñ
Aβ

1
β − 1

β2n+1

(β2 − 1)
(
A+B

Ä
λ2
β

ä2n+1
+ C
Ä
λ3
β

ä2n+1
)+

+Bλ2

1
λ2

Ä
λ2
β

ä2n+1
− 1

β2n+1

(λ2
2 − 1)

(
A+B

Ä
λ2
β

ä2n+1
+ C
Ä
λ3
β

ä2n+1
)+

+Cλ3

1
λ3

Ä
λ3
β

ä2n+1
− 1

β2n+1

(λ2
3 − 1)

(
A+B

Ä
λ2
β

ä2n+1
+ C
Ä
λ3
β

ä2n+1
)
é

.

Consequently, using the inequalities |λ2| < β, |λ3| < β and β > 1,

lim
n→+∞

|b∗2n|
|r∗2n|

= lim
n→+∞

|b∗2n+1|
|r∗2n+1|

= p+ r − 1 +
p+ qβ

β2 − 1
.

Now, we can compute the asymptotic critical exponent E∗(uβ).

Theorem 2.7: Let uβ = uβ(p, q, r) be the ternary simple Parry infinite word defined in (2.2).
The asymptotic critical exponent of uβ is

E∗(uβ) = p+ r +
p+ qβ

β2 − 1
.
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Proof: By Theorem 1.13 and Subsection 2.2.1, the asymptotic critical exponent can be computed
as

E∗(uβ) = 1 + lim sup
n→+∞

|bn|
|rn|

= 1 + lim sup
n→+∞

|b∗n|
|r∗n|

.

Subsequently, by Lemma 2.6, the asymptotic critical exponent is

E∗(uβ) = 1 + lim sup
n→+∞

|b∗n|
|r∗n|

= 1 + lim
n→+∞

|b∗2n|
|r∗2n|

= 1 + lim
n→+∞

|b∗2n+1|
|r∗2n+1|

= p+ r +
p+ qβ

β2 − 1
.

In the following example, we will show how to derive the critical exponent for a specific
choice of parameters p, q, r and demonstrate that the critical exponent and the asymptotic
critical exponent are equal for this choice.

Example 2.8: Let us consider a morphism φ for p = 2, q = 1, r = 1 defined as

φ(0) = 001 ,
φ(1) = 02 ,
φ(2) = 0 .

Bispecial factors and return words
Let (bn)n∈N be the sequence of all bispecial factors in uβ ordered by length. For every

n ∈ N, let rn be the shortest return word to the bispecial factor bn in uβ. By Theorem 1.13, the
asymptotic critical exponent can be computed as

E∗(uβ) = 1 + lim sup
n→+∞

|bn|
|rn|

,

and the critical exponent can be computed as

E(uβ) = 1 + sup
n∈N

|bn|
|rn|

.

Different bispecial factors can have the same shortest return word. Therefore, for every
return word, it suffices to consider only the longest bispecial factor to this return word. In
Section 1.7, we introduced a method developed by Klouda [24]. Using this method, we can
describe the structure of all bispecial factors in uβ. Then, using Lemma 1.17 and Lemma 1.18,
we can describe the structure of all shortest return words to those bispecial factors. Moreover,
we can identify the longest bispecial factor to each shortest return word.
In Example 1.16, we derived the form of all bispecial factors in uβ and showed that every

bispecial factor in uβ is equal to b
(Ti)
2n or b(Ti)

2n+1 for some n ∈ N and i ∈ {1, 2, 3}. The shortest
return word to the bispecial factors b(Ti)

2n , b
(Ti)
2n+1 is then

r
(Ti)
2n = φ2n(0) ;

r
(Ti)
2n+1 = φ2n+1(0) .

Let (b∗n)n∈N be the sequence of longest bispecial factors having the shortest return word equal
to r∗n = φn(0) in uβ. For every n ∈ N, the longest bispecial factor is

b∗2n = φ2n(00)φ2n−1(0)φ2n−2(00)φ2n−3(0) · · ·φ2(00)φ(0)00 ;

b∗2n+1 = φ2n+1(00)φ2n(0)φ2n−1(00)φ2n−2(0) · · ·φ2(0)φ(00)0 ,
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and its length is

|b∗2n| = |φ2n(00)φ2n−1(0)φ2n−2(00)φ2n−3(0) · · ·φ2(00)φ(0)00| =

=

2n∑
j=0

|φj(0)|+
n∑

j=0

|φ2j(0)| ;

|b∗2n+1| = |φ2n+1(00)φ2n(0)φ2n−1(00)φ2n−2(0) · · ·φ2(0)φ(00)0| =

=
2n+1∑
j=0

|φj(0)|+
n∑

j=0

|φ2j+1(0)| .

For every n ∈ N, the length of the shortest return word r∗2n, r
∗
2n+1 to the bispecial factor b

∗
2n,

b∗2n+1 is

|r∗2n| = |φ2n(0)| ;
|r∗2n+1| = |φ2n+1(0)| .

Lengths of bispecial factors and return words
The Rényi expansion of unity corresponding to the ternary simple Parry infinite word uβ for

p = 2, q = 1, r = 1 has the form
dβ(1) = 211

and

1 =
2

β
+

1

β2
+

1

β3
,

which corresponds to the equation

β3 = 2β2 + β + 1 .

The incidence matrix Mφ has the form

Mφ =

Ñ
2 1 1
1 0 0
0 1 0

é
and its characteristic polynomial pMφ has the form

pMφ(x) = det(Mφ − xI) =

∣∣∣∣∣∣
2− x 1 1
1 −x 0
0 1 −x

∣∣∣∣∣∣ = x2(2− x) + 1 + x = −x3 + 2x2 + x+ 1 .

When searching for the eigenvalues of the matrix Mφ, we look for the roots of the characteristic
polynomial pMφ , and therefore we set the characteristic polynomial pMφ(x) equal to zero, which
corresponds to the equation

x3 = 2x2 + x+ 1 .

One of the roots of the characteristic polynomial pMφ (and the eigenvalue of the matrixMφ)
is the number β. Let us denote the remaining two roots of the characteristic polynomial pMφ
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(and the eigenvalues of the matrix Mφ) as λ1 and λ1. Using numerical calculations, we can
obtain specific values of β, λ1 and λ1

β = 2.5468 ,

λ1 = −0.27341− 0.56382i ,

λ1 = −0.27341 + 0.56382i ,

and
|λ1| = |λ1| = 0.62661 .

Using Section 1.4, we will determine the properties of the eigenvalues of the matrixMφ. It holds
true that β is a Parry number, thus β ∈ R, β > 1 and

|λ1| < β and |λ1| < β .

Since β is associated to a ternary simple Parry infinite word, it also holds true that β is a Pisot
number, i.e.

|λ1| < 1 and |λ1| < 1 .

Using the Cayley-Hamilton theorem, the matrixMφ is a root of its characteristic polynomial
pMφ , thus

M3
φ = 2M2

φ +Mφ + 1 .

When multiplying by the matrix Mn
φ , we obtain

Mn+3
φ = 2Mn+2

φ +Mn+1
φ +Mn

φ .

Moreover, after multiplying this equation by the vector 1⃗T from the left and by the vector e⃗1
from the right and using the method from Section 1.2, it follows that

|φn+3(0)| = 2|φn+2(0)|+ |φn+1(0)|+ |φn(0)| .

Let us denote an := |φn(0)| for n ∈ N. Then we get a recurrence a0 = 1, a1 = 3, a2 = 8 and

an+3 = 2an+2 + an+1 + an for n ∈ N .

The characteristic polynomial of this recurrence is the same as the characteristic polynomial
pMφ of the matrix Mφ. Subsequently, the general term an for n ∈ N can be written as

an = Aβn +Bλn
1 +Bλ1

n
,

where A,B,B ∈ C.
The numbers A,B,B can be obtained using the Vandermonde matrix and its determinant.

We can write the equations for a0, a1 and a2 as

a0 = A +B +B = 1 ,

a1 = Aβ +Bλ1 +Bλ1 = 3 ,

a2 = Aβ2 +Bλ2
1 +Bλ1

2
= 8 ,
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which can be also written as Ñ
1 1 1

β λ1 λ1

β2 λ2
1 λ1

2

éÑ
A
B

B

é
=

Ñ
1
3
8

é
.

Then the matrix

V :=

Ñ
1 1 1

β λ1 λ1

β2 λ2
1 λ1

2

é
is the transposed Vandermonde matrix and its determinant is

detV = (β − λ1)(λ1 − λ1)(λ1 − β) = −(β − λ1)(β − λ1)(λ1 − λ1) .

Using Cramer’s rule, the coefficient A is

A =

∣∣∣∣∣∣
1 1 1

3 λ1 λ1

8 λ2
1 λ1

2

∣∣∣∣∣∣
detV

=
|λ1|2λ1 + 3λ2

1 + 8λ1 − 8λ1 − |λ1|2λ1 − 3λ1
2

−(β − λ1)(β − λ1)(λ1 − λ1)
=

=
−|λ1|2(λ1 − λ1) + 3(λ1 − λ1)(λ1 + λ1)− 8(λ1 − λ1)

−(β − λ1)(β − λ1)(λ1 − λ1)
=

−|λ1|2 + 3(λ1 + λ1)− 8

−(β − λ1)(β − λ1)
,

the coefficient B is

B =

∣∣∣∣∣∣
1 1 1

β 3 λ1

β2 8 λ1
2

∣∣∣∣∣∣
−(β − λ1)(β − λ1)(λ1 − λ1)

=
3λ2

1 + 8β + β2λ1 − 3β2 − 8λ1 − βλ1
2

−(β − λ1)(β − λ1)(λ1 − λ1)
=

=
−3(β − λ1)(β + λ1) + 8(β − λ1) + βλ1(β − λ1)

−(β − λ1)(β − λ1)(λ1 − λ1)
=

−3(β + λ1) + 8 + βλ1

−(β − λ1)(λ1 − λ1)
,

and the coefficient B is

B =

∣∣∣∣∣∣
1 1 1
β λ1 3
β2 λ2

1 8

∣∣∣∣∣∣
−(β − λ1)(β − λ1)(λ1 − λ1)

=
8λ1 + βλ2

1 + 3β2 − β2λ1 − 3λ2
1 − 8β

−(β − λ1)(β − λ1)(λ1 − λ1)
=

=
−8(β − λ1)− βλ1(β − λ1) + 3(β − λ1)(β + λ1)

−(β − λ1)(β − λ1)(λ1 − λ1)
=

−8− βλ1 + 3(β + λ1)

−(β − λ1)(λ1 − λ1)
.

Using numerical calculations, we can obtain specific values of A, B and B

A = 1.212 976 290 82 ,

B = −0.106 488 145 41− 0.130 749 055 66i ,

B = −0.106 488 145 41 + 0.130 749 055 66i ,

and
|B| = |B| = 0.168 626 927 5 .

34



CHAPTER 2. CRITICAL EXPONENT OF SIMPLE PARRY INFINITE WORDS

Using the notation for an, we can rewrite the length of the longest bispecial factor b∗n and
the length of the shortest return word r∗n to the bispecial factor r

∗
n. For every n ∈ N, it holds

true that

|b∗2n| =
2n∑
j=0

|φj(0)|+
n∑

j=0

|φ2j(0)| =
2n∑
j=0

aj +
n∑

j=0

a2j ;

|b∗2n+1| =
2n+1∑
j=0

|φj(0)|+
n∑

j=0

|φ2j+1(0)| =
2n+1∑
j=0

aj +

n∑
j=0

a2j+1 ,

and

|r∗2n| = |φ2n(0)| = a2n ;

|r∗2n+1| = |φ2n+1(0)| = a2n+1 .

Asymptotic critical exponent and critical exponent
We want to compute the asymptotic critical exponent. By Theorem 2.7 for p = 2, q = 1,

r = 1, the asymptotic critical exponent is

E∗(uβ) = 3 +
β + 2

β2 − 1
.

Using previously numerically calculated β = 2.5468, the asymptotic critical exponent is

E∗(uβ)
.
= 3.82877 .

We also want to compute the critical exponent. By Theorem 1.13 and above mentioned
simplification, the critical exponent can be computed as

E(uβ) = 1 + sup
n∈N

|bn|
|rn|

= 1 + sup
n∈N

|b∗n|
|r∗n|

.

First, let us calculate the first few values for n ∈ {0, 1, . . . , 20}. The calculated values are listed
in Table 2.1.
It can be noticed that the values of 1 + |b∗n|

|r∗n|
are lower than the asymptotic critical exponent

E∗(uβ). It can therefore be assumed that the critical exponent E(uβ) is equal to the asymptotic
critical exponent E∗(uβ). To prove this assumption, it has to be shown that for every n ∈ N,
the following inequality holds true

1 +
|b∗n|
|r∗n|

≤ E∗(uβ) = 3 +
β + 2

β2 − 1
.

This inequality can be also rewritten as

|b∗n|
|r∗n|

≤ 2 +
β + 2

β2 − 1
.

First, let us prove that for every n ∈ N, the following inequality holds true

|b∗2n|
|r∗2n|

≤ 2 +
β + 2

β2 − 1
.
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n |r∗n| |b∗n|
|b∗n|
|r∗n|

1 + |b∗n|
|r∗n|

0 1 2 2 3

1 3 7 2.333333 3.333333

2 8 21 2.625 3.625

3 20 55 2.75 3.75

4 51 143 2.803921 3.803921

5 130 366 2.815385 3.815385

6 331 935 2.824773 3.824773

7 843 2 383 2.826809 3.826809

8 2 147 6 072 2.828132 3.828132

9 5 468 15 466 2.828456 3.828456

10 13 926 39 392 2.828666 3.828666

11 35 467 100 326 2.828714 3.828714

12 90 328 255 515 2.828746 3.828746

13 230 049 650 752 2.828754 3.828754

14 585 893 1 657 350 2.828759 3.828759

15 1 492 163 4 220 971 2.82876 3.82876

16 3 800 268 10 750 049 2.828761 3.828761

17 9 678 592 27 378 424 2.828761 3.828761

18 24 649 616 69 727 872 2.828761 3.828761

19 62 778 092 177 584 224 2.828761 3.828761

20 159 884 384 452 274 720 2.828761 3.828761

Table 2.1: Values of 1 +
∣∣∣ b∗nr∗n ∣∣∣ for n ∈ {0, 1, . . . , 20}.

This inequality can be written as

2n∑
j=0

aj +
n∑

j=0
a2j

a2n
≤ 2 +

β + 2

β2 − 1
2n∑
j=0

Ä
Aβj +Bλj

1 +Bλ1
j
ä

Aβ2n +Bλ2n
1 +Bλ1

2n +

+

n∑
j=0

Ä
Aβ2j +Bλ2j

1 +Bλ1
2j
ä

Aβ2n +Bλ2n
1 +Bλ1

2n ≤ 2 +
β + 2

β2 − 1
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Aβ2n+1−1
β−1 +B

λ2n+1
1 −1
λ1−1 +B λ1

2n+1−1
λ1−1

Aβ2n +Bλ2n
1 +Bλ1

2n +

+
A (β2)n+1−1

β2−1
+B

(λ2
1)

n+1−1

λ2
1−1

+B (λ1
2
)n+1−1

λ1
2−1

Aβ2n +Bλ2n
1 +Bλ1

2n ≤ 2β2 + β

β2 − 1

A
β2n+1 − 1

β − 1
+B

λ2n+1
1 − 1

λ1 − 1
+B

λ1
2n+1 − 1

λ1 − 1
+

+A
β2n+2 − 1

β2 − 1
+B

λ2n+2
1 − 1

λ2
1 − 1

+B
λ1

2n+2 − 1

λ1
2 − 1

≤ 2β2 + β

β2 − 1

Ä
Aβ2n +Bλ2n

1 +Bλ1
2n
ä
.

Then, we can rewrite this inequality as

A

Å
β2n 2β

2 + β

β2 − 1
− β2n+1 − 1

β − 1
− β2n+2 − 1

β2 − 1

ã
+B

Ç
λ2n
1

2β2 + β

β2 − 1
− λ2n+1

1 − 1

λ1 − 1
− λ2n+2

1 − 1

λ2
1 − 1

å
+

+B

(
λ1

2n 2β2 + β

β2 − 1
− λ1

2n+1 − 1

λ1 − 1
− λ1

2n+2 − 1

λ1
2 − 1

)
≥ 0

A
β + 2

β2 − 1
+B

Å
λ2n
1

2β2 + β

β2 − 1
− λ2n

1

2λ2
1 + λ1

λ2
1 − 1

+
λ1 + 2

λ2
1 − 1

ã
+

+B

(
λ1

2n 2β2 + β

β2 − 1
− λ1

2n 2λ1
2
+ λ1

λ1
2 − 1

+
λ1 + 2

λ1
2 − 1

)
≥ 0

and

B

Å
λ2n
1

2λ2
1 + λ1

λ2
1 − 1

− λ2n
1

2β2 + β

β2 − 1

ã
+B

(
λ1

2n 2λ1
2
+ λ1

λ1
2 − 1

− λ1
2n 2β2 + β

β2 − 1

)
≤

≤ A
β + 2

β2 − 1
+B

λ1 + 2

λ2
1 − 1

+B
λ1 + 2

λ1
2 − 1

.

Using previously numerically calculated values, the right side of the inequality is equal to

A
β + 2

β2 − 1
+B

λ1 + 2

λ2
1 − 1

+B
λ1 + 2

λ1
2 − 1

= A
β + 2

β2 − 1
+ 2Re

Å
B
λ1 + 2

λ2
1 − 1

ã
= 1.333 383 913 49 .

For n ≥ 0, the left side of the inequality can be written as

B

Å
λ2n
1

2λ2
1 + λ1

λ2
1 − 1

− λ2n
1

2β2 + β

β2 − 1

ã
+B

(
λ1

2n 2λ1
2
+ λ1

λ1
2 − 1

− λ1
2n 2β2 + β

β2 − 1

)
≤

≤ |B|
Å
|λ1|2n

2|λ1|2 + |λ1|
|λ2

1 − 1|
+ |λ1|2n

2β2 + β

β2 − 1

ã
+ |B|

Ç
|λ1|2n

2|λ1|2 + |λ1|
|λ1

2 − 1|
+ |λ1|2n

2β2 + β

β2 − 1

å
≤

≤ 2|B||λ1|2n
2|λ1|2 + |λ1|

|λ2
1 − 1|

+ 2|B||λ1|2n
2β2 + β

β2 − 1
≤

≤ 2|B|2|λ1|2 + |λ1|
|λ2

1 − 1|
+ 2|B|2β

2 + β

β2 − 1
= 1.325 790 196 12 .
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Next, let us prove that for every n ∈ N, the following inequality holds true
|b∗2n+1|
|r∗2n+1|

≤ 2 +
β + 2

β2 − 1
.

This inequality can be written as

2n+1∑
j=0

aj +
n∑

j=0
a2j+1

a2n+1
≤ 2 +

β + 2

β2 − 1
2n+1∑
j=0

Ä
Aβj +Bλj

1 +Bλ1
j
ä

Aβ2n+1 +Bλ2n+1
1 +Bλ1

2n+1+

n∑
j=0

Ä
Aβ2j+1 +Bλ2j+1

1 +Bλ1
2j+1
ä

Aβ2n+1 +Bλ2n+1
1 +Bλ1

2n+1 ≤ 2 +
β + 2

β2 − 1

Aβ2n+2−1
β−1 +B

λ2n+2
1 −1
λ1−1 +B λ1

2n+2−1
λ1−1

Aβ2n+1 +Bλ2n+1
1 +Bλ1

2n+1 +

+
Aβ (β2)n+1−1

β2−1
+Bλ1

(λ2
1)

n+1−1

λ2
1−1

+Bλ1
(λ1

2
)n+1−1

λ1
2−1

Aβ2n+1 +Bλ2n+1
1 +Bλ1

2n+1 ≤ 2β2 + β

β2 − 1

A
β2n+2 − 1

β − 1
+B

λ2n+2
1 − 1

λ1 − 1
+B

λ1
2n+2 − 1

λ1 − 1
+

+Aβ
β2n+2 − 1

β2 − 1
+Bλ1

λ2n+2
1 − 1

λ2
1 − 1

+Bλ1
λ1

2n+2 − 1

λ1
2 − 1

≤ 2β2 + β

β2 − 1
(Aβ2n+1 +Bλ2n+1

1 +Bλ1
2n+1

) .

Then, we can rewrite this inequality as

A

Å
β2n+1 2β

2 + β

β2 − 1
− β2n+2 − 1

β − 1
− β

β2n+2 − 1

β2 − 1

ã
+

+B

Ç
λ2n+1
1

2β2 + β

β2 − 1
− λ2n+2

1 − 1

λ1 − 1
− λ1

λ2n+2
1 − 1

λ2
1 − 1

å
+

+B

(
λ1

2n+1 2β2 + β

β2 − 1
− λ1

2n+2 − 1

λ1 − 1
− λ1

λ1
2n+2 − 1

λ1
2 − 1

)
≥ 0

A
2β + 1

β2 − 1
+B

Å
λ2n+1
1

2β2 + β

β2 − 1
− λ2n+1

1

2λ2
1 + λ1

λ2
1 − 1

+
2λ1 + 1

λ2
1 − 1

ã
+

+B

(
λ1

2n+1 2β2 + β

β2 − 1
− λ1

2n+1 2λ1
2
+ λ1

λ1
2 − 1

+
2λ1 + 1

λ1
2 − 1

)
≥ 0

and

B

Å
λ2n+1
1

2λ2
1 + λ1

λ2
1 − 1

− λ2n+1
1

2β2 + β

β2 − 1

ã
+B

(
λ1

2n+1 2λ1
2
+ λ1

λ1
2 − 1

− λ1
2n+1 2β2 + β

β2 − 1

)
≤

≤ A
2β + 1

β2 − 1
+B

2λ1 + 1

λ2
1 − 1

+B
2λ1 + 1

λ1
2 − 1

.
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Using previously numerically calculated values, the right side of the inequality is equal to

A
2β + 1

β2 − 1
+B

2λ1 + 1

λ2
1 − 1

+B
2λ1 + 1

λ1
2 − 1

= A
2β + 1

β2 − 1
+ 2Re

Å
B
2λ1 + 1

λ2
1 − 1

ã
= 1.666 734 891 8 .

For n ≥ 0, the left side of the inequality can be written as

B

Å
λ2n+1
1

2λ2
1 + λ1

λ2
1 − 1

− λ2n+1
1

2β2 + β

β2 − 1

ã
+B

(
λ1

2n+1 2λ1
2
+ λ1

λ1
2 − 1

− λ1
2n+1 2β2 + β

β2 − 1

)
≤

≤ |B|
Å
|λ1|2n+1 2|λ1|2 + |λ1|

|λ2
1 − 1|

+ |λ1|2n+1 2β
2 + β

β2 − 1

ã
+

+ |B|
Ç
|λ1|2n+1 2|λ1|2 + |λ1|

|λ1
2 − 1|

+ |λ1|2n+1 2β
2 + β

β2 − 1

å
≤

≤ 2|B|
Å
|λ1|2n+1 2|λ1|2 + |λ1|

|λ2
1 − 1|

+ |λ1|2n+1 2β
2 + β

β2 − 1

ã
≤

≤ 2|B|
Å
|λ1|

2|λ1|2 + |λ1|
|λ2

1 − 1|
+ |λ1|

2β2 + β

β2 − 1

ã
= 0.830 759 666 46 .

2.3 Critical exponent of confluent simple Parry infinite words

Confluent simple Parry infinite word uβ = uβ(t, s) is a fixed point of the morphism

φ(0) = 0t1 ,
φ(1) = 0t2 ,
φ(2) = 0t3 ,

...
φ(m− 2) = 0t(m− 1) ,
φ(m− 1) = 0s ,

(2.3)

where m ∈ N, m ≥ 2, t, s ∈ N, 1 ≤ s ≤ t. For m = 2, i.e. for binary simple Parry infinite
word, the critical exponent and the asymptotic critical exponent were determined in Section 2.1.
Therefore, in the remainder of this section, we will consider only m ≥ 3.

2.3.1 Bispecial factors and return words

Let (bn)n∈N be the sequence of all bispecial factors in uβ ordered by length. For every
n ∈ N, let rn be the shortest return word to the bispecial factor bn in uβ. By Theorem 1.13, the
asymptotic critical exponent can be computed as

E∗(uβ) = 1 + lim sup
n→+∞

|bn|
|rn|

,

and the critical exponent can be computed as

E(uβ) = 1 + sup
n∈N

|bn|
|rn|

.

Different bispecial factors can have the same shortest return word. Therefore, for every
return word, it suffices to consider only the longest bispecial factor to this return word. In
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Section 1.7, we introduced a method developed by Klouda [24]. Using this method, we can
describe the structure of all bispecial factors in uβ. Then, using Lemma 1.17 and Lemma 1.18,
we can describe the structure of all shortest return words to those bispecial factors. Moreover,
we can identify the longest bispecial factor to each shortest return word.
Every bispecial factor in uβ can be written as

b(k)n = φn(0k)φn−1(0t) · · ·φ(0t)0t ,

where n ∈ N and k ∈ {0, 1, . . . , t + s − 1}, where we denoted the empty words as 00 := ε. The

shortest return word to bispecial factor b(k)n is then

r(k)n = φn(0) .

Let (b∗n)n∈N be the sequence of longest bispecial factors having the shortest return word equal
to r∗n = φn(0) in uβ. For every n ∈ N, the longest bispecial factor is

b∗n = φn(0t+s−1)φn−1(0t) · · ·φ(0t)0t ,

and its length is

|b∗n| = |φn(0t+s−1)φn−1(0t) · · ·φ(0t)0t| = |φn(0t+s−1)|+ |φn−1(0t)|+ · · ·+ |φ(0t)|+ |0t| =
= (t+ s− 1)|φn(0)|+ t|φn−1(0)|+ · · ·+ t|φ(0)|+ t|0| .

For every n ∈ N, the length of the return word r∗n to the bispecial factor b
∗
n is

|r∗n| = |φn(0)| .

2.3.2 Lengths of bispecial factors and return words

The Rényi expansion of unity corresponding to the confluent simple Parry infinite word uβ

has the form
dβ(1) = tt . . . t︸ ︷︷ ︸

(m−1)×

s

and
1 =

t

β
+

t

β2
+ · · ·+ t

βm−1
+

s

βm
,

which corresponds to the equation

βm = tβm−1 + tβm−2 + · · ·+ tβ + s .

The incidence matrix Mφ has the form

Mφ =



t t · · · t s
1 0 · · · 0 0
0 1 · · · 0 0
0 0 · · · 0 0
...
...
. . .

...
...

0 0 · · · 1 0


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and its characteristic polynomial pMφ has the form

pMφ(x) = det(Mφ − xI) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

t− x t · · · t s
1 −x · · · 0 0
0 1 · · · 0 0
0 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 −x

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)m

(
xm − txm−1 − · · · − tx− s

)
=

= (−1)m
Å
xm − tx

xm−1 − 1

x− 1
− s

ã
.

The form of the characteristic polynomial pMφ can be proven by mathematical induction. When
searching for the eigenvalues of the matrix Mφ, we look for the roots of the characteristic
polynomial pMφ , and therefore we set the characteristic polynomial pMφ(x) equal to zero, which
corresponds to the equation

xm = txm−1 + · · ·+ tx+ s

xm = tx
xm−1 − 1

x− 1
+ s .

One of the roots of the characteristic polynomial pMφ (and the eigenvalue of the matrixMφ)
is the number β. Let us denote this root as λ1 = β and the remaining m − 1 roots of the
characteristic polynomial pMφ (and the eigenvalues of the matrix Mφ) as λ2, . . . , λm.
Using Section 1.4, we will determine the properties of the eigenvalues of the matrix Mφ. It

holds true that β is a Parry number, thus β ∈ R, β > 1 and

(∀i ∈ {2, . . . ,m})(|λi| < β) .

Moreover, the coefficients of the characteristic polynomial pMφ satisfy t ≥ s, thus all roots of
the characteristic polynomial pMφ are distinct (and all eigenvalues of the matrixMφ are simple)
and β is a Pisot number, i.e.

(∀i ∈ {2, . . . ,m})(|λi| < 1) .

Using Vieta’s formulas, it can be shown that

t = β + λ2 + · · ·+ λm ,

s = (−1)m+1βλ2 . . . λm .

Moreover, it holds

s < β ,

t < β < t+ 1 .

Using the Cayley-Hamilton theorem, the matrixMφ is a root of its characteristic polynomial
pMφ , thus

Mm
φ = tMm−1

φ + · · ·+ tMφ + s .

When multiplying by the matrix Mn
φ , we obtain

Mn+m
φ = tMn+m−1

φ + · · ·+ tMn+1
φ + sMn

φ .
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Moreover, after multiplying this equation by the vector 1⃗T from the left and by the vector e⃗1
from the right and using the method from Section 1.2, it follows that

|φn+m(0)| = t|φn+m−1(0)|+ · · ·+ t|φn+1(0)|+ s|φn(0)| .

Let us denote an := |φn(0)| for n ∈ N. Then we get a recurrence

ai = (t+ 1)i for i ∈ {0, . . . ,m− 1} ,

which can be proven by mathematical induction, and

an+m = tan+m−1 + tan+m−2 + · · ·+ tan+1 + san for n ∈ N .

The characteristic polynomial of this recurrence is the same as the characteristic polynomial
pMφ of the matrix Mφ (except for (−1)m). Subsequently, the general term an can be written as

an = C1β
n + C2λ

n
2 + · · ·+ Cmλn

m for n ∈ N ,

where C1, C2, . . . , Cm ∈ C.
Using the notation for an, we can rewrite the length of the longest bispecial factor b∗n and

the length of the shortest return word r∗n to the bispecial factor b
∗
n. For every n ∈ N, it holds

true that and its length is

|b∗n| = (t+ s− 1)|φn(0)|+ t|φn−1(0)|+ · · ·+ t|φ(0)|+ t|0| =
= (t+ s− 1)an + tan−1 + · · ·+ ta1 + ta0 ,

and
|r∗n| = |φn(0)| = an .

2.3.3 Spectral properties of the morphism matrix

In this subsection, we will rewrite the general term an using the right and left eigenvectors
corresponding to the eigenvalues of the matrix Mφ and using the diagonalization of the matrix
Mφ. By Subsection 2.3.2, we already know that all eigenvalues of the matrix Mφ are simple.
Therefore, the right and left eigenvectors corresponding to the eigenvalues of the matrix Mφ are
linearly independent.
The right eigenvector x⃗i corresponding to the eigenvalue λi ∈ σ(Mφ), i ∈ {1, . . . ,m}, is

x⃗i =

â
λm−1
i

λm−2
i
...
λi

1

ì
.

The left eigenvector y⃗Ti corresponding to the eigenvalue λi ∈ σ(Mφ), i ∈ {1, . . . ,m}, is

y⃗i =

â
1

λi − t
λ2
i − t(1 + λi)

...
λm−1
i − t(1 + λi + · · ·+ λm−2

i )

ì
.
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Then the matrix Mφ has the form

Mφ = XDX−1,

where the columns of the matrix X are composed of the right eigenvectors x⃗i, i ∈ {1, . . . ,m},
and the rows of the matrix X−1 are composed of the suitably normed left eigenvectors y⃗Ti ,
i ∈ {1, . . . ,m}.
Consequently, the general term an can be written as

an = |φn(0)| = 1⃗TMn
φ e⃗1 = 1⃗TXDnX−1e⃗1 =

= 1⃗T

â
βm−1 λm−1

2 · · · λm−1
m

βm−2 λm−2
2 · · · λm−2

m
...

...
. . .

...
β λ2 · · · λm

1 1 · · · 1

ìá
βn 0 · · · 0
0 λn

2 · · · 0
...

...
. . .

...
0 0 · · · λn

m

ë
â

1
A1

β−t
A1

β2−t(1+β)
A1

· · · β3−t(1+β+···+βm−2)
A1

1
A2

β−t
A2

λ2
2−t(1+λ2)

A2
· · · λm−1

2 −t(1+λ2+···+λm−2
2 )

A2
...

...
...

. . .
...

1
Am

λm−t
Am

λ2
m−t(1+λm)

Am
· · · λm−1

m −t(1+λm+···+λm−2
m )

Am

ì
e⃗1 =

=

Ç
m−1∑
k=0

βk
m−1∑
k=0

λk
2 · · ·

m−1∑
k=0

λk
m

åáβn 0 · · · 0
0 λn

2 · · · 0
...

...
. . .

...
0 0 · · · λn

m

ëá 1
A1
1
A2
...
1

Am

ë
=

=
m−1∑
k=0

βk β
n

A1
+

m−1∑
k=0

λk
2

λn
2

A2
+ · · ·+

m−1∑
k=0

λk
m

λn
m

Am
=

=
βm − 1

β − 1

βn

A1
+

λm
2 − 1

λ2 − 1

λn
2

A2
+ · · ·+ λm

m − 1

λm − 1

λn
m

Am
,

where we denoted Aj , j ∈ {1, . . . ,m}, the suitable norm of left eigenvectors y⃗Ti , i ∈ {1, . . . ,m}.
Let us derive the norm Aj , j ∈ {1, . . . ,m}. It has to be true that XX−1 = I, thus for every

j ∈ {1, . . . ,m}, the coefficient Aj has the form

Aj = λm−1
j + (λj − t)λm−2

j + (λ2
j − t(1 + λj))λ

m−3
j + · · ·+ (λm−1

j − t(1 + λj + · · ·+ λm−2
j )) =

= λm−1
j + λm−1

j − tλm−2
j + λm−1

j − tλm−2
j − tλm−3

j + · · ·+
+ λm−1

j − tλm−2
j − tλm−3

j − · · · − tλj − t =

= mλm−1
j − t(m− 1)λm−2

j − t(m− 2)λm−3
j − · · · − t2λj − t =

= mλm−1
j − t

m−2∑
k=0

(k + 1)λk
j .

Let us denote p̃Mφ the characteristic polynomial pMφ without the coefficient (−1)m, i.e.

p̃Mφ(x) = xm − txm−1 − · · · − tx− s = xm − tx
xm−1 − 1

x− 1
− s .
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The derivative of the polynomial p̃Mφ is

p̃′Mφ
(x) = mxm−1 − t(m− 1)xm−2 − · · · − t = mxm−1 − t

m−2∑
k=0

(k + 1)xk .

The roots of the polynomial p̃Mφ are the same as the roots of the characteristic polynomial pMφ ,
i.e. λ1 = β, λ2, . . . , λm. Therefore, the polynomial p̃Mφ can be written as

p̃Mφ(x) = (x− λ1)(x− λ2) · · · (x− λm) =

m∏
k=1

(x− λk) .

Then the derivative of the polynomial p̃Mφ can be written as

p̃′Mφ
(x) =

m∑
ℓ=1

(x− λ1)(x− λ2) · · · (x− λm)

x− λℓ
=

m∑
ℓ=1

m∏
k=1

(x− λk)

x− λℓ
=

m∑
ℓ=1

p̃Mφ(x)

x− λℓ
.

We will evaluate the derivative of the polynomial p̃Mφ in the roots λ1 = β, λ2, . . . , λm, thus for
every j ∈ {1, . . . ,m}, it holds true that

p̃′Mφ
(λj) = mλm−1

j − t

m−2∑
k=0

(k + 1)λk
j =

m∏
k=1
k ̸=j

(λj − λk) .

Then for every j ∈ {1, . . . ,m}, the coefficient Aj can be written as

Aj = mλm−1
j − t

m−2∑
k=0

(k + 1)λk
j =

m∏
k=1
k ̸=j

(λj − λk) . (2.4)

For every j ∈ {1, . . . ,m}, let us denote

Bj =
λm
j − 1

λj − 1

1

Aj
=

λm
j − 1

λj − 1

1
m∏
k=1
k ̸=j

(λj − λk)

. (2.5)

For every j ∈ {1, . . . ,m}, the coefficient Bj can be also written as

Bj =
λm
j − 1

λj − 1

1

Aj
=

λm
j − 1

λj − 1

1

mλm−1
j − t

m−2∑
k=0

(k + 1)λk
j

=
λm
j − 1

λj − 1

1

mλm−1
j − t

(m−1)λm
j −mλm−1

j +1

(λj−1)2

=

=
(λm

j − 1)(λj − 1)

mλm−1
j (λj − 1)2 − t((m− 1)λm

j −mλm−1
j + 1)

,

where for x = λj , it holds true that

m−2∑
k=0

(k + 1)xk =

(
m−2∑
k=0

xk+1

)′

=

Å
x
xm−1 − 1

x− 1

ã′
=

Å
xm − x

x− 1

ã′
=

=
(mxm−1 − 1)(x− 1)− (xm − x)

(x− 1)2
=

mxm −mxm−1 − x+ 1− xm + x

(x− 1)2
=

=
(m− 1)xm −mxm−1 + 1

(x− 1)2
.
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Then the general term an can be written as

an = B1β
n +B2λ

n
2 + · · ·+Bmλn

m .

2.3.4 Asymptotic critical exponent and critical exponent

First, let us compute the limit lim
n→+∞

|b∗n|
|r∗n|

.

Lemma 2.9: Let uβ = uβ(t, s) be the confluent simple Parry infinite word defined in (2.3). It
holds true that

lim
n→+∞

|b∗n|
|r∗n|

= t+ s− 1 +
t

β − 1
.

Proof: We start with the simplification of |b∗n|
|r∗n|

|b∗n|
|r∗n|

=
(t+ s− 1)an + tan−1 + · · ·+ ta1 + ta0

an
= t+ s− 1 + t ·

n−1∑
k=0

ak

an
=

= t+ s− 1 + t ·

n−1∑
k=0

C1β
k + C2λ

k
2 + · · ·+ Cmλk

m

C1βn + C2λn
2 + · · ·+ Cmλn

m

=

= t+ s− 1 + t ·
C1

βn−1
β−1 + C2

λn
2−1

λ2−1 + · · ·+ Cm
λn
m−1

λm−1

C1βn + C2λn
2 + · · ·+ Cmλn

m

=

= t+ s− 1 + t ·
Å
C1

βn − 1

(β − 1)(C1βn + C2λn
2 + · · ·+ Cmλn

m)
+

+ C2
λn
2 − 1

(λ2 − 1)(C1βn + C2λn
2 + · · ·+ Cmλn

m)
+ · · ·+

+ Cm
λn
m − 1

(λm − 1)(C1βn + C2λn
2 + · · ·+ Cmλn

m)

ã
=

= t+ s− 1 + t ·

Ñ
C1

1− 1
βn

(β − 1)
Ä
C1 + C2

Ä
λ2
β

än
+ · · ·+ Cm

Ä
λm
β

änä+
+ C2

Ä
λ2
β

än
− 1

βn

(λ2 − 1)
Ä
C1 + C2

Ä
λ2
β

än
+ · · ·+ Cm

Ä
λm
β

änä + · · ·+

+ Cm

Ä
λm
β

än
− 1

βn

(λm − 1)
Ä
C1 + C2

Ä
λ2
β

än
+ · · ·+ Cm

Ä
λm
β

änäé .

Consequently, using the inequalities |λi| < β for all i ∈ {2, . . . ,m} and β > 1,

lim
n→+∞

|b∗n|
|r∗n|

= t+ s− 1 +
t

β − 1
.

Theorem 2.10: Let uβ = uβ(t, s) be the confluent simple Parry infinite word defined in (2.3).
The asymptotic critical exponent of uβ is

E∗(uβ) = t+ s+
t

β − 1
.
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Proof: By Theorem 1.13 and Subsection 2.3.1, the asymptotic critical exponent can be computed
as

E∗(uβ) = 1 + lim sup
n→+∞

|bn|
|rn|

= 1 + lim sup
n→+∞

|b∗n|
|r∗n|

.

Subsequently, by Lemma 2.9, the asymptotic critical exponent is

E∗(uβ) = 1 + lim sup
n→+∞

|b∗n|
|r∗n|

= 1 + lim
n→+∞

|b∗n|
|r∗n|

= t+ s+
t

β − 1
.

In the remaining part of this section, we want to show that for confluent simple Parry infinite
words, the critical exponent and the asymptotic critical exponent are equal. To provide better
intuition and facilitate understanding, we first present the proof for the ternary case (m = 3).
This approach allows us to highlight the fundamental principles of the proof before extending
the argument to the general case.

Theorem 2.11: Let m = 3 and uβ = uβ(t, s) be the ternary confluent simple Parry infinite
word defined in (2.3). The critical exponent of uβ is equal to the asymptotic critical exponent
of uβ, i.e.

E(uβ) = E∗(uβ) = t+ s+
t

β − 1
.

Proof: By Theorem 1.13 and Subsection 2.3.1, the critical exponent can be computed as

E(uβ) = 1 + sup
n∈N

|bn|
|rn|

= 1 + sup
n∈N

|b∗n|
|r∗n|

.

To prove that the critical exponent E(uβ) is equal to the asymptotic critical exponent E∗(uβ),
it has to be shown that for every n ∈ N, the following inequality holds true

1 +
|b∗n|
|r∗n|

≤ E∗(uβ) = t+ s+
t

β − 1
.

By the proof of Lemma 2.9, we already know that

|b∗n|
|r∗n|

= t+ s− 1 + t ·

n−1∑
k=0

ak

an
.

Hence, it remains to verify that
n−1∑
k=0

ak

an
≤ 1

β − 1
.

We can rewrite this inequality as

(β − 1)

n−1∑
k=0

ak ≤ an .

Subsequently, we will substitute the formula for an from Subsection 2.3.3 into this inequality

an = B1β
n +B2λ

n
2 +B3λ

n
3 .
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The inequality is then given by

(β − 1)
n−1∑
k=0

(B1β
k +B2λ

k
2 +B3λ

k
3) ≤ B1β

n +B2λ
n
2 +B3λ

n
3

(β − 1)

Å
B1

βn − 1

β − 1
+B2

λn
2 − 1

λ2 − 1
+B3

λn
3 − 1

λ3 − 1

ã
≤ B1β

n +B2λ
n
2 +B3λ

n
3

B1(β
n − 1) +B2(λ

n
2 − 1)

β − 1

λ2 − 1
+B3(λ

n
3 − 1)

β − 1

λ3 − 1
≤ B1β

n +B2λ
n
2 +B3λ

n
3

B2λ
n
2

Å
β − 1

λ2 − 1
− 1

ã
+B3λ

n
3

Å
β − 1

λ3 − 1
− 1

ã
≤ B1 +B2

β − 1

λ2 − 1
+B3

β − 1

λ3 − 1

B2(λ
n
2 − 1)

Å
β − 1

λ2 − 1
− 1

ã
+B3(λ

n
3 − 1)

Å
β − 1

λ3 − 1
− 1

ã
≤ B1 +B2 +B3

B2(λ
n
2 − 1)

β − λ2

λ2 − 1
+B3(λ

n
3 − 1)

β − λ3

λ3 − 1
≤ B1 +B2 +B3 .

From rewriting of the term an in Subsection 2.3.3, it follows that

a0 = B1 +B2 +B3 = 1 ,

thus the right side of the inequality is equal to 1 and the inequality can be written as

B2(λ
n
2 − 1)

β − λ2

λ2 − 1
+B3(λ

n
3 − 1)

β − λ3

λ3 − 1
≤ 1 .

Furthermore, by substituting for B2, B3 and A2, A3 from Equation (2.5) and Equation (2.4),
we get that

B2
β − λ2

λ2 − 1
=

λ3
2 − 1

λ2 − 1

1

A2

β − λ2

λ2 − 1
= (λ2

2 + λ2 + 1)
1

(λ2 − β)(λ2 − λ3)

β − λ2

λ2 − 1
=

λ2
2 + λ2 + 1

(λ2 − λ3)(1− λ2)

and

B3
β − λ3

λ3 − 1
=

λ3
3 − 1

λ3 − 1

1

A3

β − λ3

λ3 − 1
= (λ2

3 + λ3 + 1)
1

(λ3 − β)(λ3 − λ2)

β − λ3

λ3 − 1
= − λ2

3 + λ3 + 1

(λ2 − λ3)(1− λ3)
,

thus the inequality can be written as

λ2
2 + λ2 + 1

(λ2 − λ3)(1− λ2)
(λn

2 − 1)− λ2
3 + λ3 + 1

(λ2 − λ3)(1− λ3)
(λn

3 − 1) ≤ 1

λ2
2 + λ2 + 1

(λ2 − λ3)(1− λ2)
λn
2 − λ2

3 + λ3 + 1

(λ2 − λ3)(1− λ3)
λn
3 ≤ 3

(1− λ2)(1− λ3)
.

Let us rewrite the inequality using geometric series. For every j ∈ {2, 3}, it holds true that

(λ2
j + λj + 1)λn

j

1

1− λj
= (λn+2

j + λn+1
j + λn

j )
+∞∑
k=0

λk
j = λn

j + 2λn+1
j + 3

+∞∑
k=n+2

λk
j .

Furthermore, for the right side of the inequality, it holds true that

3

(1− λ2)(1− λ3)
=

3

λ2 − λ3

Å
λ2

1− λ2
− λ3

1− λ3

ã
=

3

λ2 − λ3

(
+∞∑
k=1

λk
2 −

+∞∑
k=1

λk
3

)
.

47



CHAPTER 2. CRITICAL EXPONENT OF SIMPLE PARRY INFINITE WORDS

Subsequently, the inequality can be written as

1

λ2 − λ3

((
λn
2 + 2λn+1

2 + 3
+∞∑

k=n+2

λk
2

)
−

(
λn
3 + 2λn+1

3 + 3
+∞∑

k=n+2

λk
3

))
≤

≤ 3

λ2 − λ3

(
+∞∑
k=1

λk
2 −

+∞∑
k=1

λk
3

)
.

Let us denote

Sn =
λn
2 − λn

3

λ2 − λ3
for every n ∈ N .

Using this notation, the inequality can be reformulated as

Sn + 2Sn+1 + 3
+∞∑

k=n+2

Sk ≤ 3
+∞∑
k=1

Sk

3

(
+∞∑
k=1

Sk −
+∞∑

k=n+2

Sk

)
− Sn − 2Sn+1 ≥ 0

3

n+1∑
k=1

Sk − Sn − 2Sn+1 ≥ 0

3
n−1∑
k=1

Sk + 2Sn + Sn+1 ≥ 0 .

Let us also denote

Fn = 3
n−1∑
k=1

Sk + 2Sn + Sn+1 for every n ∈ N .

We want to prove that Fn ≥ 0 for every n ∈ N. We will show this using generating functions.
First, we will start with modifying the generating function S(y) for Sn. This function can

(for suitable y) be written as

S(y) =
+∞∑
k=1

Sky
k−1 =

+∞∑
k=1

λk
2 − λk

3

λ2 − λ3
yk−1 =

1

λ2 − λ3

(
+∞∑
k=1

λk
2y

k−1 −
+∞∑
k=1

λk
3y

k−1

)
=

=
1

λ2 − λ3

(
λ2

+∞∑
k=0

(λ2y)
k − λ3

+∞∑
k=0

(λ3y)
k

)
=

1

λ2 − λ3

Å
λ2

1− λ2y
− λ3

1− λ3y

ã
=

=
1

λ2 − λ3

λ2 − λ3

(1− λ2y)(1− λ3y)
=

1

(1− λ2y)(1− λ3y)
=

1

1− (λ2 + λ3)y + λ2λ3y2
=

=
1

1− py + qy2
,

where we denoted

p = λ2 + λ3 ,

q = λ2λ3 .
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Next, we want to find the generating function F (y) for Fn. This function can (for suitable
y) be written as

F (y) =
+∞∑
n=0

Fny
n .

We will also express this function as a product of generating function S(y) and function C(y) =
+∞∑
k=0

cky
k with later specified coefficients ck, k ∈ N, i.e.

F (y) = C(y)S(y) =

(
+∞∑
k=0

cky
k

)(
+∞∑
k=0

Sk+1y
k

)
=

+∞∑
n=0

(
n∑

k=0

ckSn−k+1

)
yn .

Since it has to be true that

Fn = 3

n−1∑
k=1

Sk + 2Sn + Sn+1 =

n∑
k=0

ckSn−k+1 for every n ∈ N ,

the coefficients ck, k ∈ N, are c0 = 1, c1 = 2 and ck = 3 for k ∈ {2, . . . , n}. Then function C(y)
has the form

C(y) =

+∞∑
k=0

cky
k = 1 + 2y + 3

+∞∑
k=2

yk =

+∞∑
k=0

yk +

+∞∑
k=1

yk +

+∞∑
k=2

yk =
1

1− y
+

y

1− y
+

y2

1− y
=

=
1 + y + y2

1− y
.

Subsequently, the generating function F (y) can be written as

F (y) = C(y)S(y) =
1 + y + y2

1− y

1

1− py + qy2
.

Let us denote the denominator of generating function F (y) as

D(y) = (1− y)(1− py + qy2) .

By adjusting the denominator D(y), we obtain

D(y) = (1− y)(1− py + qy2) = 1− (p+ 1)y + (p+ q)y2 − qy3 = 1− ay − by2 − cy3 ,

where we denoted

a = p+ 1 = λ2 + λ3 + 1 ,

b = −(p+ q) = −(λ2 + λ3 + λ2λ3) ,

c = q = λ2λ3 .

It holds true that

t = β + λ2 + λ3 ,

s = βλ2λ3 ,
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and

s < β ,

t < β < t+ 1 ,

thus all coefficients a, b, c are positive

a = p+ 1 = λ2 + λ3 + 1 = t− β + 1 > 0 ,

b = −(p+ q) = −(λ2 + λ3)− λ2λ3 = −(t− β)− s

β
=

β2 − tβ − s

β
=

=
β2 − tβ − (β3 − tβ2 − tβ)

β
=

−β3 + β2 + tβ2

β
= β(t+ 1− β) > 0 ,

c = q = λ2λ3 =
s

β
> 0 .

The reciprocal of the denominator D(y) is

1

D(y)
=

1

1− ay − by2 − cy3
.

We will use generating functions again and rewrite the reciprocal of the denominator D(y) as
a function with later specified coefficients dn, n ∈ N, i.e.

1

D(y)
=

1

1− ay − by2 − cy3
=

+∞∑
n=0

dny
n .

This equation can be also written as

1 = (1− ay − by2 − cy3)
+∞∑
n=0

dny
n =

+∞∑
n=0

dny
n − a

+∞∑
n=0

dny
n+1 − b

+∞∑
n=0

dny
n+2 − c

+∞∑
n=0

dny
n+3 =

= d0 + (d1 − ad0)y + (d2 − ad1 − bd0)y
2 +

+∞∑
n=3

(dn − adn−1 − bdn−2 − cdn−3)y
n .

By comparing the coefficients of the powers of y on both sides of the equation, we obtain
equations for dn, n ∈ N,

d0 = 1 ,

d1 − ad0 = 0 ,

d2 − ad1 − bd0 = 0 ,

dn − adn−1 − bdn−2 − cdn−3 = 0 for n ≥ 3 ,

thus all coefficients dn, n ∈ N, are positive

d0 = 1 > 0 ,

d1 = ad0 = a > 0 ,

d2 = ad1 + bd0 = a2 + b > 0 ,

dn = adn−1 + bdn−2 + cdn−3 > 0 for n ≥ 3 .
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Subsequently, the generating function F (y) can be written as

F (y) = (1 + y + y2)
1

D(y)
= (1 + y + y2)

+∞∑
n=0

dny
n =

+∞∑
n=0

dny
n +

+∞∑
n=1

dn−1y
n +

+∞∑
n=2

dn−2y
n =

=

+∞∑
n=0

(dn + dn−1 + dn−2)y
n ,

where we defined d−1 := 0 and d−2 := 0. Altogether, it holds true that

F (y) =
+∞∑
n=0

Fny
n =

+∞∑
n=0

(dn + dn−1 + dn−2)y
n ,

therefore
Fn = dn + dn−1 + dn−2 ≥ 0 for every n ∈ N .

We now proceed to the general case. First, let us present four useful lemmas.

Lemma 2.12: Let λ1 = β, λ2, . . . , λm be the roots of the characteristic polynomial

pMφ(x) = (−1)m
(
xm − txm−1 − · · · − tx− s

)
.

Then, it holds true that

1 +

m∑
j=2

(
m−1∑
ℓ=0

λℓ
j

)
1Ö

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

=
m

m∏
k=2

(1− λk)

. (2.6)

Proof: Let us consider the following partial fraction decomposition

m−1∑
ℓ=0

xℓ

(x− 1)
m∏
k=2

(x− λk)

=
C1

x− 1
+

m∑
j=2

Cj

x− λj
.

The coefficients C1, C2, . . . , Cm are given by

C1 =

m−1∑
ℓ=0

1ℓ

m∏
k=2

(1− λk)

=
m

m∏
k=2

(1− λk)

and

Cj =

m−1∑
ℓ=0

λℓ
j

(λj − 1)
m∏
k=2
k ̸=j

(λj − λk)

for j ∈ {2, . . . ,m} ,
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thus

−Cj =

m−1∑
ℓ=0

λℓ
jÖ

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

for j ∈ {2, . . . ,m} .

Consequently, Equation (2.6) is equivalent to the following identity for coefficients C1, C2, . . . , Cm

1 +

m∑
j=2

(−Cj) = C1

1 = C1 +

m∑
j=2

Cj .

If we multiply the partial fraction decomposition by its denominator, we get that

m−1∑
ℓ=0

xℓ = C1

m∏
k=2

(x− λk) +
m∑
j=2

Cj(x− 1)
m∏
k=2
k ̸=j

(x− λk) .

Finally, by comparing the coefficients of xm−1 on both sides of the equation, we obtain that

1 = C1 +

m∑
j=2

Cj .

Lemma 2.13: Let λ1 = β, λ2, . . . , λm be the roots of the characteristic polynomial

pMφ(x) = (−1)m
(
xm − txm−1 − · · · − tx− s

)
.

Then, it holds true that

1
m∏
k=2

(1− λk)

=
m∑
j=2

1Ö
m∏
k=2
k ̸=j

(λj − λk

è
(1− λj)

. (2.7)

Proof: Let us consider the following partial fraction decomposition

1
m∏
k=2

(x− λk)

=

m∑
j=2

Cj

x− λj
.

The coefficients C2, . . . , Cm are given by

Cj =
1

m∏
k=2
k ̸=j

(λj − λk)

for j ∈ {2, . . . ,m} .
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By substituting the coefficients C2, . . . , Cm into the partial fraction decomposition, we get
that

1
m∏
k=2

(x− λk)

=
m∑
j=2

1Ö
m∏
k=2
k ̸=j

(λj − λk)

è
(x− λj)

.

Finally, by substituting x = 1 into this equation, we obtain that

1
m∏
k=2

(1− λk)

=
m∑
j=2

1Ö
m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

.

Lemma 2.14: Let λ1 = β, λ2, . . . , λm be the roots of the characteristic polynomial

pMφ(x) = (−1)m
(
xm − txm−1 − · · · − tx− s

)
.

Then, it holds true that

m∑
j=2

1Ö
m∏
k=2
k ̸=j

(λj − λk

è
(1− λj)

=
m∑
j=2

λjÖ
m∏
k=2
k ̸=j

(λj − λk

è
(1− λj)

. (2.8)

Proof: Initially, let us rewrite Equation (2.8) as

m∑
j=2

1− λjÖ
m∏
k=2
k ̸=j

(λj − λk

è
(1− λj)

= 0

m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

= 0 .

Let us consider the following partial fraction decomposition

1
m∏
k=2

(x− λk)

=

m∑
j=2

Cj

x− λj
.

The coefficients C2, . . . , Cm are given by

Cj =
1

m∏
k=2
k ̸=j

(λj − λk)

for j ∈ {2, . . . ,m} .
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Consequently, Equation (2.8) is equivalent to the following identity for coefficients C2, . . . , Cm

m∑
j=2

Cj = 0 .

If we multiply the partial fraction decomposition by its denominator, we get that

1 =
m∑
j=2

Cj

m∏
k=2
k ̸=j

(x− λk) .

Finally, by comparing the coefficients of xm−2 on both sides of the equation, we obtain that

0 =
m∑
j=2

Cj .

Lemma 2.15: Let λ1 = β, λ2, . . . , λm be the roots of the characteristic polynomial

pMφ(x) = (−1)m
(
xm − txm−1 − · · · − tx− s

)
.

Then, it holds true that

1
m∏
k=2

(1− λky)

=
m∑
j=2

λm−2
jÖ

m∏
k=2
k ̸=j

(λj − λk

è
(1− λjy)

. (2.9)

Proof: Let us consider the following partial fraction decomposition

1
m∏
k=2

(1− λky)

=

m∑
j=2

Cj

1− λjy
.

The coefficients C2, . . . , Cm are given by

Cj =
1

m∏
k=2
k ̸=j

(1− λk
1
λj
)

=
1

m∏
k=2
k ̸=j

λj−λk

λj

=
1

1
λm−2
j

m∏
k=2
k ̸=j

(λj − λk)

=
λm−2
j

m∏
k=2
k ̸=j

(λj − λk)

for j ∈ {2, . . . ,m} .

By substituting the coefficients C2, . . . , Cm into the partial fraction decomposition, we get
that

1
m∏
k=2

(1− λky)

=
m∑
j=2

λm−2
jÖ

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λjy)

.
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Finally, we can prove that for confluent simple Parry infinite words with an alphabet of any
size, the critical exponent and the asymptotic critical exponent are equal.

Theorem 2.16: Let uβ = uβ(t, s) be the confluent simple Parry infinite word defined in (2.3).
The critical exponent of uβ is equal to the asymptotic critical exponent of uβ, i.e.

E(uβ) = E∗(uβ) = t+ s+
t

β − 1
.

Proof: By Theorem 1.13 and Subsection 2.3.1, the critical exponent can be computed as

E(uβ) = 1 + sup
n∈N

|bn|
|rn|

= 1 + sup
n∈N

|b∗n|
|r∗n|

.

To prove that the critical exponent E(uβ) is equal to the asymptotic critical exponent E∗(uβ),
it has to be shown that for every n ∈ N, the following inequality holds true

1 +
|b∗n|
|r∗n|

≤ E∗(uβ) = t+ s+
t

β − 1
.

By the proof of Lemma 2.9, we already know that

|b∗n|
|r∗n|

= t+ s− 1 + t ·

n−1∑
k=0

ak

an
.

Hence, it remains to verify that
n−1∑
k=0

ak

an
≤ 1

β − 1
.

We can rewrite this inequality as

(β − 1)

n−1∑
k=0

ak ≤ an .

Subsequently, we will substitute the formula for an from Subsection 2.3.3 into this inequality

an = B1β
n +

m∑
j=2

Bjλ
n
j .
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The inequality is then given by

(β − 1)
n−1∑
k=0

Ñ
B1β

k +
m∑
j=2

Bjλ
k
j

é
≤ B1β

n +
m∑
j=2

Bjλ
n
j

(β − 1)

Ñ
B1

βn − 1

β − 1
+

m∑
j=2

Bj

λn
j − 1

λj − 1

é
≤ B1β

n +
m∑
j=2

Bjλ
n
j

B1(β
n − 1) +

m∑
j=2

Bj(λ
n
j − 1)

β − 1

λj − 1
≤ B1β

n +

m∑
j=2

Bjλ
n
j

m∑
j=2

Bjλ
n
j

Å
β − 1

λj − 1
− 1

ã
≤ B1 +

m∑
j=2

Bj
β − 1

λj − 1

m∑
j=2

Bj(λ
n
j − 1)

Å
β − 1

λj − 1
− 1

ã
≤ B1 +

m∑
j=2

Bj

m∑
j=2

Bj(λ
n
j − 1)

β − λj

λj − 1
≤ B1 +

m∑
j=2

Bj .

From rewriting of the term an in Subsection 2.3.3, it follows that

a0 = B1 +
m∑
j=2

Bj = 1 ,

thus the right side of the inequality is equal to 1 and the inequality can be written as

m∑
j=2

Bj(λ
n
j − 1)

β − λj

λj − 1
≤ 1 .

Furthermore, by substituting for Bj and Aj , j ∈ {2, . . . ,m}, from Equation (2.5) and Equa-
tion (2.4), we get that

Bj
β − λj

λj − 1
=

λm
j − 1

λj − 1

1

Aj

β − λj

λj − 1
=

λm
j − 1

λj − 1

1
m∏
k=1
k ̸=j

(λj − λk)

β − λj

λj − 1
=

=

(
m−1∑
ℓ=0

λℓ
j

)
1

m∏
k=1
k ̸=j

(λj − λk)

β − λj

λj − 1
=

(
m−1∑
ℓ=0

λℓ
j

)
1Ö

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

,
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thus the inequality can be written as

m∑
j=2

(
m−1∑
ℓ=0

λℓ
j

)
1Ö

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

(λn
j − 1) ≤ 1

m∑
j=2

(
m−1∑
ℓ=0

λℓ
j

)
1Ö

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

λn
j ≤ 1 +

m∑
j=2

(
m−1∑
ℓ=0

λℓ
j

)
1Ö

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

.

Using Lemma 2.12, the right side of the inequality can be written as

1 +

m∑
j=2

(
m−1∑
ℓ=0

λℓ
j

)
1Ö

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

=
m

m∏
k=2

(1− λk)

,

thus the inequality is given by

m∑
j=2

(
m−1∑
ℓ=0

λℓ
j

)
1Ö

m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

λn
j ≤ m

m∏
k=2

(1− λk)

.

Let us rewrite the inequality using geometric series. For every j ∈ {2, . . . ,m}, it holds true
that(

m−1∑
ℓ=0

λℓ
j

)
λn
j

1

1− λj
=

(
m−1∑
ℓ=0

λn+ℓ
j

)(
+∞∑
k=0

λk
j

)
=

= λn
j + 2λn+1

j + · · ·+ (m− 2)λn+m−3
j + (m− 1)λn+m−2

j +m
+∞∑

k=n+m−1

λk
j .

Furthermore, by Lemma 2.13 and Lemma 2.14, it holds true that

1
m∏
k=2

(1− λk)

=

m∑
j=2

1Ö
m∏
k=2
k ̸=j

(λj − λk)

è
(1− λj)

=

m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

λj

1− λj
=

=
m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

+∞∑
k=1

λk
j .
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Subsequently, the inequality can be written as

m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

(
λn
j + 2λn+1

j + · · ·+ (m− 2)λn+m−3
j + (m− 1)λn+m−2

j +m
+∞∑

k=n+m−1

λk
j

)
≤

≤ m
m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

+∞∑
k=1

λk
j .

Let us denote

Sn =


m∑
j=2

1
m∏

k=2
k ̸=j

(λj−λk)
λn+m−3
j for n ∈ Z, n ≥ 1 ,

0 for n ∈ Z, n ≤ 0 .

Using this notation, the inequality can be reformulated as

Sn−m+3 + 2Sn−m+4 + · · ·+ (m− 2)Sn + (m− 1)Sn+1 +m
+∞∑

k=n+2

Sk ≤ m
+∞∑

k=4−m

Sk

Sn−m+3 + 2Sn−m+4 + · · ·+ (m− 2)Sn + (m− 1)Sn+1 +m
+∞∑

k=n+2

Sk ≤ m
+∞∑
k=1

Sk

m

(
+∞∑
k=1

Sk −
+∞∑

k=n+2

Sk

)
− Sn−m+3 − 2Sn−m+4 − · · · − (m− 2)Sn − (m− 1)Sn+1 ≥ 0

m

n+1∑
k=1

Sk − Sn−m+3 − 2Sn−m+4 − · · · − (m− 2)Sn − (m− 1)Sn+1 ≥ 0

m
n−m+2∑
k=1

Sk + (m− 1)Sn−m+3 + (m− 2)Sn−m+4 + · · ·+ 2Sn + Sn+1 ≥ 0 .

Let us also denote

Fn = m
n−m+2∑
k=1

Sk + (m− 1)Sn−m+3 + (m− 2)Sn−m+4 + · · ·+ 2Sn + Sn+1 for n ∈ N .

We want to prove that Fn ≥ 0 for every n ∈ N. We will show this using generating functions.
First, we will start with modifying the generating function S(y) for Sn. Using Lemma 2.15,
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this function can (for suitable y) be written as

S(y) =

+∞∑
k=1

Sky
k−1 =

+∞∑
k=1

â
m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

λk+m−3
j

ì
yk−1 =

=

m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

+∞∑
k=1

λk+m−3
j yk−1 =

m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

λm−2
j

+∞∑
k=0

(λjy)
k =

=
m∑
j=2

1
m∏
k=2
k ̸=j

(λj − λk)

λm−2
j

1− λjy
=

1
m∏
k=2

(1− λky)

.

Next, we want to find the generating function F (y) for Fn. This function can (for suitable
y) be written as

F (y) =
+∞∑
n=0

Fny
n .

We will also express this function as a product of generating function S(y) and function C(y) =
+∞∑
k=0

cky
k with later specified coefficients ck, k ∈ N, i.e.

F (y) = C(y)S(y) =

(
+∞∑
k=0

cky
k

)(
+∞∑
k=0

Sk+1y
k

)
=

+∞∑
n=0

(
n∑

k=0

ckSn−k+1

)
yn .

Since it has to be true that

Fn = m
n−m+2∑
k=1

Sk + (m− 1)Sn−m+3 + (m− 2)Sn−m+4 + · · ·+ 2Sn + Sn+1 =

=
n∑

k=0

ckSn−k+1 for every n ∈ N ,

the coefficients ck, k ∈ N, are c0 = 1, c1 = 2, . . . , cm−3 = m− 2, cm−2 = m− 1 and ck = m for
k ∈ {m− 1, . . . , n}. Then the function C(y) has the form

C(y) =

+∞∑
k=0

cky
k = 1 + 2y + · · ·+ (m− 2)ym−3 + (m− 1)ym−2 +m

+∞∑
k=m−1

yk =

=

+∞∑
k=0

yk +

+∞∑
k=1

yk + · · ·+
+∞∑

k=m−3

yk +

+∞∑
k=m−2

yk +

+∞∑
k=m−1

yk =

=
1

1− y
+

y

1− y
+ · · ·+ ym−3

1− y
+

ym−2

1− y
+

ym−1

1− y
=

=
1 + y + · · ·+ ym−3 + ym−2 + ym−1

1− y
=

m−1∑
ℓ=0

yℓ

1− y
.
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Subsequently, the generating function F (y) can be written as

F (y) = C(y)S(y) =

m−1∑
ℓ=0

yℓ

1− y

1
m∏
k=2

(1− λky)

.

Let us denote the denominator of generating function F (y) as

D(y) = (1− y)

m∏
k=2

(1− λky) .

We will express the product in the denominator D(y) as a sum with later specified coefficients
rk, k ∈ {0, . . . ,m− 1}, i.e.

m∏
k=2

(1− λky) =

m−1∑
k=0

rky
k .

In Subsection 2.3.3, we denoted p̃Mφ the characteristic polynomial pMφ without the coefficient
(−1)m, i.e.

p̃Mφ(x) = xm − txm−1 − · · · − tx− s = (x− β)

m∏
k=2

(x− λk) .

Using this polynomial, let us denote its reciprocal polynomial p̃∗Mφ
as

p̃∗Mφ
(y) = ymp̃Mφ

Å
1

y

ã
= 1− ty − · · · − tym−1 − sym = ym

Å
1

y
− β

ã m∏
k=2

Å
1

y
− λk

ã
=

= (1− βy)

m∏
k=2

(1− λky) .

It holds true that

p̃∗Mφ
(y) = (1− βy)

m∏
k=2

(1− λky) = (1− βy)
m−1∑
k=0

rky
k =

= r0 + (−βr0 + r1)y + (−βr1 + r2)y
2 + · · ·+ (−βrm−2 + rm−1)y

m−1 − βrm−1y
m .

By comparing the coefficients of the powers of y in polynomial p̃∗Mφ
(y), we obtain equations for

rk, k ∈ {0, . . . ,m− 1},

1 = r0 ,

−t = −βrk−1 + rk for k ∈ {1, . . . ,m− 1} ,
−s = −βrm−1 ,

thus

r0 = 1 ,

rk = −t+ βrk−1 for k ∈ {1, . . . ,m− 1} ,

rm−1 =
s

β
.
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Solving the recurrence for rk, k ∈ {0, . . . ,m− 1}, we get that

rk = βk − t
βk − 1

β − 1
for k ∈ {0, . . . ,m− 1} .

We will also express the whole denominator D(y) as a sum with later specified coefficients hk,
k ∈ {0, . . . ,m}, i.e.

D(y) =
m∑
k=0

(−hk)y
k .

It holds true that

D(y) = (1− y)
m∏
k=2

(1− λky) = (1− y)
m−1∑
k=0

rky
k =

= r0 + (r1 − r0)y + (r2 − r1)y
2 + · · ·+ (rm−1 − rm−2)y

m−1 − rm−1y
m .

By comparing the coefficients of the powers of y in the denominator D(y), we obtain equations
for hk, k ∈ {0, . . . ,m},

−h0 = r0 ,

−hk = rk − rk−1 for k ∈ {1, . . . ,m− 1} ,
−hm = −rm−1 ,

thus

h0 = −r0 = −1 ,

hk = rk−1 − rk = βk−1(t+ 1− β) > 0 for k ∈ {1, . . . ,m− 1} ,

hm = rm−1 =
s

β
> 0 ,

where for k ∈ {1, . . . ,m− 1}, it holds that

hk = rk−1 − rk = βk−1 − t
βk−1 − 1

β − 1
− βk + t

βk − 1

β − 1
=

= βk−1 − βk +
t

β − 1
(−βk−1 + 1 + βk − 1) = βk−1 − βk +

t

β − 1
βk−1(−1 + β) =

= βk−1 − βk + tβk−1 = βk−1(t+ 1− β) .

It holds true that

s < β ,

t < β < t+ 1 ,

thus h0 = −1 and all other coefficients hk, k ∈ {1, . . . ,m}, are positive. The denominator D(y)
is then

D(y) = 1−
m∑
k=1

hky
k
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and the reciprocal of the denominator D(y) is

1

D(y)
=

1

1−
m∑
k=1

hkyk
.

We will use generating functions again and rewrite the reciprocal of the denominator D(y) as
a function with later specified coefficients dn, n ∈ N, i.e.

1

D(y)
=

1

1−
m∑
k=1

hkyk
=

+∞∑
n=0

dny
n .

This equation can be also written as

1 =

(
1−

m∑
k=1

hky
k

)(
+∞∑
n=0

dny
n

)
=

+∞∑
n=0

dny
n −

m∑
k=1

hk

(
+∞∑
n=0

dny
n+k

)
=

= d0 + (d1 − h1d0)y + (d2 − h1d1 − h2d0)y
2 + · · ·+ (dm−1 − h1dm−2 − · · · − hm−1d0)y

m−1+

+

+∞∑
n=m

(
dn −

m∑
k=1

hkdn−k

)
yn =

= d0 +
m−1∑
n=1

(
dn −

n∑
k=1

hkdn−k

)
yn +

+∞∑
n=m

(
dn −

m∑
k=1

hkdn−k

)
yn .

By comparing the coefficients of the powers of y on both sides of the equation, we obtain
equations for dn, n ∈ N,

d0 = 1 ,

dn −
n∑

k=1

hkdn−k = 0 for n ∈ {1, . . . ,m− 1} ,

dn −
m∑
k=1

hkdn−k = 0 for n ∈ N, n ≥ m,

thus all coefficients dn, n ∈ N, are positive

d0 = 1 > 0 ,

dn =

n∑
k=1

hkdn−k > 0 for n ∈ {1, . . . ,m− 1} ,

dn =

m∑
k=1

hkdn−k > 0 for n ∈ N, n ≥ m.

Subsequently, the generating function F (y) can be written as

F (y) =

(
m−1∑
ℓ=0

yℓ

)
1

D(y)
=

(
m−1∑
ℓ=0

yℓ

)(
+∞∑
n=0

dny
n

)
=

=

+∞∑
n=0

dny
n +

+∞∑
n=1

dn−1y
n + · · ·+

+∞∑
n=m−1

dn−m+1y
n =

+∞∑
n=0

(dn + dn−1 + · · ·+ dn−m+1)y
n ,
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where we defined d−1 := 0, d−2 := 0, . . . , d−m+1 := 0. Altogether, it holds true that

F (y) =
+∞∑
n=0

Fny
n =

+∞∑
n=0

(dn + dn−1 + · · ·+ dn−m+1)y
n ,

therefore
Fn = dn + dn−1 + · · ·+ dn−m+1 ≥ 0 for every n ∈ N .

Corollary 2.17: Let uβ = uβ(t, s) be the confluent simple Parry infinite word defined in (2.3)
and C be the class of confluent simple Parry infinite words. The repetition threshold and the
asymptotic repetition threshold for C are equal to each other, and both are

RT(C) = RT∗(C) = 2 +
1

β − 1
.

Proof: By Theorem 2.16, the critical exponent and the asymptotic critical exponent of uβ are
equal to each other, and both are

E(uβ) = E∗(uβ) = t+ s+
t

β − 1
.

Subsequently, the repetition threshold and the asymptotic repetition threshold for C are equal
to each other, i.e.

RT(C) = RT∗(C) .

The repetition threshold can be computed as

RT(C) = inf{E(uβ) | uβ is the confluent simple Parry infinite word} .

It holds true that
1 ≤ s ≤ t < β < t+ 1 ,

thus the infimum is reached for parameters t = 1, s = 1 and is equal to

RT(C) = RT∗(C) = 2 +
1

β − 1
.

Remark 2.18: In the proof of Corollary 2.17, we showed that the repetition threshold and the
asymptotic repetition threshold are reached for parameters t = 1, s = 1, i.e. for the so-called
m-bonacci infinite word.
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Conclusion

In this work, we obtained new results concerning the critical exponent and the asymptotic
critical exponent of simple Parry infinite words. Subsequently, these new results also allowed us
to calculate the repetition threshold and the asymptotic repetition threshold of various subclasses
of simple Parry infinite words.
We introduced a general algorithm for computing the (asymptotic) critical exponent of simple

Parry infinite words. The algorithm is based on analyzing all their bispecial factors and their
shortest return words.
We computed the (asymptotic) critical exponent and the (asymptotic) repetition threshold

of binary simple Parry infinite words, see Theorem 2.2, Theorem 2.3 and Corollary 2.4. Further-
more, we showed that the (asymptotic) repetition threshold is reached for the Fibonacci infinite
word.
Moreover, we determined the asymptotic critical exponent of ternary simple Parry infinite

words, see Theorem 2.7. We also provided a method for computing the critical exponent of these
words and showed how the calculations of this value for a specific choice of word parameters
may be done.
The main result of the work is determining the precise value of the critical exponent and the

asymptotic critical exponent of the whole class of confluent simple Parry infinite words. Specif-
ically, we showed that in this case, the asymptotic critical exponent and the critical exponent
are equal, see Theorem 2.10 and Theorem 2.16. Subsequently, we deduced that the asymptotic
repetition threshold and the repetition threshold are equal, see Corollary 2.17, and they are
reached for m-bonacci infinite word.
When deriving this result, we used the general algorithm for computing the (asymptotic)

critical exponent. The important step of the algorithm was determining the lengths of both the
bispecial factors and their shortest return words, for which we also used the spectral properties
of the morphism matrix. The crucial tool used to prove this result was a thorough application
of generating functions.

Similar results, however under more restrictive assumptions on parameters, are also known
for non-simple Parry infinite words [2].
Let us mention some problems that remain open. One such problem is determining the

precise value of the critical exponent for other large subclasses of simple Parry infinite words.
As a first candidate, simple Parry infinite words uβ that are fixed points of the morphism φ
from (1.9) satisfying t1 ≥ t2 ≥ · · · ≥ tm−1 ≥ tm could be studied. In this case, the corresponding
number β is a Pisot number and all eigenvalues of the morphism matrix are mutually distinct.
Consequently, we can construct a basis consisting of right and left eigenvectors, which is highly
beneficial for determining the lengths of bispecial factors and their shortest return words.
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Recently, Rényi numeration systems have been extended to the broader class of real Cantor
numeration systems, where numbers are represented using a sequence of bases B = (βn)n∈Z with
each βn > 1. A positive real number is then represented in the form

N−1∑
n=0

anβn−1 · · ·β0 +
∞∑
n=1

a−n

β−1 · · ·β−n
, where N ≥ 1, ai ∈ N, ai < βi .

The Rényi numeration system corresponds to the special case where the base B is constant.
A natural analogue of β-integers, the so-called B-integers, can be defined in this setting. As
shown in the recent work [10], Cantor real numeration systems define a substantially larger
class of infinite words than the Rényi case. When the base B is taken to be a purely periodic
sequence, we call it an alternate base. In such a case, the infinite word coding distances between
consecutive B-integers is fixed by a primitive morphism. The critical exponent of such infinite
words has been only partially studied for the binary case [18]. Hence, determining its exact
value for this class of words coding B-integers remains an open question.
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