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Abstrakt: V kombinatorice na slovech je intenzivné studovanym objektem kriticky exponent
vyznamnych t¥id nekoneénych slov. V této praci se konkrétné vénujeme (asymptotickému) kri-
tickému exponentu jednoduchych Parryho nekonecnych slov, coz jsou slova kédujici mezery mezi
[-celymi ¢isly v numeracnich systémech s redlnym zakladem (. Pfedstavime obecny algoritmus
pro urceni (asymptotického) kritického exponentu téchto slov, ktery je zalozeny na vlastnostech
jejich bispecidlnich faktord a nejkratSich navratovych slov. Hlavnim vysledkem této prace je
dikaz rovnosti kritického a asymptotického kritického exponentu konfluentnich jednoduchych
Parryho nekonec¢nych slov a nalezeni jejich konkrétni hodnoty. Dale odvodime asymptoticky
kriticky exponent ternarnich jednoduchych Parryho nekonecnych slov a poskytneme postup pro
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Abstract: In combinatorics on words, the critical exponent of important classes of infinite words
is an intensively studied object. In this work, we specifically focus on the (asymptotic) critical
exponent of simple Parry infinite words, which are words encoding distances between S-integers
in numeration systems with a real base . We introduce a general algorithm for determining the
(asymptotic) critical exponent of these words, based on the properties of their bispecial factors
and shortest return words. The main result of this work is the proof of the equality between the
critical and the asymptotic critical exponents of confluent simple Parry infinite words and the
determination of their precise values. Furthermore, we derive the asymptotic critical exponent of
ternary simple Parry infinite words and provide a procedure for calculating the critical exponent
for a specific choice of parameters of these words.
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Introduction

The critical exponent of infinite words has recently emerged as a subject of intensive research
in theoretical computer science. While several major classes of infinite words have already been
studied, the repetitive structure of many other infinite words is still unknown. In this work, we
present a new result about the critical exponent and the asymptotic critical exponent of simple
Parry infinite words.

First, let us introduce the essential notions related to repetitions in infinite words. For
a positive integer n, the n-th power of a non-empty word u, denoted u", is a concatenation of
n copies of u. In other words, u" denotes the prefix of length |u|n of the periodic infinite word
uuw--- = u¥, where |u| is the length of u. For example, consider a square bonbon = (bon)?,
a cube blablabldl| = (bla)® or the 4-th power kukukuky?’] = (ku)*. Besides integer powers,
we can also define rational powers of non-empty words. Any prefix of length k of the periodic
infinite word u“ can be written as u", where r = % € Q. For instance, the word kabelk can
be written in this formalism as (kabel)%.
The critical exponent E(u) of an infinite word u = ugujusg - - - is defined as

E(u) = sup{r € Q| u" is a factor of u for a non-empty word u} .

Its asymptotic version is called the asymptotic critical exponent E*(u) and it was introduced by
Cassaigne [9] under the name asymptotic index. It is defined to be E*(u) = 400 if E(u) = +o0,
otherwise it is defined as

E*(u) = ILm sup{r € Q | u" is a factor of u for some word u of length > n}.
n—oo

It is easily seen that E*(u) < E(u).

An important characteristic of a class C' of infinite words is the infimum of critical exponents
and asymptotic critical exponents of infinite words from that class. The repetition threshold
RT(C) for the class C' is defined as

RT(C) = inf{E(u) | u belongs to the class C'}.

Its asymptotic version is called the asymptotic repetition threshold RT*(C') for the class C' and
it is defined as
RT*(C) = inf{E*(u) | u belongs to the class C'} .

It is readily seen that RT*(C) < RT(C).

!Meaningless or idle chatter.
2The sound of a cuckoo.
3Handbag in Czech.



For the class C of all d-ary infinite words, the repetition threshold and the asymptotic
repetition threshold are usually denoted as RT(d) and RT*(d). In 1912, Thue [37] proved that
the Thue-Morse infinite word, i.e. the fixed point of the morphism 0 — 01, 1 — 10, has the
critical exponent equal to 2. Since all binary infinite words contain squares, it follows that
RT(2) = 2 and the repetition threshold is reached for the Thue-Morse infinite word. In 1972,
Dejean [15] showed that RT(3) = I and conjectured that RT(4) =  and RT(d) = -4 for
d > 5. This conjecture is now known as Dejean’s theorem and it was proved through the efforts
of many authors |30} 28| |7, 14, [33].

Especially since the completion of the proof of Dejean’s theorem, much work has been done
on determining the critical exponent and the repetition threshold in different classes of infi-
nite words. In particular, the following classes of infinite words were examined: episturmian
words [21], balanced words [16}, 22, 32|, rich words [13, 12] and words with given factor com-
plexity |29} |11}, 136].

In this work, we will focus on the study of the critical exponent and the asymptotic critical
exponent of another class of infinite words called simple Parry infinite words.

Parry infinite words are closely connected to non-standard numeration systems, in which
a real base § > 1 is used instead of an integer base. Every non-negative real number x can be
expressed using powers of the base § in the form

k
T = Z z;8°, where k€ Z,z; e Nand z, #0.

1=—00

For negative real numbers z, a minus sign is added. Such a representation of a real number
can be obtained using the greedy algorithm, we then use a term S-expansion. Numbers whose
[-expansion has a vanishing fractional part, i.e. numbers in the form + Zf:o z;3*, where k € N,
are called 3-integers. The set of B-integers Zg is therefore an analogue of the set of integers Z for
integer bases. If there are only finitely many different distances between consecutive S-integers,
then these distances can be encoded with letters. The obtained infinite words are called a simple
/ non-simple Parry infinite words and the base (3 is called simple / non-simple Parry number.

Parry infinite words are a widely studied object in the field of combinatorics on words. They
have been examined by many authors from different points of view [17, [27, [3, 5, [1, |2, 25, |39,
20]. In this work, we will focus on the study of simple Parry infinite words in terms the of
(asymptotic) critical exponent.

In the first chapter, we introduce the fundamental concepts of combinatorics on words and
summarize known results. We present Parry numbers and non-standard numeration systems and
mention their relationship with simple and non-simple Parry infinite words. Furthermore, we
define the critical exponent and the asymptotic critical exponent and explain their connection
to bispecial factors and return words. Additionally, we provide an algorithm for finding all
bispecial factors and return words for the simple Parry infinite word.

The second chapter is dedicated to new results. First, we derive the critical exponent and
the asymptotic critical exponent for binary simple Parry infinite words. We then determine the
asymptotic critical exponent for ternary simple Parry infinite words and provide a method for
computing the critical exponent for a specific choice of word parameters. Finally, as the main
new result of this work, we derive the critical exponent and the asymptotic critical exponent
for the whole class of confluent simple Parry infinite words. The proof of this result consists in
a thorough application of generating functions.



Chapter 1

Basic notions of combinatorics on
words and known results

1.1 Preliminaries

An alphabet A is a finite set of symbols, called letters. A word of length n over A is a string
U = Uguy - - Up—1, where u; € A for every i € {0,1,...,n — 1}. The length of the word w is
denoted |u|. The number of occurrences of the letter j € A in the word u is denoted |u|;. The set
of all finite words over A is denoted A*. This set together with the operation of concatenation
forms a monoid. Its neutral element is the empty word e. We denote AT = A*\ {e}. An infinite
word (sequence) over A is an infinite string u = ugujug---, where u; € A for every i € N.
Infinite words will be denoted by bold letters.

Let u € A*, u = zyz for some z,y,z € A*. The word x is called a prefiz of u, z is called
a suffiz of u and y is called a factor of u.

Let u be an infinite word over A, u = upujus - --. A word y such that y = w;u11uiq2 -+ - uj—1
for some i,j € N, ¢ < j, is called a factor of u. If i = j, then y = ¢. If ¢ = 0, then y is called
a prefiz of u. The number i is said to be an occurrence of the factor y in the infinite word u. An
occurrence of a factor in a finite word is defined analogously. If each factor of u has infinitely
many occurrences in u, the infinite word u is called recurrent. Moreover, if for each factor of u
the distances between its consecutive occurrences in u are bounded, the infinite word u is called
uniformly recurrent.

Let u € A*. uF = uu---u, where k € N, denotes a concatenation of k copies of v and is
called the k-th power of w. Similarly, u“ = uuu--- denotes an infinite concatenation of u. An
infinite word u over A is called eventually periodic if u = vw® for some v € A* and w € A*. In
particular, u is called periodic if v = . Furthermore, u is called aperiodic if u is not eventually
periodic.

A factor w of an infinite word u over A is called a left special factor if aw, bw are factors of u
for two distinct letters a,b € A. Analogously, we define a right special factor. A factor is called
bispecial factor if it is both left and right special factor. We say that an infinite word u over A
is closed under reversal if for each factor w = wowi - - - wy,—1 of u its reversal wy,_1 - wiwg is
also a factor of u. A binary infinite word u is called Sturmian if u is closed under reversal and
u contains exactly one left special factor of every length.

Let u be a recurrent infinite word over A, u = uguqus ---, and its factor w. Let 7,5 € N,
i < j be two consecutive occurrences of w in u. Then the word w;u;11uiy2---u;j—1 is called
a return word to w in u. If u is uniformly recurrent, the set of all return words to w in u is
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finite for each factor w. If u is recurrent and the set of all return words to w in u is finite for
each factor w, then u is uniformly recurrent.
A mapping ¢ : A* — A* satisfying for all u,v € A*

p(uv) = p(u)p(v)

is called a morphism. Let u be an infinite word over A, u = uguius - - - . The morphism may be
applied also to infinite words as

p(u) = p(ugurug - -+ ) = @(uo)p(ur)p(ug) - - - .

An infinite word u is called a fized point of the morphism ¢ if p(u) = u. A morphism ¢ is called
primitive if there exists a positive integer k such that for every pair of letters a, b € A, the letter
a occurs in the word ¢¥(b). If an infinite word u is a fixed point of a primitive morphism, then
u is uniformly recurrent.

Let ¢ : A* — A* be a morphism and w be a factor of a fixed point of the morphism .
A decomposition of w is a representation of w as a sequence of (potentially incomplete) p-images
of letters. The decomposition is denoted by placing e at the boundaries between the ¢-images
of individual letters. A factor can have more than one decomposition. However, if there is
a common e for all these decompositions, this e is called a synchronizing point.

Example 1.1: Let ¢ : 0 — 001, 1 — 02, 2 — 0. Consider its fixed point
u = 0010010200100102001000100102 - - -

and its factor w = 0010. There are three possible decompositions of w, i.e. w is a factor of
©(0)¢(0), (0)p(1) and ¢(0)p(2). However, all these decompositions have a common e in the
factor w = 001 e 0, thus this e is a synchronizing point.

Definition 1.2: Let u, v be two infinite words over {0, 1,...,d} for some d € N, u = ugujug - - -
and v = vgvjve---. We say that u is lexicographically smaller (greater) than v, we write
U <jex V (U >=1ex V), if for the smallest index i € N such that u; # v; holds w; < v; (u; > v;).

1.2 Incidence matrix and its properties

Let ¢ : A* — A* be a morphism. The incidence matriz M, is a matrix associated with the
morphism ¢ and it is defined for every i,5 € A ={0,1,...,m — 1} as

[Melij = ()i -

The morphism ¢ is primitive if the incidence matrix M, is primitive, i.e. there exists k¥ € N such
that M:j is a positive matrix.

When multiplying the incidence matrix M, by the vector 17 from the left and by the vector
€1 from the right, we obtain TTMSDé’l. It is the sum of the elements of the first column of matrix
M, thus

|p(0)] = T M@, .

Let u € A*. The Parikh vector @ is a vector whose i-th component is equal to |u|;. When
multiplying the Parikh vector @ by the incidence matrix M, we obtain the Parikh vector @(u),
i.e. .

o(u) = Myu.

10
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Then it holds true that
lp(u)] = 17 M.
Therefore, when multiplying the n-th power of the incidence matrix Mj for n € N by the vector

17 from the left and by the vector & from the right, we obtain
[¢"(0)] = T e .

1.3 Parry infinite words and non-standard numeration systems

As mentioned in the introduction, the Parry infinite words code distances between consec-
utive S-integers, where (-integers generalize the notion of integers to numeration systems with
a real base § > 1. In this section, we describe this concept in a more formal way. We draw
information from |26] (Chapter 7 Numeration systems).

1.3.1 [-expansion

Definition 1.3: Consider a base € R, > 1,and x € R, z > 0. If

k
T = T, ' where k € x; € or each i € Z, 1 < k and xy
> wiB, wherek€Z, N f hieZ, i<kandz,#0,

1=—00
then xy - - z1zgex_12x_9--- is called a [-representation of x. In particular, a [-representation
of x obtained by the greedy algorithm is called the f-expansion of  and denoted (z)g.
Example 1.4: For g = %, it holds 3% = 3+ 1. We have
(3)5 = 100601, (V5)g=10el or (B?/2)5 = 1e(001)“.

Thanks to the greedy algorithm, the lexicographic order of S-expansions corresponds to the
order of non-negative real numbers.

Lemma 1.5: Consider a real base 3 > 1 and z,y € R, > 0, y > 0, such that (z)g =
Tp - T1ToeT_1T—2- -+ and (Y)g = Yo+ Y1Yyoey—1y—2---. Then x <y if and only if k < £ or
k=10 and (x)8 <iez (¥)35-

Lemma 1.6: Consider a real base 3 > 1 and x € R, x > 0, (x)g = x} - T1ToeT_1T_2 - -.
Then <%>6 =Xf - X10TOT 1T -2 " .

Thanks to Lemma it suffices to know the -expansions of numbers in the interval [0, 1)
to get the S-expansions of all real numbers.
1.3.2 Rényi expansion of unity

The [-expansion of numbers from the interval [0, 1) may be computed using the transforma-
tion T : [0,1] — [0,1) defined as

Ts(x) = {fz} = fz — |Bz]. (1.1)
It holds for each z € [0,1) that (z); = Oez_jz_2--- if and only if
i = BT (). (12)

For x = 1, the formula 1) does not provide the S-expansion of 1 since (1) 3 = le. Nevertheless,
it gives us a useful tool, the Rényi expansion of unity (defined in [34]).

11
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Definition 1.7: Let 5 € R, 8 > 1. Then the Rényi expansion of unity in the base § is defined
as
dg(1) = titats---, wheret; := LﬁTg‘fl(l)J . (1.3)

Since ¢t; = |3, we have t; > 1. On the one hand, every number 5 > 1 is uniquely given by
its Rényi expansion of unity. On the other hand, not every sequence of non-negative integers
is equal to dg(1) for some 3. Parry solved this problem [31]: The sequence of numbers (;);>1,
t; € N, is the Rényi expansion of unity for some number § > 1 if and only if it satisfies the
lexicographic condition

tjtj+1tj+2 o+ <lex titotg .-+ for each j > 1. (1.4)

In particular, it implies that the Rényi expansion of unity is never periodic. Parry moreover
proved that the Rényi expansion of unity enables to decide whether a S-representation of a pos-
itive number z is its [S-expansion. For this purpose, we introduce the infinite Rényi expansion
of unity (it is the lexicographically greatest infinite S-representation of unity).

d;(l) _ dﬁ(l) lf dﬁ(l) is infinite , (15)
(tltg s 'tm—l(tm — 1))w if dﬁ(l) =11 'tm, where tm 75 0.
Proposition 1.8 (Parry condition): Consider a real base 5 > 1 and a real number x >
0. Let dzg(l) be the infinite Rényi expansion of unity and let xy - r1x0ex_12_2--- be a B-
representation of x. Then xy ---x1x0ex_12_2 - is the S-expansion of x if and only if
Tii—1 - <iex dg(1)  foralli <k. (1.6)

Example 1.9: For § = 1+2‘/5, the Rényi expansion of unity dg(1) = 11. Thus, dj(1) = (10)~.
Applying the Parry condition, we can see that every sequence of coefficients in {0,1}, which
does not end in (10)“ and does not contain the block 11, is the S-expansion of a non-negative
real number.

Definition 1.10: A real number 8 > 1, which has an eventually periodic Rényi expansion of
unity, is called a Parry number. If the expansion dg(1) is finite, then 3 is a simple Parry number.
If the expansion dg(1) is infinite, then j is a non-simple Parry number.

1.3.3 [-integers

Consider a real number 8 > 1. Real numbers x whose S-expansion has a vanishing fractional
part are called [3-integers and their set is denoted Zg. Formally written

Zp :={x € R|(|z|)g = xpTp—1" - Too}.

According to Lemma the lexicographic order of S-expansions corresponds to the order
of numbers with respect to the size. Therefore, there exists an increasing sequence (b))%, such
that

{bp | n e N} =ZgN[0,00). (1.7)

Since Zg = Z for any integer S > 1, the distance between consecutive elements of Zg is
always one. This situation radically changes if 5 ¢ N. In this case, the number of different
distances between neighboring elements of Zg is at least two.

12



CHAPTER 1. BASIC NOTIONS OF COMBINATORICS ON WORDS AND KNOWN
RESULTS

Thurston [38] showed that the distances between neighbors in Zg form the set {A;, : k € N},
where

67,
Obviously, the set {Ay, | k € N} is finite if and only if dg(1) is an eventually periodic sequence. If
the number of distances of consecutive elements in Zg is finite, we may code the same distances

with the same letters. In such a way, we obtain an infinite word ug encoding Zg N [0, 00), as
illustrated in Figure (1.1

00 ti
Ap:=> E forkeN. (1.8)
=1

Example 1.11: Consider again = 1+T‘/5, i.e. dg(1) = 11 and dj(1) = (10)”. According to the
formula , we observe that the distances between neighboring S-integers attain two values:
Ag =1 and Ay = % When coding the distances Ay — 0 and A; — 1, we get the famous
Fibonacci infinite word. A prefix is written in Figure

Zg==+{0,1,8,8%,8%+ 1,83, 85+ 1,83 + 8,84, 81 +1,...}

0 1 0 0 1 0 1 0 0

— — o

0 1 B g2 B+l B2 B+l B4 B Bi4+1

1+v5

Figure 1.1: Illustration of coding of distances in Zg for § = -5

1.3.4 Morphisms and Parry numbers

Fabre [23] noticed that the infinite words ug coding non-negative [-integers for Parry bases
[ are fixed points of morphisms.

More precisely, if § is a simple Parry number, i.e. dg(1) = tita---t,, for m € Nym > 2,
then ug is the fixed point of the morphism ¢ defined over the alphabet {0,1,...,m — 1} in the
following way

p(0) = 041,
p(1) = 072,
: (1.9)
p(m—2) = 0='(m—1),

o(m—1) = 0=,
The infinite word ug is called a simple Parry infinite word.
Similarly, let 5 be a non-simple Parry number, i.e. let m,r € N;m > 1,r > 1, be minimal

such that dg(1) = tita- - tm(tms1 - - tmsr)®, then ug is the fixed point of the morphism ¢
defined over the alphabet {0,1,...,m +r — 1} as follows

0(0) = 01,
o(1) = 02,
e(m—1) = 0'mm, (1.10)
om+r—2) = 0Om+—t(m+r—1),
e(m+r—1) = 0lm+rm,
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The infinite word ug is called in this case a non-simple Parry infinite word.
Let us recall an essential relation between a [S-integer b, and its coding by a prefix of the
associated infinite word ug.

Proposition 1.12 (Fabre [23]): Let ug be the infinite word associated with a Parry number
B and let ¢ be the associated morphism. Then for every [(-integer b, € Zg N [0,00) holds that
(bn)g = Tp_1Tk_2 - 21700 if and only if F~1(0%k-1)F=2(0%k-2) ... p(0¥1)0%0 is a prefiz of ug
of length n.

1.4 Pisot and Parry numbers

A Pisot number is a real algebraic integer E] greater than 1, all of whose conjugates are less
than 1 in absolute value.

Schmidt [35] proved that if 8 is a Pisot number, then § is a Parry number. It also follows
from his work that if 3 is associated to a binary Parry infinite word, then ( is a Pisot number.
Bassino [4] showed that if § is associated to a ternary simple Parry infinite word, then S is
a Pisot number.

Brauer [6] showed that if a monic polynomial r(z) = 2% — ag_12¢! — --- — a1z — ap with
integer coefficients satisfies inequalities ag_1 > ag_2 > -+ > a1 > ag, then all roots but one lie
inside a unit circle and one root, say 3, is real and larger than 1. Hence, g is a Pisot number.
Moreover, r(x) is the minimal polynomial of 3, hence all roots are distinct.

Following [26] (Chapter 7 Numeration systems), the properties of Pisot and Parry numbers
are determined by the eigenvalues of the incidence matrix M. If 8 is a Parry number, then

(VA € o(Myp), A # B)(|A] < B) -
B is a Pisot number if and only if

(VA € a(Mp), A # B)(IAl <1).

1.5 Ciritical exponent and its asymptotic version

Let u be a word of length ¢ = |u| > 1. If z of length p is a prefix of u“, we say that ¢ is
a period of z and write 2z = u", where » = 2. For instance, the word karkulka E| has period 6

8 4 1 '
and karkulka = (karkul)s = (karkul)s.
The critical exponent of an infinite word u is defined as

E(u) =sup{r € Q| u" is a non-empty factor of u}.

Its asymptotic version is called the asymptotic critical exponent, denoted E*(u). If E(u) = oo,
then E*(u) = co. Otherwise, it is defined as

E*(u) = nh_}ngo sup{r € Q | u" is a non-empty factor of period > n of u}.

It is easily seen that E*(u) < E(u).
To compute the critical exponent of a uniformly recurrent aperiodic infinite word, it suffices
to know bispecial factors and their shortest return words.

L An algebraic integer is a root of a monic polynomial with integer coefficients.
24Little Red Riding Hood” is “Cervena Karkulka” in Czech
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Theorem 1.13 ([16], Theorem 3): Let u be a uniformly recurrent aperiodic infinite word.
Let (by)nen be the sequence of all bispecial factors in u ordered by length. For every n € N, let
rn, be the shortest return word to the bispecial factor b, in u. Then

[bn|

E(u)=1+sup;— and E*(u)=1+limsup .
nen [Tn| n—+oo |l

|bn|

An important characteristic of a class C' of infinite words is the infimum of critical exponents
of infinite words from that class. The repetition threshold for the class C is defined as

RT(C) = inf{E(u) | u belongs to the class C'}.

Its asymptotic version is called the asymptotic repetition threshold for the class C and it is
defined as
RT*(C) = inf{E*(u) | u belongs to the class C'} .

It is readily seen that RT*(C) < RT(C).

1.6 Critical exponent of non-simple Parry infinite words

The critical exponent of non-simple Parry infinite words, fixed points of the morphism ¢
defined in ([L.10)), was studied in [2]. Bispecial factors and their shortest return words were
described and formulas for the critical and the asymptotic critical exponent were obtained under
some additional assumptions. To recall the main theorem, let us denote ¢ = min{t,, t,;+,} and
{0, 2} the set of left extensions of 0'm.

Definition 1.14: Let n € N and write n = fm + k with 0 < k < m. We define

€, n<m,
L) _ oF (0tm) ™+ (0tm) - - - So(ffl)mﬂf(()tm) ., n>m and r divides z,
©"™(0'm) otherwise .

Theorem 1.15 ([2], Theorem 17): Let ug be a non-simple Parry infinite word, i.e. the fized
point of the morphism (1.10). Let z be defined as above. If t; > 4, or if t1 = 3 and r does not
divide z, then the critical exponent satisfies

n e N} .

E*(u ) — B+ ﬁ(t+Am)a if r divides z,
B+ gt +Ap), otherwise,

2] + (1))~ 1
" (0)]

E(ug) = sup {tl +

The asymptotic critical exponent is

where A, is defined in (1.8]).
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1.7 Description of bispecial factors

To describe the structure of all bispecial factors, we use a method by Klouda [24]. This
method works for fixed points of primitive injective non-pushy morphisms. This is the case of
all simple Parry infinite words.

The method does not work directly with bispecial factors, but with bispecial triplets. In the
case of a simple Parry infinite word u, the bispecial triplets are of the form

({a, b}, w, {c,d}),

where the left prolongations a, b are letters from {0,1,...,m — 1} and the right prolongations
c¢,d € {0,1,...,m —2,(m —1)0} with a # b,c # d, and either both awc and bwd or both awd
and bwc are factors of u. Obviously, each bispecial factor is a middle element of a bispecial
triplet. We say that the bispecial factor is associated with the bispecial triplet. A bispecial
factor may be associated with more than one bispecial triplet if it has more than two left or two
right prolongations.

The method by Klouda says that there is a mapping that maps one bispecial triplet to
another and that all bispecial triplets are obtained by repeated application of the mapping to
a finite set of initial bispecial triplets.

The mapping, in the paper called f-image, is defined as follows: The f-image of a bispecial
triplet ({a, b}, w, {c, d}) is the bispecial triplet ({a’, '}, uip(w)uz, {¢',d'}), where u; is the largest
common suffix of ¢(a) and ¢(b), a’uy is a suffix of p(a) and d'u; is a suffix of ¢(b), similarly,
ug is the largest common prefix of p(c) and p(d), uad is a prefix of p(c) and usd’ is a prefix of
p(d).

The initial bispecial triplets are bispecial triplets ({a, b}, w, {¢, d}), where the bispecial factor
w does not have synchronizing points.

In the simple Parry case, any factor containing a non-zero letter or containing the block
0%1*tm has a synchronizing point. The list of bispecial factors without synchronizing point is

£,0,07,..., 00 Ftm=2 gltttm =1,
Example 1.16: Let ¢ : 0 — 001, 1 — 02, 2+ 0. Consider its fixed point
= 0010010200100102001000100102 - - -

The initial bispecial triplets are given below, with a € {1,2} and b € {0, 2},

1. 71 = ({0,a},¢,{0,1});
2. Thr = ({0,a},¢,{0,20});
3. T3 = ({0,a},0,{0,1});
4. Ty = ({1,b},0,{0,20});
5. Ts = ({0,1},0,{1,20});
6. Ts = ({0,1},00,{0,1}).

It is easy to see that for all i € {1,2,3,4}, independently of the choice of a € {1,2}, resp.
b € {0, 2}, the triplet T; gives rise to the same bispecial factors by a repeated application of the

mapping f.
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Let us describe the application of f to the triplet 77 = ({0, 1},¢,{0,1}).

f(Tl) = ({a/7 b,}7u190(5)u27 {C/, d/}) = ({17 2}707 {07 20}) )

where u; = ¢ is the largest common suffix of ¢(0) = 001 and ¢(1) = 02, a’u; = 1 is a suffix of
©(0) = 001 and b'u; = 2 is a suffix of ¢(1) = 02. Similarly, us = 0 is the largest common prefix
of ©(0) = 001 and ¢(1) = 02, uacd’ = 00 is a prefix of ¢(0) = 001 and ugd’ = 020 is a prefix of
©(1)0 (and ¢(1) is always followed by 0).
Similarly, we get
FAT) = ({0, 2}, ¢(0)00,{0,1}) ,

F3(1) = ({0,1}, ©*(0)(00)0, {0,20}) .

Applying the mapping f repeatedly to T gives us the same sequence of non-empty bispecial
factors as application to T7. Analogously, applying the mapping f repeatedly to T5 gives us the
same sequence of bispecial factors as its application to 73. Similarly, applying the mapping f
repeatedly to Tg provides the same sequence of non-empty bispecial factors as its application to
Ts. Every non-empty bispecial factor of u may be found in one of the three following sequences,

obtained when f is applied to 17,75, and T3. In other words, every bispecial factor equals bgﬁ)

or bg’ll for some n € N and ¢ € {1,2,3}.

1.
b5 = £27(0)0*™ (000%™ 2(0) - - - *(0)p(00)0;
b5 | = 2 H1(0)02™(00)02" 1 (0) - - - 9%(00)2(0)00 .
2.
b5 = ©21(00)>1(0)2>"2(00) - - - 62 (00)p(0)00 ;
b5 = G2 HL(00)0% (0)9> 1 (00) - - - 9%(0)(00)0.
3.
b(;g% _ ¢2n+2<0)¢2n+1(0)b§£2) :
bgﬁzl = g02”+1(0)g02”(0)bg£221, where b&Tf) =c.

In order to compute the (asymptotic) critical exponent, it is necessary to know the shortest
return words to bispecial factors, see Theorem We state two useful lemmas, the first one
concerns the return words to bispecial factors with exactly two left and two right extensions, the
second one the return words to ¢™(0%), where ¢ is the morphism fixing a simple Parry infinite
word ug from Section [1.3.4]

For words r and s, we write ¥ < § if the i¢-th component of 7 is less than or equal to the
i-th component of § for all i. By the shortest return word, we refer to the return word with the
minimal Parikh vector.

The following lemma is an adapted version of Proposition 11 from [19].
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Lemma 1.17: If a bispecial factor w in a simple Parry infinite word ug is associated to a bispe-
cial triplet ({a,b}, urp(v)us, {c,d}), where u; is the largest common suffix of p(a) and p(b) and
ug is the largest common prefix of p(c) and p(d), and p(v) has the synchronizing points ep(v)e
and v has only two left and two right extensions, then the return words to w are the same as the
images by p of return words to v.

In particular, if v is a return word to v such that ¥ < § for any return word s to v, then o(r)
1s the shortest return word to w.

Proof: In the case of simple Parry infinite words, the images of letters end in different letters,
consequently u; = e. Let z be a return word to w = ¢(v)uz

Since v has only two left and two right extensions, using the definition of bispecial triplet,
©(v) is always followed by ug, hence ¢(v) occurs only twice in p(v)usg - - - p(v)us. Knowing the
synchronizing points ep(v) @ ug - - - @ p(v) @ ug and by the injectivity of ¢, there exists a unique
return word 7 to v such that ¢(v)ug - - - @(v)us = @(r)p(v)us. Consequently, z = ¢(r).

The second statement is then obvious. ]

Lemma 1.18: The shortest return word to ©"(0%) in a simple Parry infinite word ug, for
ke{0,1,....t1 +tm — 1}, equals ©™(0) for each n € N.

Proof: The statement evidently holds for n = 0 since 0 is the shortest return word to 0F. Assume
it holds for n and consider n + 1. The factor ¢"*1(0**1) occurs in ug, it has ¢"*1(0%) as both
a prefix and a suffix. Consequently, ©"*1(0) is a return word or a concatenation of return words
to " *1(0%). Denote v = ¢"(0%) and r = ©"(0). Assume p(v) = ©"*1(0¥) has a shorter return
word z than ¢(r) to ¢(v). The synchronizing points are ep(v)e. Then

By the injectivity of ¢, there exists a unique return word s to v such that ¢(v)---p(v) =
©(s)p(v). Since z = ¢(s) is shorter than ¢(r), this is a contradiction with the assumption that
r is the shortest return word to v.

Consequently, ¢(r) = ¢"*1(0) is the shortest return word to p(v) = " +1(0F). O
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Chapter 2

Critical exponent of simple Parry
infinite words

In this chapter, we will find the critical exponent and the asymptotic critical exponent for
various subclasses of simple Parry infinite words. We will start with binary simple Parry infinite
words and prove that the critical exponent and the asymptotic critical exponent are equal for this
subclass. We will continue with ternary simple Parry infinite words, determine their asymptotic
critical exponent and provide a method for computing the critical exponent for a specific choice
of word parameters. Finally, we will consider the whole class of confluent simple Parry infinite
words. Using a thorough application of generating functions, we will show that the critical
exponent and the asymptotic critical exponent are equal.

Simple Parry infinite words are uniformly recurrent and aperiodic, thus when investigating
the critical exponent and the asymptotic critical exponent, it is possible to use Theorem [1.13]
Therefore, it will be important to determine the form of bispecial factors and return words for
individual subclasses of simple Parry infinite words.

2.1 Ciritical exponent of binary simple Parry infinite words

Binary simple Parry infinite word ug = ug(t, s) is a fixed point of the morphism
p(0) = 01,
80(1) = 07,
where t,s € N, 1 < s < t. For s = 1, it is a subclass of Sturmian words. The critical exponent
of Sturmian words is known, see [8].

(2.1)

2.1.1 Bispecial factors and return words

Let (bn)nen be the sequence of all bispecial factors in ug ordered by length. For every
n € N, let , be the shortest return word to the bispecial factor b, in ug. By Theorem the
asymptotic critical exponent can be computed as

b
E*(ug) = 1 + limsup [5n] ,
n—-+00 |rn’
and the critical exponent can be computed as
|n|

E(ug) = 1+ sup — .
neN |Tnl
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Different bispecial factors can have the same shortest return word. Therefore, for every
return word, it suffices to consider only the longest bispecial factor to this return word. In
Section we introduced a method developed by Klouda [24]. Using this method, we can
describe the structure of all bispecial factors in ug. Then, using Lemma and Lemma [1.18]
we can determine the structure of all shortest return words to those bispecial factors. Moreover,
we can identify the longest bispecial factor to each shortest return word.

Every bispecial factor in ug can be written as

b = o™ (0F)™ 1 (0") -+ (070"

where n € N and k € {0,1,...,t+ s — 1}, where we denoted the empty word as 0° := e. The

shortest return word to the bispecial factor b%k) is then

Let (b})nen be the sequence of longest bispecial factors having the shortest return word equal
to ), = ¢™(0) in ug. For every n € N, the longest bispecial factor is

b, = " (071" TH(0") -+ (00",
and its length is
b = 1™ (071" 7H(0) - (0%)0"] = J" (01 + [ 71 (0)] + - -+ + |i0(0°)] + [07] =
= (t+5 = D]" ()] + tle" ()] + -+ +t{p(0)] + #[0]
For every n € N, the length of the shortest return word r; to the bispecial factor b}, is

[ral = 1™ (0)]-

2.1.2 Lengths of bispecial factors and return words

The Rényi expansion of unity corresponding to the binary simple Parry infinite word ug has
the form

dﬁ(l) =1s
and
Lt s
g B
which corresponds to the equation
B2=tB+s

The incidence matrix M, has the form
t s
M, = (1 0)
and its characteristic polynomial pys, has the form

t—x s
1 —x

2

va(a:):det(M@—:L‘I):’ =—zx(t—x)—s=x"—tr—s.
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When searching for the eigenvalues of the matrix M, we look for the roots of the characteristic
polynomial py,, and therefore we set the characteristic polynomial pys, () equal to zero, which
corresponds to the equation

P =tr+s.

One of the roots of the characteristic polynomial pys, (and the eigenvalue of the matrix M)
is the number 3. Let us denote the second root of the characteristic polynomial pyy, (and the
eigenvalue of the matrix M) as \.

Using Section we will determine the properties of the eigenvalues of the matrix M. It
holds true that § is a Parry number, thus 8 € R, § > 1 and

Al <B.

Moreover, the coefficients of the characteristic polynomial pys, satisfy ¢ > s, thus all roots of
the characteristic polynomial py, are distinct (and all eigenvalues of the matrix M, are simple)
and [ is a Pisot number, i.e.

Al < 1.

B and A are roots of a quadratic polynomial, therefore 8 € R implies that A € R.
Let us rewrite the characteristic polynomial py, using the fact that 8 and A\ are its roots.
The characteristic polynomial pys, has the form

pu, () = (z — B)(x — ) = 2 — (B+ Nz + BA.

Then
pr(x):xZ—tx—s:xz—(B—i—)\)a:-i-ﬁ)\,
thus
t=08+ A,
s=—pA.

B > 0, s > 0, therefore it must be true that A < 0. Overall, A € R, A < 0, |A| < 1, thus
A€ (—1,0).

Since 3 and A are the roots of the characteristic polynomial py;,, we can directly calculate
the values of 8 and )\ as

5:t+\/(—t)2—4-1-(—s) VP s

2-1 2
)\:t—\/(—t)2—4-1~(—3) VP s

2-1 2

Using the Cayley-Hamilton theorem, the matrix M, is a root of its characteristic polynomial
PM,,, thus ,
Mg =tMy,+s.

When multiplying by the matrix MJ, we obtain
MIP? = M2 4 sMY

Moreover, after multiplying this equation by the vector 17 from the left and by the vector &
from the right and using the method from Section it follows that

" F2(0)] = tle" 1 (0)] + sl¢™(0)].
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Let us denote a,, := |[¢™(0)| for n € N. Then we get a recurrence ag = 1, a1 =t + 1 and
Qnt2 = tans1 + sa, for n € N.

The characteristic polynomial of this recurrence is the same as the characteristic polynomial
pum, of the matrix M. Subsequently, the general term a,, can be written as

a, = A" + BA* forn e N,

where A, B € C.
The numbers A, B can be obtained using ag and a;. We can write the equations for ay and
aj as

a=A +B =1,
aleﬁ—i-B)\:t—i-l.

Then
A_tHI=A _BEA+1I-A B+
N 85— A N 68— A _B—)\

and
p_ttl=B8_B+A+1-8 A+l
N A—p N A—p _)\—B’

where we used t = 3 + \.

Using the notation for a,, we can rewrite the length of the longest bispecial factor b} and
the length of the shortest return word r; to the bispecial factor b). For every n € N, it holds
true that

5] = (t+ s = D] (0)] + tle" 1 (0)| + - - - + tl(0)| + £[0] =
=(t+s—1)ay,+tap—1+---+tay +tag,

and
[rnl = 10"(0)| = ay, .

2.1.3 Asymptotic critical exponent and critical exponent
|b,

7l

First, let us compute the limit lim {2;.
n=too IThl

Lemma 2.1: Let ug = ug(t,s) be the binary simple Parry infinite word defined in (2.1)). It
holds true that

129
n

t
lim =t+s—14+4——.
ntoo [r| 51

|67

71

Proof: We start with the simplification of

n—1

> ak
b* t -1 ta,_ R ] t —
|Z|:(+s )an+an1+ +a1+a0:t+8—1+t-k_0 _
|Tn‘ Qn an
n—1
S Ak 4+ BAk
k=0
=1 -1+t - — =
e e B
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Br—1 Ar—1
A + B5—

B—1
—t+s—1+t¢t-
A Ay Ty -3 V7
g1 A" -1 )
’ (B—1)(AB" + BX") " © (A= 1)(AB" + BA")
1- 7 3) =%
—t+s—1+t-| A b B () =5

n —"_ n
E-v(a+8(3)) G-1(4+B(3))
Consequently, using the inequalities |A| < 8 and 8 > 1,

lim |b*| =t+s—1+ t
. .t
ntoo [r| -1

Now, we can compute the asymptotic critical exponent E*(ug).

Theorem 2.2: Let ug = ug(t,s) be the binary simple Parry infinite word defined in (2.1)). The

asymptotic critical exponent of ug is

t
B (ug) =t+s+——.

8—1
Proof: By Theorem [I.13]and Subsection[2.1.1] the asymptotic critical exponent can be computed
as .
E*(ug) = 1+ limsup — 5| = 1+ limsup 1
n—+00 ‘ n‘ n—+00 ‘ n’

Subsequently, by Lemma [2.1], the asymptotic critical exponent is

. o4 (o t
E*(ug) =1+ limsup 2= =1+ lim =t+s+—0-.
(p) = LT e o) =1 B ] 51

O]

Theorem 2.3: Let ug = ug(t,s) be the binary simple Parry infinite word defined in (2.1)). The

critical exponent of ug is equal to the asymptotic critical exponent of ug, i.e.

E(us) = E*(u )—t—l—s+6tl

Proof: By Theorem [1.13] and Subsection [2.1.1] the critical exponent can be computed as

E
n n

E(ug) =1+ sup;— =1+sup
n€N|Tn| n€N|T|

To prove that the critical exponent E(ug) is equal to the asymptotic critical exponent E*(ug),

it has to be shown that for every n € N, the following inequality holds true

[ R t
<E*(ug)=t+s+—-—.
7] ? 51

1+

By the proof of Lemma we already know that

pr—1 A —1
b* AS— + BA—
|n|:t-FS—’1+t- £—1 A—1
7% | AB™ 4+ BA™
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Hence, it remains to verify that

pgr—1 An—1
A 71 + B5+ - 1
ApT+ BN T B—1°

We can rewrite this inequality as

B —1 At -1 n L on

(8= DAZ— + (8~ )By— < 45"+ BA
B+1B"—1 A+L1A" =1 _B+1,  A+1.,
s W s e CAnl) ey b wany e s Vel w2
Bl B+l PBolrely, B-1d+l_fBol, A+l

8-\ B-X A—1X—B" A—IX-B"B—-2 -3

—1A+1 A+1 —1A+1 1
BoIA+1y, Akl f-1X+l B+

A—1A-8" AX=8 A—1A—8" 8-\
B—1., . B—1
(A+UT1XA44A+DA—4A+Ufjxéﬁ+1
g1 n g1
(A+1)<ﬁ+1>)\ SIS <B4

(A+Uf:iXh4A+D?E%§B+1.

Then it holds true that

— A\ 1 Y .
(A+1)f_/\)\”_()\+1)f_/\g()\+1)1_/\|\)\|i_()\+1)f_)\§
<1
Y 1
<WA+U§tj“%A+D§j;
A+l A+1
=T B A=B-1)) =T (A+)=2A+1<8+1,

where A\+1>0,8—-A>0,1—A>0and 8 —1>0.

Corollary 2.4: Let ug = ug(t, s) be the binary simple Parry infinite word defined in (2.1) and C
be the class of binary simple Parry infinite words. The repetition threshold and the asymptotic

repetition threshold for C are equal to each other, and both are
1

RT(C) = RT*(C) =2+ 53—

Proof: By Theorem the critical exponent and the asymptotic critical exponent of ug are

equal to each other, and both are

mwngww9=t+s+5il.

Subsequently, the repetition threshold and the asymptotic repetition threshold for C' are equal

to each other, i.e.

RT(C) = RT*(C).

The repetition threshold can be computed as

RT(C) = inf{E(ug) | ug is the binary simple Parry infinite word} .
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It holds true that
1<s<t<p<t+1,

thus the infimum is reached for parameters ¢t = 1, s = 1 and is equal to

RT(C) = RT*(C) =2+ 57—

O]

Remark 2.5: In the proof of Corollary we showed that the repetition threshold and the
asymptotic repetition threshold are reached for parameters ¢ = 1, s = 1, i.e. for the Fibonacci
infinite word.

2.2 Critical exponent of ternary simple Parry infinite words

Ternary simple Parry infinite word ug = ug(p, q,r) is a fixed point of the morphism

p(0) = 071,
p(1) = 072, (2.2)
p(2) = 07,

where p,g,r e N,p,r>1,p>q,p>r.

2.2.1 Bispecial factors and return words

Let (bp)nen be the sequence of all bispecial factors in ug ordered by length. For every
n € N, let 7, be the shortest return word to the bispecial factor b, in ug. By Theorem the
asymptotic critical exponent can be computed as
|n|

E*(ug) = 1 + limsup

)
n—-+o0o |7nn’
and the critical exponent can be computed as

[n|

E(ug) = 1+ sup .
neN |rn’

Different bispecial factors can have the same shortest return word. Therefore, for every
return word, it suffices to consider only the longest bispecial factor to this return word. In
Section we introduced a method developed by Klouda [24]. Using this method, we can
describe the structure of all bispecial factors in ug. Then, using Lemma and Lemma [I.18§]
we can determine the structure of all shortest return words to those bispecial factors. Moreover,
we can identify the longest bispecial factor to each shortest return word.

Every bispecial factor in ug can be written as

b = 02 (0F) 21 (07) 02 2(0) @23 (07) - - 2 (0P) o (09)0P ;
b = 2 HH(0F) > (09) 02" (0P) ™ 2(09) - - 62 (0%) o (0P)07,
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where n € N and k € {0,1,...,p+ 7 — 1}, where we denoted the empty word as 0° := ¢, or

by, = 7 (0M)2" (07?2 (0 H(07) - P (01)ip (07)0°
B = 2L (0F ) (0P) 02" (09) > 2 (0P) - - 2 (0P) o (0%) 0P

where n € N and k € {0,1,...,q}, where we denoted the empty word as 0° := . The shortest

return word to the bispecial factors bgn), bg;) 1 and ng’ Bg? 41 is then

=8 = 0
k k n
M1 = Tk = #211(0).

Let (b} )nen be the sequence of longest bispecial factors having the shortest return word equal
to ), = ¢™(0) in ug. For every n € N, the longest bispecial factor is

by, = @ (0P 1) 21 (07) 2 2(0F)® 3 (09) - - - 2 (0P) 0 (09) 0P ;
bspi1 = @2 THOPTT T (09) " 1 (0P) "2 (09) - - - 0 (07)p(0P) 09

(since p+r —1>p > q) and its length is

165, = |2 (0P T~ 1)p®* 1 (09) " 2 (0P) "3 (0) - - - 0 (0P ) p(09) 0P| =

n—I1 n—1
= [@® (P 4+ D 1 (07) + ) e H(07)] =
k=0 k=0
n—1
=(p+r—1)e™" !+p2|902'“ N+a> 1™ (0)
k=0
[D3p41] = |2 FHOPHT 1) (00) - HOP)2(07) - - - 92 (01)p(07)07] =
n—1
‘(p2n+1(0p+r 1 ‘+Z‘902k Oq ’+Z‘§02k+1 Op)‘
k=0 k=0
n
=(p+r—1e*(0 !+qZ!s@2k N+p) le*H(0)
k=0

For every n € N, the length of the shortest return word r3,, r3, ., to the bispecial factor b,,,
b§n+1 is
2
720l = 1™ (0)1;
* 2n+1
(750 41] = ™ H(0)].
2.2.2 Lengths of bispecial factors and return words

The Rényi expansion of unity corresponding to the ternary simple Parry infinite word ug
has the form

dg(1) = pgr

and » 7 .
=4 = 4 __,
g g2 B
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which corresponds to the equation

B =pB*+af+r.

The incidence matrix M, has the form

M, =

O RLr3
— oK
O O 3

and its characteristic polynomial pys, has the form

p—x q r
pu, () =det(My,—2l)=| 1 -2 0 |=2*(p—2)+r+qu=—a"+pz>+qz+r.
0 1 —z

When searching for the eigenvalues of the matrix M, we look for the roots of the characteristic
polynomial pyy,, and therefore we set the characteristic polynomial pys, () equal to zero, which
corresponds to the equation

3 :pa:2+qac+r.

One of the roots of the characteristic polynomial pas, (and the eigenvalue of the matrix M)
is the number 3. Let us denote the remaining two roots of the characteristic polynomial pyy,
(and the eigenvalues of the matrix M) as A2 and Az.

Using Section we will determine the properties of the eigenvalues of the matrix M. It
holds true that £ is a Parry number, thus 8 € R, 8 > 1 and

‘)\2| < B and ‘)\3‘ <g.

Since all ternary simple Parry numbers are Pisot numbers, it also holds true that 5 is a Pisot

number, i.e.
’)\2‘ <1 and ‘)\3‘ <1.

Using the Cayley-Hamilton theorem, the matrix M, is a root of its characteristic polynomial
PM,,, thus
3 _ 2
Mg =pMg+qMy+r.

When multiplying by the matrix MJ, we obtain
MJT = pMZ2T2 4+ qMZT + r M7

Moreover, after multiplying this equation by the vector 17 from the left and by the vector &
from the right and using the method from Section it follows that

"3 (0)] = ple"T*(0)] + gl T (0)] + | (0)] -

Let us denote a, := |¢"(0)| for n € N. Then we get a recurrence agp = 1, a; = p+ 1,
az=plp+1)+q+1=p’+p+q+1and

Un+3 = Pant2 + qany1 + 10y  forn € N.
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The characteristic polynomial of this recurrence is the same as the characteristic polynomial
pu, of the matrix M. Subsequently, the general term a,, for n € N can be written as

ap, = AB" + BXy + C)Ay

where A, B,C € C.

Using the notation for a,,, we can rewrite the length of the longest bispecial factor b3, b3, ,
and the length of the shortest return word r3,, r3,,; to the bispecial factor 03,, b3,,,. For
every n € N, it holds true that

n—1
05, = (p+ 1 — 1) !+p2|s02k N+ 1™ HH0)] =

n—1 n—1
b Dam > a0 s
k=0 k=0
n—1
b2 1] = (p+7 — Dazgni1 + qza% +Pza2k+1,
k=0 k=0

and

[750] = [¢*"(0)] = azn;

[T9n41| = p*"T1(0)] = azpt1 -

2.2.3 Asymptotic critical exponent and critical exponent

First, let us compute the limits lim 193]

b
and lim 1814 |
n—+00 Ir Zn‘

n——+o0 I3l

Lemma 2.6: Let ug = ug(p, q,r) be the ternary simple Parry infinite word defined in (2.2). It
holds true that

lim ’b§n| - I |b n—l—l‘ p+7a_1+q5+p'
n—too [ry | n—too [rg | p?—1
Proof: We start with the simplification of iié”"
2n
n—1 n—1 n—1 -1
55 | (p+r—1)az, +p > am +4q > Akt > agg > Gkt
nl _ k=0 k=0 e pbr—lgp Ly k0 _
|T2n| A2n a2n a2n

n—1 n—1
> AB* + BA3F 4 O3 S AL 4 BATFT 4 OAFFH
k=0 k=0

prroiEp A52"+B)\2"+0)\2” e AR + BAE + CAZ"
(B 1 | g1 | 07 -1
AGS B+ B
=p+tr—1+p- +

AR BAT" + OAZ"

AT+ B O + xRS

AB™ + BAJ + A"
B2n -1
AR 4 BAF + OA3™)

-1

+q-

—p+r—1+p-(A(62_1)( +
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+B A" L -
(A2 —1)(AB2n + BAZ" + CAZ")
A2 — 1
c 5 )
D@y By o) T
BQn -1
(A
T ( P =D+ B+ oy
A3t —1
+BA : +
(02— 1)(AB2 + BAZ" + CAZ)
A3" —1
+CA 3 > =
(A2 = 1)(AB%" + BAZ" + CAY)
A i
=p+r—1+p- s+
A A3 )"
-1 (a+B (%) +c(3)")
A2 2n 1
PR ) s S
(A2 1) (A+B 2" v o (%) )
A3 2n 1
(%) -
+C +
9 A 2n Y 2n
(A2 —1) <A+B(?2) +0(%) )
1— L
5271
+q-| AB 3 T N
A n A n
(B-n(a+n(3)"+o(3)”)
(5" - 3o
+BX; 5 - st
2 A2 )" A3 )"
(A2 1) <A+B 2"+ o (%) )
()"~ o
B n
+C M3 5 5 ,
2 Ao ) 2" Az ) <"
(A2 —1) <A+B(F2) +0(%) )
and with the simplification of :i?i"“}
2n+1
n n—1 n n—1
b (p+r—1)agni1+q ) ask +p Y azkq1 > ask Y Gokt1
6541 _ k=0 k=0 ptr—14q- B0 k=0 _
|7"§n+1 \ a2n41 A2n4-1 A2n+41
n n—1
> AB* 4+ BAFF 4 CA3F ABHHL 4 BATFHL 4 OAZFHE
k=0 k=0

A/@Zn—‘,—l +B)\§n+1 +C)\§n+1 +p AﬁQTL—‘rl +BA§7’L+1 +C)\§n+1

A(’82)n+1_1 + B(/\%)n+1_1 + C(}\%)nJrl_l

—pdr—14g Bg2—-1 A3—1 A2-1
- o ' 2 2
AL 4 BATTH 4 OAFH
n 2\n __ 2\n __
AR =L 1 B, o Bt

BZ—1 A3—1 -1

29



CHAPTER 2. CRITICAL EXPONENT OF SIMPLE PARRY INFINITE WORDS

52n+2 1
=p+r—1+q-|A +
! ! < (B2 — 1)(AB2n+1 4+ BAZMTL - oA
+B )\%Tl—i—Q -1 N
(A3 — 1)(AB%+1 4+ BATMH 4 CAFHY)
+C A" -1 +
()\% —1)(Ap2n+1 4 B}\gn-i-l + C}\:Q)’n—‘,—l)
an -1
p- | AB — gt
( (B2 — 1)(AB2n+1+B)\§ +1+C’/\§ +1)
A3 —1
+BA 2 +
(03— D(AFH + BT 4 03 )
+CA3 Agn -1 =

(A3 — 1) (A2t BASH 4+ OA™H)

[

=p+r—1+4+q-( A +

( )(A+B(%)2n+l+0(%)2n+l>
p ()" - b
+B()\%_1 ( ( )2n+1 (%3)2”'4_1)—’_
X ()" - g
C
+ (2 1) (A+B %2)2%1 (Aﬁ)%H) +
A B~ p2ntl
+p 5(B2_1)<A+B()\62)2n+1 ()E))QnH)—&-
)% (%)2n+1 521+1
BX 2 0
+ 2()\%_1> (A‘FB(%)%I-H ()\63)2”_1_1)‘}'
1 (Az)\2ntl 1
+C)\3 T3 (F) 62n+1

5 o\ 2Tl N\ 20
M- (a+B(%)" o))
Consequently, using the inequalities [A2| < 3, [A3] < 8 and § > 1,

lim 152n| = lim LS =p+r—1+
ntoo [rg, [ moboo |15, | p?—-1

Now, we can compute the asymptotic critical exponent E*(ug).

Theorem 2.7: Let ug = ug(p, q,r) be the ternary simple Parry infinite word defined in (2.2)).
The asymptotic critical exponent of ug is

+w
62

E*(ug) =p+r —|—
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Proof: By Theorem and Subsection the asymptotic critical exponent can be computed

as N
|bn| 129

E*(ug) = 1+ limsup — =1+ limsup

n——+oo ‘Tn| n—-+oo ‘T |

Subsequently, by Lemma the asymptotic critical exponent is

E*(u/g)—l—&—hmsup’”‘—l—i— lim =14+ lim Do _ p+r+ ;qﬁ
n—too 17| n=too |15, | nvoo [, | p2-1

|65,

O

In the following example, we will show how to derive the critical exponent for a specific
choice of parameters p,q,r and demonstrate that the critical exponent and the asymptotic
critical exponent are equal for this choice.

Example 2.8: Let us consider a morphism ¢ for p =2, ¢ =1, r = 1 defined as

¢(0) = 001,
(1) = 02,
¢(2) = 0.

Bispecial factors and return words

Let (bn)nen be the sequence of all bispecial factors in ug ordered by length. For every
n € N, let 7, be the shortest return word to the bispecial factor b, in ug. By Theorem the
asymptotic critical exponent can be computed as

E*(ug) = 1 + limsup — b

n—-+00 |7"n’

and the critical exponent can be computed as

E(ug) =1+ sup — b
neN |rn’

Different bispecial factors can have the same shortest return word. Therefore, for every
return word, it suffices to consider only the longest bispecial factor to this return word. In
Section we introduced a method developed by Klouda [24]. Using this method, we can
describe the structure of all bispecial factors in ug. Then, using Lemma, and Lemma [I.1§]
we can describe the structure of all shortest return words to those bispecial factors. Moreover,
we can identify the longest bispecial factor to each shortest return word.

In Example we derived the form of all bispecial factors in ug and showed that every
T2 or bgﬁ)rl for some n € N and i € {1,2,3}. The shortest
return word to the bispecial factors bgn ), bgﬁl is then

T

T; n
rénll = ¢? +1(0>.

bispecial factor in ug is equal to b(

Let (b} )nen be the sequence of longest bispecial factors having the shortest return word equal
*

to ), = ¢™(0) in ug. For every n € N, the longest bispecial factor is

b3, = ©*"(00)9™" 1 (0)**(00)*"3(0) - - - 9*(00)(0)00;
b1 = ©>"1(00)9*™(0)** 1 (00)**2(0) - - - ©*(0)(00)0,
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and its length is

165, = [£*™(00)*" 1 (0)0*"2(00)>"~3(0) - - - *(00)0(0)00| =

2n
=Y 1O+ 9% (0)];
7=0 7=0

165,411 = [©*"T1(00)*" (0)*" 1 (00)**2(0) - - - *(0)¢(00)0] =

=D PO+ 170
j=0 j=0
For every n € N, the length of the shortest return word 73, r3,,, to the bispecial factor b3,
b3, is
* 2
720l = l¥™"(0)];

[73n 11l = 1*"H0)].

Lengths of bispecial factors and return words
The Rényi expansion of unity corresponding to the ternary simple Parry infinite word ug for
p=2,q=1,r =1 has the form
dg(1) =211

and
g p2o By

which corresponds to the equation
BP =25+ +1.

The incidence matrix M, has the form

M, =

O =N
—_ o
S O =

and its characteristic polynomial pys, has the form

2—z 1 1
pm,(z) =det(My, —zl)=| 1 -z 0 =222 -n)+1+rx=—a3+222 +2+1.
0 1 -z

When searching for the eigenvalues of the matrix M, we look for the roots of the characteristic
polynomial pys,, and therefore we set the characteristic polynomial pyy,, (z) equal to zero, which

corresponds to the equation
=222+ +1.

One of the roots of the characteristic polynomial pys, (and the eigenvalue of the matrix M)
is the number 3. Let us denote the remaining two roots of the characteristic polynomial pyy,
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(and the eigenvalues of the matriww) as A\ and \;. Using numerical calculations, we can
obtain specific values of 8, A\; and A\

B = 2.5468 ,
A1 = —0.27341 — 0.56382i ,
A = —0.27341 4 0.56382i,

and o
|A1] = |A1] = 0.62661 .

Using Section we will determine the properties of the eigenvalues of the matrix M. It holds
true that § is a Parry number, thus 8 € R, § > 1 and

M| < B and [M]|< 3.

Since [ is associated to a ternary simple Parry infinite word, it also holds true that S is a Pisot

number, i.e. o
’)\1‘ <1 and ‘)\1‘ <1.

Using the Cayley-Hamilton theorem, the matrix M, is a root of its characteristic polynomial
DM, thus , ,
Mg =2M7+ M,+1.

When multiplying by the matrix MJ, we obtain
+3 _ +2 +1
Mg =2My"" + M3 + M.

Moreover, after multiplying this equation by the vector 17 from the left and by the vector €}
from the right and using the method from Section it follows that

"2 0)] = 21" (0)] + [" 1 (0)] + |¢" (0)] -
Let us denote a,, := |¢™(0)| for n € N. Then we get a recurrence ag = 1, a; = 3, ag = 8 and
Onts = 2an+2 + apt1 +an, forn € N.

The characteristic polynomial of this recurrence is the same as the characteristic polynomial
pu, of the matrix M,. Subsequently, the general term a, for n € N can be written as

an = AB™ + BA\? + BA\[ ",

where A, B, B € C.
The numbers A, B, B can be obtained using the Vandermonde matrix and its determinant.
We can write the equations for ag, a; and as as

aw=A +B +B =1,
ap =AB + B\ + B\ =3,
as = AB2 + B2 + BN, =8,
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1 1 1 A 1

B2 A2 N B 8
1 1 1
V:(ﬁ A1 >\1)
82N N

is the transposed Vandermonde matrix and its determinant is

det V= (8- M)A — A1) (A1 —B) = —(B— ) (B— A1) (M — A1)

which can be also written as

Then the matrix

Using Cramer’s rule, the coefficient A is

1 1 1
3 M A
Ao 8 A p¥e _ [A1[PA1 4 3AT 4+ 8A1 — 8A1 — P\l\i/h — 3N _
det V —(B=2)(B=A) (A — A1)
_ — AP = A1) +3(A1 = A (A1 + A1) = 8(A1 — A1) _ — M2+ 30M1 + A1) =8
—(B=X2)(B = A) (M — M) —(B-M)(B-A)
the coefficient B is
1 1 1
B3 N
5o 32 852 3488480 —38° 8\ — BN _
—(B=A)(B = A)(M1 — A1) —(B=A)(B = A1)(A1— A1)
_ 3B A)BHAM) 88— M) +BM(B- M) _ =3B+ M) +8+ BN
—(B=2)(B =)A= A1) —(B=A)A—A)
and the coefficient B is
1 1 1
8 A 3
B B2 /\%78 _ :8)\1+6A%+3ﬂ2—ﬂj)\1—3)i—862
—(B=A)(B—A1)(M — A1) —(B=A)(B—A1)(M1 — A1)
_ BB-AM) = BMB-A) 3B -AM)(B+M) 8- BM +3(B+ M)
—(B=2)(B =)A= A1) —(B=A)A =)

Using numerical calculations, we can obtain specific values of A, B and B

A =1.21297629082,
B = —0.106 48814541 — 0.130 749 055 661,
B = —0.106 488 145 41 + 0.130 749 055 66i ,

and
|B| = ]§| =0.168626 9275 .
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Using the notation for a,, we can rewrite the length of the longest bispecial factor b}, and
the length of the shortest return word r;, to the bispecial factor ;. For every n € N, it holds
true that

2n n 2n n
13,1 = D17 O]+ 162 (0) = a;+ > ag
§j=0 §j=0 j=0 §j=0

2n—+1 ) n . 2n+1 n
301l = D O+ D 107HH0) = D aj+ ) agjia,
Jj=0 Jj=0 j=0 §=0
and
73] = 167"(0)] = a2 ;
|r§n+1‘ = ’(p2n+1(0)‘ = 2n+1 -

Asymptotic critical exponent and critical exponent
We want to compute the asymptotic critical exponent. By Theorem forp=2¢g=1,
r = 1, the asymptotic critical exponent is

" p+2
E (UE) =3+ ﬁ .
Using previously numerically calculated 5 = 2.5468, the asymptotic critical exponent is
E*(ug) = 3.82877.

We also want to compute the critical exponent. By Theorem [1.13| and above mentioned
simplification, the critical exponent can be computed as

_ bn| _ 167
E(ug) =1+sup — =1+sup —.
neN |Tn| neN |75
First, let us calculate the first few values for n € {0,1,...,20}. The calculated values are listed
in Table 2.11 b
b,

It can be noticed that the values of 1 4 iy are lower than the asymptotic critical exponent
E*(ug). It can therefore be assumed that the critical exponent E(ug) is equal to the asymptotic
critical exponent E*(ug). To prove this assumption, it has to be shown that for every n € N,

the following inequality holds true

B+2

[ R
<E(UB)Z3+B2_1.

il
This inequality can be also rewritten as

by, 2
LA b+2
|Tn| B -1

1+

First, let us prove that for every n € N, the following inequality holds true

*
2
‘TQn’ /8 -1
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n | I [ Sl R
0 1 2|2 3
1 3 7 1 2.333333 | 3.333333
2 8 21 | 2.625 3.625
3 20 55 | 2.75 3.75
4 51 143 | 2.803921 | 3.803921
) 130 366 | 2.815385 | 3.815385
6 331 935 | 2.824773 | 3.824773
7 843 2383 | 2.826809 | 3.826809
8 2147 6072 | 2.828132 | 3.828132
9 5468 15466 | 2.828456 | 3.828456
10 13926 39392 | 2.828666 | 3.828666
11 35467 100326 | 2.828714 | 3.828714
12 90 328 255515 | 2.828746 | 3.828746
13 230049 650752 | 2.828754 | 3.828754
14 585893 1657350 | 2.828759 | 3.828759
15 1492163 4220971 | 2.82876 | 3.82876
16 3800268 | 10750049 | 2.828761 | 3.828761
17 9678592 | 27378424 | 2.828761 | 3.828761
18 | 24649616 | 69727872 | 2.828761 | 3.828761
19 62778092 | 177584224 | 2.828761 | 3.828761
20 | 159884384 | 452274720 | 2.828761 | 3.828761
Table 2.1: Values of 1 + % for n € {0,1,...,20}.
This inequality can be written as
on n
]goag-i-];()am - B+9
asn B2 —1
2n : ,
j;) (A8 + BN, + BAY)
AB 4+ BAZ + Ba " i
f:()(1452]' +BAY +BX ) B+2
] A2+ BAZ + B, " =i
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2n+1_1 )\27L+1_1 7)\*277‘-&-1_1
AL 1 +B 1)\171 +B 1)\7171 .
S~ 2n
AR 4 B)\%” + B\
(ﬂ2)7l+1_1 ()\ )n+1_1 7(7 )n+1_1
—i—A B2-1 +B A—1 +B 1,\12—1 252 + 8
AR+ B+ BA, =
~2n+1
BQn—&-l -1 )\%nJrl 1 7)\1 1
A B B
I R VIS S v B
~—2n+2
/82n+2 -1 )‘%HJFQ 1 *>\1 -1 2ﬁ2 + 5 2 2 —~2n
A + B B < AB“" + BA{" + BA .
e N1 >\12—1_52—1<5+ i+ BL)
Then, we can rewrite this inequality as
4 <B2n262 +5 B B2n+1 -1 B 62n+2 _ 1) LB )\2n2ﬁ2 +B B /\%n-‘rl -1 B )\%n+2 -1 N
B2 -1 B—1 B2 -1 Vg2 A —1 A1
o TQn 252 + B Al2n-l—1 1 )T12n+2 1 -
1 — - i
52 -1 )\1 -1 )\12 -1
B+2 (2252+ﬁ o221 + M1 )\1+2>
A B A" — A"
Z_1" S R DV TV
—on 23 oA AN A +2
)\12 ﬂ2+ﬁ 12 712+ 1+712+ >0
s No—1 0 A -1

and

+B

-1 bopr—1

<A

28+ /3) — (Agn Nt~ + A1

/\12n2,82+,8> S

)\1 -1 /82_1
B+2 AM+2 =M +2
62_1+B)\2_ +B—2 :

1 )\1 -1

Using previously numerically calculated values, the right side of the inequality is equal to

A +2
—2
Noo—1

B+2
P

AM+2 =
B B
FBG

B+2

A
CE

=A

+ 2Re (B

A1+2
A —1

) =1.33338391349.

For n > 0, the left side of the inequality can be written as

2)\2 + A1
B )\211 1
< -1 B2 -1 2

2 2N
_)\2n26 +ﬁ> +§ )T12n2>\1 +)\1
A —1

2 2

2028 +
= 52—1>§

-1 p2—1

2[4 A
i (e
2010 + [\l 2 252+5
< 2|B||A |2 20 I o gy 2
< 2 2R oy 22
2[M1 2 + A 232
§2\3|W 2/ 5 +5_1.32579019612.
o
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Next, let us prove that for every n € N, the following inequality holds true

b*
‘ zn+1| <24 524‘2 ‘
|r2n+1| 5 —1

This inequality can be written as

2n+1 n
j;o a; +]§0a2y’+1 . 542
a2n 41 p? -1
2?:; (A% + BX + BXY)
A/;;"“ +BA L B !
20 (AﬁQJH + B)\2]+1 + B\ 2J+1) s
- At 4 BAIHL L BT =2
AT el
AB2ntl _|_B)\2n+1 + BN ——nt1 T
e T _26%+8
AL 4 A 4 B - -1
2n+2
Aﬁ2;+_2 T Ly BA%:: ! +B)\1)Z+_ - L,
+Aﬁﬂ2;r211+3)‘1/\%;r2__11+3)\1)\1j?2__1 1 < 2§22j15< gLy AL By .

Then, we can rewrite this inequality as

" 2n+12ﬁ2+6 ﬁ2n+2_1 ﬁ2n+2_1
e s P )T
128248 AP o1 Ao
Al B2 1 A —1 —M A2 1 +
(2828 N1 N
+B )\1 BZ 1 /\7 1 _/\lﬁ >0
— T Z_
A25+1 B<A2n+125 +ﬁ_)\2n+12>\2+)\1 2)\1+1>
£2—1 52 — A1 -1

n+1232 — o120 A 220+ 1
)\12+1 52+ﬁ_)\12+1 12+ 1+7;+ >0
B_l A —1 A —1

and
207 + )\ 282+ B\  — [—omi120 + A —on11282 + B
)\2n+1 1 _ )\27L+1 + B — —\ <
( A2 -1 B2 —1 ! N1 ! 32— 1
SAQﬁjtleB%lJrl E2>\1+1

B2 -1 A -1 No—1
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Using previously numerically calculated values, the right side of the inequality is equal to
201 +1 2\ +1

28+1 28 +1
+B +B = A
B2 -1 A2 -1 N1 P21

For n > 0, the left side of the inequality can be written as

72 JR—
()\2n+1 207 + /\1 e 2% + 5) B <)\12n+1 2\ A e 28% + 5) <

2)\1+1

A ) = 1.6667348918.
21

+ 2Re <B

A2 = B2 — 21 1 B2 —1
1=
2!>\1\2+\/\1\ 28% 4 8
< |B ()\ 2n+1 A 2n+1
< B[ { [A] ‘)\2_ ’ + A 52 —1
+’§| ’/\ ’2n+12|)‘1| +|)‘1| |>\71|2n+1262+5 <
A —1] pr-1)-
2)M )2 + A1 26+ 8 +5
<92|B <)\ 2n+1 A 2n+1
2(A1)% + |\ 232
§2|B\ ]/\IIM ]/\1] B +5 = 0.830759666 46 .
A2 — 1] -1

2.3 Critical exponent of confluent simple Parry infinite words

Confluent simple Parry infinite word ug = ug(t, s) is a fixed point of the morphism

©(0) = 071,
(1) = 092,

o= 23)

p(m—2) = 04(m-1),
SO('I?’L - 1) = 0 )
where m € Ny m > 2, t,s € N, 1 < s <t. For m = 2, i.e. for binary simple Parry infinite

word, the critical exponent and the asymptotic critical exponent were determined in Section
Therefore, in the remainder of this section, we will consider only m > 3.

2.3.1 Bispecial factors and return words

Let (bn)nen be the sequence of all bispecial factors in ug ordered by length. For every
n € N, let 7, be the shortest return word to the bispecial factor b,, in ug. By Theorem the
asymptotic critical exponent can be computed as

[bn|

E*(ug) = 1 + limsup —

n—+o00 |rn’

and the critical exponent can be computed as

E(ug) =1+ sup — bn|
neN |Tn’

Different bispecial factors can have the same shortest return word. Therefore, for every
return word, it suffices to consider only the longest bispecial factor to this return word. In
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Section we introduced a method developed by Klouda [24]. Using this method, we can
describe the structure of all bispecial factors in ug. Then, using Lemma and Lemma [1.18]
we can describe the structure of all shortest return words to those bispecial factors. Moreover,
we can identify the longest bispecial factor to each shortest return word.

Every bispecial factor in ug can be written as

b = @"(0%)"1(0) - (010",

where n € N and k € {0,1,...,t+ s — 1}, where we denoted the empty words as 0° := . The

shortest return word to bispecial factor b${“) is then

Let (b})nen be the sequence of longest bispecial factors having the shortest return word equal
to ) = ¢™(0) in ug. For every n € N, the longest bispecial factor is

b = "0 "0 - (010
and its length is
] = " (0" g (0 -+ (090 = [ (05 )] + [ O]+ (01| + (0] =
= (t+5 = D" ()] + " (0)] + -+~ +t{p(0)] + #[0]
For every n € N, the length of the return word 7}, to the bispecial factor b}, is

[ral = 1™ (0)]-

2.3.2 Lengths of bispecial factors and return words

The Rényi expansion of unity corresponding to the confluent simple Parry infinite word ug
has the form
ds(1) = tt...t s

(m—1)x
and
Lttt s
B /82 IBm—l IBm’

which corresponds to the equation
5m:t,3m_1+t6m_2+"'+t5+8-

The incidence matrix M, has the form

t ot t s
10 0 0
0 1 00
My,= 10 o 0 0
00 -~ 10
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and its characteristic polynomial pys, has the form

t—x ¢ t s
1 —x 0 O
0 1 0 O

pum,(z) = det(M, —zl) =| o ol|=ED" (xmftxm_lfu-ftxfs) =

0 0 1 -z

m—1 _

=(-1)™ (a:m - t:vwil - s) .
z—1

The form of the characteristic polynomial pys, can be proven by mathematical induction. When
searching for the eigenvalues of the matrix M,, we look for the roots of the characteristic
polynomial pyy,, and therefore we set the characteristic polynomial pys, () equal to zero, which
corresponds to the equation

=tz ot +s
m—1

x :txi_ S.
r—1 +

One of the roots of the characteristic polynomial pys, (and the eigenvalue of the matrix M)
is the number 5. Let us denote this root as A\; = § and the remaining m — 1 roots of the
characteristic polynomial pys, (and the eigenvalues of the matrix M) as Az, ..., Ap.

Using Section we will determine the properties of the eigenvalues of the matrix M. It
holds true that 8 is a Parry number, thus 5 € R, 8 > 1 and

(Vie{2,...,m})(N| < PB).

Moreover, the coefficients of the characteristic polynomial pys, satisfy ¢ > s, thus all roots of
the characteristic polynomial pyy, are distinct (and all eigenvalues of the matrix M, are simple)
and ( is a Pisot number, i.e.

(Vie{2,....,m}H(N| <1).

Using Vieta’s formulas, it can be shown that

t=B+A++ An,
s=(=1)""8xs... A

Moreover, it holds

s <,
t<p<t+1.

Using the Cayley-Hamilton theorem, the matrix M, is a root of its characteristic polynomial
PM,,, thus X
M7 =tMJI My + s

When multiplying by the matrix M7, we obtain
n+m __ n+m—1 n+1 n
M =tMg +o M 4 sM g
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Moreover, after multiplying this equation by the vector 17 from the left and by the vector &
from the right and using the method from Section it follows that

" (0)] = t™ T THO)| 4 -+t TH0)] + sl™(0)] -
Let us denote a,, := |¢™(0)| for n € N. Then we get a recurrence
a; = (t+1)" foric{0,...,m—1},
which can be proven by mathematical induction, and
Gntm = tGnim—1 + tapym—o + -+ + tapns1 + sa, forn € N.

The characteristic polynomial of this recurrence is the same as the characteristic polynomial
pu, of the matrix M, (except for (—1)™). Subsequently, the general term a,, can be written as

an =C18" 4+ CoA\y +---+Cp A, forneN,

where C1,C5,...,C,, € C.

Using the notation for a,, we can rewrite the length of the longest bispecial factor b} and
the length of the shortest return word r; to the bispecial factor b). For every n € N, it holds
true that and its length is

b5 = (t+ s = D" (0)] + tl" 1 (0)| + - - + tlp(0)| + £[0] =
=(t+s—1)ay+tap—1+ -+ tay +tag,

and
Irnl = 1¢™(0)] = ay, .

2.3.3 Spectral properties of the morphism matrix

In this subsection, we will rewrite the general term a, using the right and left eigenvectors
corresponding to the eigenvalues of the matrix M, and using the diagonalization of the matrix
M,. By Subsection we already know that all eigenvalues of the matrix M, are simple.
Therefore, the right and left eigenvectors corresponding to the eigenvalues of the matrix M, are
linearly independent.

The right eigenvector #; corresponding to the eigenvalue \; € o(M,,), i € {1,...,m}, is
At
A2
7
T = :
Ai
1
The left eigenvector gj;T corresponding to the eigenvalue \; € o(M,), i € {1,...,m}, is
1
A —t
i = A2 —t(1+N)

APt (14 A+ AT
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Then the matrix M, has the form
M,=XDX !,

where the columns of the matrix X are composed of the right eigenvectors Z;, i € {1,...,m},
and the rows of the matrix X ! are composed of the suitably normed left eigenvectors y_;T
ie{l,...,m}.

Consequently, the general term a, can be written as

)

an = "(0)] = 1" M}ey = T"XD"X e

ﬁm—l )\m—l . )\m—l
fm—2 )\gn*Z )\m—z gr-0 - 0
m n
pu— TT . . O AQ o 0
B A o Am S
1 | 1 0 0 AL
1 Bt pt(4p) BE—t(14+B++8m"2)
A A A A
1 Bt A3—t(Ide) ATl e+ ATTP)
Az Az Az Az & =
1 Am—t A2 (14 Am) A (1 A4 AT )
BT 0 - 0 A%
m—1 m—1 m—1 0 Ao 0 L
Z(ZB"’ DU zm) L Tl =
k=0 k=0 k=0 : : Lo :
0 0 - A i
m— Bn m—1 2
kz_: Y 2% b St Z Ak
’8 _1Bn+)\gb 1 _|_... )\m_lﬁ
B—1 A )\2—1A2 Am — 1A,
where we denoted A;, j € {1,...,m}, the suitable norm of left eigenvectors gl,ie{l,...,m}.

Let us derive the norm A;, j € {1,...,m}. It has to be true that X X! = I, thus for every
j €{1,...,m}, the coefficient A; has the form

Ay = NPT (G = X2 (A — (L + M)A T (L X e ATTR) =
_ ym—1 m—1 m—2 m—1 m—2 m—3
= APTL AT NPT AT AT g

FAPTE NPT AT g — =
=mAT T —t(m = DA —t(m = 2N — 12N — =
m—2
=mAl =ty (k+ DAY
k=0

Let us denote pys, the characteristic polynomial pys, without the coefficient (=)™, ie.

m

P, (@) =™ — ta .

—tr—s=2" —to— — 5.
r—1
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The derivative of the polynomial pyy, is

m—2
]5’]%(3:) =ma™t —t(m— 12" - —t=ma™ ! —¢ Z (k4 1)z".
k=0
The roots of the polynomial py, are the same as the roots of the characteristic polynomial pyy,,
i.e. Ay = 8, A2,..., Am. Therefore, the polynomial pys, can be written as
m
Puy () = (2 = M) (@ = Xo) -+ (@ = Am) = [ (&= M)
k=1

Then the derivative of the polynomial pys, can be written as

m m H ($ - Ak) mo o~
. (2 — M) (@ = Xa) -+ (2 — Am) k=1 P, (2)
P, (7) = 3 = =2 -
® =1 T — N = T — N = T — Ay
We will evaluate the derivative of the polynomial pys, in the roots Ay = 3, Aa, ..., Ay, thus for
every j € {1,...,m}, it holds true that
m—2 m
Prr,\) =mX =ty " (k+ DAF = T — M)
k=0 k=1
ks
Then for every j € {1,...,m}, the coefficient A; can be written as
m—2 m
Aj=mAl =ty (k+ DA =TTy = M) (2.4)
k=0 k=1
i
For every j € {1,...,m}, let us denote
AT —1 AT —1
Bi=+ 1%:; 1 : ' (2:5)
A | (SR
k=1
k2]
For every j € {1,...,m}, the coefficient B; can be also written as
Bj:)\}n_li:)\}n_l 1 :)\5”—1 1 B
Aj—1A4  N-—1 m=2 Aj—1 e m—1)AT —m\" 41
J J J m)\;nil —t Z (k‘ + ].))\;C J m)‘j t— t( )(J)\j_l)zj

k=0
) OF =)y — 1)
mAT T (N = 12— t((m = DA = mAT ! 1)
where for x = )\;, it holds true that
m—2 m—2 / :L'm_l 1 / m . /
kE_ E+1) _ - _ - _
S (S0) < () = (557) -

k=0

C(mam =) (z—-1)— (@™ —2z) ma™—ma™ ' —z+1-am+z

B (z —1)? (z— 1)
 (m—1)z™ —ma™ 41
(z—1)
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Then the general term a,, can be written as

an = B1S" + Ba Ay + - - -+ By A, .

2.3.4 Asymptotic critical exponent and critical exponent
1o,

7]

First, let us compute the limit lim 2.
n=Foo ITal

Lemma 2.9: Let ug = ug(t,s) be the confluent simple Parry infinite word defined in (2.3)). It
holds true that

by t

lim =t+s—1+—.

n—+o0o ‘T;‘L’ 68—1

*
|b’VL|

7

Proof: We start with the simplification of

n—1
x > ax
‘bn|:(t+3_1)an+tan—1+'~+ta1+tao:t+8_1+t_k:0 _
|T:L’ Qn Qp,
n—1
S CLBF + CoXk 4 -+ CE,
—tt+s—141t =2 -
’ C1" + CoAy + -+ Cp A,
"1 Ay—1 A% —1
:t—|—$—1—|—t01/8ﬁ71 +C2)‘§71+“‘+Cm)\m*1:
C1B™ + CoN\y + - - 4+ Cy A\,
pr—1
=t+ —1+t-<C’ 4
’ HB=1)(C1B" + CoAg + -+ Cop A1)
Ay —1
+ C 2 4+t
Do = )(C1B" + CoXj + -+ + Cru Ay
Ap —1
+ Com m ):
(A — D)(C18™ + C2A5 + - + C A7)
1
-5

=t+s—1+t-| C}

Consequently, using the inequalities [A\;| < § for alli € {2,...,m} and 5 > 1,

N ¢
lim =t+s—14+——.
n—>+oo|r7*l| ﬁ—l

O]

Theorem 2.10: Let ug = ug(t,s) be the confluent simple Parry infinite word defined in (2.3).
The asymptotic critical exponent of ug is

t
E*(uﬁ):t—FS"i‘ﬁ-
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Proof: By Theorem and Subsection the asymptotic critical exponent can be computed
as

b
E*(ug) = 1 + limsup L =1+ limsup

n—4oo |Tn| n—»+oo ‘T;ﬂ

129
n

Subsequently, by Lemma the asymptotic critical exponent is
105 t

b*
E*(u5):1+limsup|”’:1+ lim =t+s+——"

n—too |17] n=oo [ p-1

O]

In the remaining part of this section, we want to show that for confluent simple Parry infinite
words, the critical exponent and the asymptotic critical exponent are equal. To provide better
intuition and facilitate understanding, we first present the proof for the ternary case (m = 3).
This approach allows us to highlight the fundamental principles of the proof before extending
the argument to the general case.

Theorem 2.11: Let m = 3 and ug = ug(t,s) be the ternary confluent simple Parry infinite
word defined in (2.3)). The critical exponent of ug is equal to the asymptotic critical exponent
of ug, i.e.

t
E(ug) =E*(ug) =t +s+ —

-1
Proof: By Theorem and Subsection the critical exponent can be computed as
b b
E(ug) = 1—|—supM =1+su | Z‘ :
neN [Tnl nen |17

To prove that the critical exponent E(ug) is equal to the asymptotic critical exponent E*(ug),
it has to be shown that for every n € N, the following inequality holds true

|7 t
1+ <E'(ug)=t+s+—-.
] =5 ) B—1
By the proof of Lemma [2.9] we already know that
n—1
oA ="
n—tts— 14t 20
|rn| Gnp,
Hence, it remains to verify that
n—1
> ak )
k=0 <
a, ~— B-—1
We can rewrite this inequality as
n—1
(6 - 1) Z ap < ap
k=0

Subsequently, we will substitute the formula for a,, from Subsection [2.3.3]into this inequality

a, = B18" + Bg/\g + Bg)\g .
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The inequality is then given by

(B—1)) (B18" + BoA§ + BsA§) < Bi" + Bo)y + B3Aj

k=0
"1 A —1 A —1
(B—-1) Bl%_l +BQ)\2_1+B3)\2_1) < B15" + Ba\y + B3y
B — p—

1 1
—|— Bg()\n — 1))\ 1 < B1g" + Bg)\n + Bg)\n
3=

A2 —
B-1 ) (5—1 ) B-1 31
BA"( 1)+ B2 == _1)<B +B B
22\, — 1 TP\, T OV B W |
-1 -1
B2(>\§‘—1)(/B —1)+Bs(/\§—1)(ﬁ —1>§Bl+Bz+BS
Xy — 1 Xz — 1
A —A
By(xp - 1)l 2+33<Am1>5 S < Byt Byt By
Xy — 1 Xz — 1

From rewriting of the term a,, in Subsection it follows that
ap=Bi1+ B2+ B3=1,

thus the right side of the inequality is equal to 1 and the inequality can be written as

B = A2 B—A3
)\2 1 )\3—1

Furthermore, by substituting for Ba, B3 and Ag, As from Equation (2.5) and Equation (2.4),
we get that

Bo(A} — 1) <1.

+ B3(A5 — 1)

B—A A—11p8-X 5
B = — = (A A 1
2)\2—1 A2—1A2A2—1 (2+ 2+ )

B—X M4+l
A2 =B A2 —=A3) Ao =1 (A2 — A3)(1 — \o)

and

B—A3 AS—11p8-2x; 9
B = — = (A A 1
3)\3—1 )\3—1A3)\3—1 (3+ 3+)

B=X_  A+a+l
As=B) Az —A2) Az —1  (A2—A3)(1—A3)’

thus the inequality can be written as

M +1 M+ A3+l
A —1)— A1) <1
()\2—)\3)(1—)\2)( 2 ) ()\2—)\3)(1—/\3)( 3 )_
M4+ +1 M++1 ., 3

(A2 —A3)(1 - >\2))\g (WA R (W W

Let us rewrite the inequality using geometric series. For every j € {2,3}, it holds true that

“+o00
1
(A§+Aj+1)A;P1 T = (AP AT A Y AR = ar ot 43 Z Ak
- k=0 k=n+2

Furthermore, for the right side of the inequality, it holds true that

3 3 ( A2 A3 ) k k
— — Ay A3
T —2) M-I 1-) )\2—/\3 (Z Z

k=1
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Subsequently, the inequality can be written as

+00 +oo
1 n n k n n k
Fo— (( F2aT 43 ) )\2>—< P20 43 ) /\3>> <

_ 3 +OO)\k +oo)\k
e O ng_l 5

Let us denote
Ay — ¥

A2 — A3

Using this notation, the inequality can be reformulated as

Sp =

for every n € N.

+oo +oo
Sn+ 281 +3 > S <3) S

k=n+2 k=1
(zsk— 3 sk> 25120
k=n+2
n+1
3 Z S — S — 28,41 >0
n—1
3 S +25, + Sns1 2 0.
k=1
Let us also denote
n—1
F, = 3ZSk + 2S5, + Sn41  for every n € N.
k=1

We want to prove that Fj, > 0 for every n € N. We will show this using generating functions.

First, we will start with modifying the generating function S(y) for S,,. This function can
(for suitable y) be written as

+oo
_ e A5 o ko ke kok—1) _
S S (S S

k=1
1 400 +oo 1 )\2 )\3

= A Aoy)F — A Asy)F | = ( — ) =

)\2—)\3<ka20( Qy) 3];)( 39)) )\2—)\3 1—/\2y 1—)\3y
1 A2 — Az _ 1 B 1 B

)\2 — )\3 (1 — )\Qy)(l — )\3y) (1 — )\Qy)(l — )\3y) 1-— ()\2 + )\3)y + /\2)\3y2

1

C1-py+qy?’

where we denoted

p:)‘2+)\37
q=A2A3.
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Next, we want to find the generating function F(y) for F,,. This function can (for suitable
y) be written as

“+oo
n=0

We will also express this function as a product of generating function S(y) and function C(y) =
+oo
3 cpy* with later specified coefficients c, k € N, i.e.
k=0
+00 +00 +oo n
) = st = (Lot ] (Lt ) = X (Sasiown o
k=0 k=0 0 \k=0

Since it has to be true that

n—1 n
F,=3 Z Sk + 2S5, + Spy1 = Z cpSp_pr1 for every n € N,
k=1 k=0

the coefficients cx, k € N, are ¢cg =1, ¢; =2 and ¢, = 3 for k € {2,...,n}. Then function C(y)
has the form

400 400 400 +o00 +o00 1 y y
k k k k k
Cly)=> e’ =1+2y+3% o =3 o +> v+ y TR pvi s i
k=0 k=2 k=0 k=1 k=2
Cl4y+y?
==

Subsequently, the generating function F'(y) can be written as

1ty +y? 1
1—y 1-py+aqy®

Fy) = Cy)S(y)
Let us denote the denominator of generating function F(y) as
D(y) =1~y -py+ay’).
By adjusting the denominator D(y), we obtain
Diy)=(1-y)A-py+a’)=1-(p+y+@+ay’—qy’=1—ay—by* —cy’,
where we denoted

a=p+1l=X+A3+1,
b:—(p+q):—()\2+)\3+)\2)\3),

c=q=MA)3.
It holds true that
t=0+ X+ A3,
s = B)‘2>\3 )
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and

s< B,
t<p<t+1,

thus all coefficients a, b, ¢ are positive

a=p+l=X+A3+1=t—0+1>0,

2— —
b:—(p+q)=—(A2+A3)—>\2A3:_(t_5)_;:5;55:

C:q:)\g)\3:%>0.

The reciprocal of the denominator D(y) is

1 1
D(y) 1—ay—by?>—cy®’

We will use generating functions again and rewrite the reciprocal of the denominator D(y) as
a function with later specified coefficients d,,, n € N, i.e.

1 1 =
= = d n .
D(y) 1-ay—by*—cy? nz:% "

This equation can be also written as

“+o0o +o0 “+o0o +o0 +oo
1= (1 —ay — by2 - Cyg) Z dnyn = Z dnyn —a Z dnyn+1 - bz dnyn+2 - CZ dnyn+3 =
n=0 n=0 n=0 n=0 n=0

—+00
= do + (di — ado)y + (dy — ady — bdo)y® + Y (dn — adp_1 — by — cdy_3)y".

n=3

By comparing the coefficients of the powers of y on both sides of the equation, we obtain
equations for d,, n € N,

do=1,
di —ady =0,
dg—adl—bdozo,

dp, —ady_1 —bdy_9 —cd_3 =0 forn >3,

thus all coefficients d,,, n € N, are positive

dy=1>0,

di=ady=a>0,
dy=ady +bdy =a*+b>0,

dy, =adn,_1+bdy,_o+cd,_3>0 forn>3.
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Subsequently, the generating function F'(y) can be written as

1 +00 +oc0 +00 +oo
Fly) = +y+y")pos = 0+y+y) D dy" =D day” + ) dnay” + ) dnooy” =
n=0 n=1 n=2

D(y) =
400
= Z(dn +dp1 + dn72)yn )
n=0

where we defined d_; := 0 and d_5 := 0. Altogether, it holds true that

“+o0o +oo
F(y) = ZFnyn = Z(dn + dn—l + dn—Z)yn y
n=0 n=0

therefore
F,=d,+d,1+d,—2>0 foreverynéeN.

We now proceed to the general case. First, let us present four useful lemmas.

Lemma 2.12: Let \; = 3, g, ..., Ay be the roots of the characteristic polynomial
pa, (2) = (=)™ (2™ — ta™ Tt — ot — s) .

Then, it holds true that

m m—1
1+ (Z A§> ! S L — (2.6)
IOy =) | =)

k=2
k#j

Proof: Let us consider the following partial fraction decomposition

|
—

m

4
x m
ego O Cj
dis B —1+Za:—)\"
@-1[[@-xn) 7 =T
k=2

The coefficients C1, Cs, ..., C), are given by

and

C; = =0 for j € {2,...,m},
(A —1) kUQ(/\j = Ak)
k#j
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thus .
PPy
-C; = =0 for j€{2,...,m}.
[T =A%) | (T=2)
k=2
k#j

Consequently, Equation (2.6]) is equivalent to the following identity for coefficients C1, Ca, ..., Cp,

If we multiply the partial fraction decomposition by its denominator, we get that

m—1 m m m
=0 H(:L‘ —Xe) + ZCJ'(ZL‘ -1) H(m — k) -

=0 k=2 j=2 1}2;2

J

Finally, by comparing the coefficients of 2™~ ! on both sides of the equation, we obtain that

1=C1+) G
=2
O
Lemma 2.13: Let \; = 8, o, ..., A\, be the roots of the characteristic polynomial
pu, () = (=)™ (@™ —ta™ = —tw —s) .
Then, it holds true that
1 . 1
o =2 (2.7)
H (1 — Ak) 7j=2 m
k=2 [T =X | (1=X)
k=2
k#j

The coefficients Cs, ..., C,, are given by

1
Cj=—7——— forje{2,...,m}.
[T = Ax)
=2
i)
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By substituting the coefficients Cs, ..., C,, into the partial fraction decomposition, we get
that .
1 1

o =

T — Ak j=2 m

k=2 [T =) ) (=A))
k=2
KA

Finally, by substituting = 1 into this equation, we obtain that

1 i 1

m

H-x) =

k=2

3

(Aj =) | (T=2y)

bk
Sl

2
J

Lemma 2.14: Let \; = 3, Ao, ..., Ay be the roots of the characteristic polynomial
pu, () = (=)™ (2" —ta™ ! — o —ta —s) .

Then, it holds true that

j=2 m j=2 m
[Ty =X | (A=) [Ty =X | (A=)
k=2 k=2
k#j k#j

Proof: Initially, let us rewrite Equation (2.8) as

The coefficients Co, ..., ), are given by

1
Cj=—7——— forje{2,...,m}.
[T = Ax)
=2
=5

93



CHAPTER 2. CRITICAL EXPONENT OF SIMPLE PARRY INFINITE WORDS

Consequently, Equation (2.8)) is equivalent to the following identity for coefficients Cs, ..., C),
m
> Ci=
j=2

If we multiply the partial fraction decomposition by its denominator, we get that

m m

1 :ZCJ' H(.Z’—)\k)
=iz

Finally, by comparing the coefficients of ™2 on both sides of the equation, we obtain that

=2
O
Lemma 2.15: Let \; = 3, Ao, ..., Ay be the roots of the characteristic polynomial
pa,(2) = (=)™ (™ — ta™ Tt — ot — s) .
Then, it holds true that
m )\me
Z J . (2.9)
H (I=Xy) =2 m
k=2 H ()\] — Ak (1 — )\Jy)
k=2
k#j
Proof: Let us consider the following partial fraction decomposition
m
e Dt v
-y =
k=2
The coefficients Cs, ..., C,, are given by
1 1 1 A2
C]: poos = m}\ N = = J fOI‘]G{Q,,m}
M=) I35 ,\m N H (Aj = Ak) H(A — k)
k=2 J k= ’
e KA s i)
By substituting the coefficients Cs, ..., C,, into the partial fraction decomposition, we get
that )
m m—
-y .
[MA=My) =2 [ m
=2 TG — M) | (= Agm)
k=2
s
O
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Finally, we can prove that for confluent simple Parry infinite words with an alphabet of any
size, the critical exponent and the asymptotic critical exponent are equal.

Theorem 2.16: Let ug = ug(t,s) be the confluent simple Parry infinite word defined in (2.3).
The critical exponent of ug is equal to the asymptotic critical exponent of ug, i.e.

mwg:Ewwﬁ:t+s+Bfl.

Proof: By Theorem and Subsection the critical exponent can be computed as

b
E(ug)zl—l—supM:l—l—sup :
neN [T neN ||

124
n

To prove that the critical exponent E(ug) is equal to the asymptotic critical exponent E*(ug),
it has to be shown that for every n € N, the following inequality holds true

b* t
6] <E*(ug)=t+s+——

1+ < .
ey B-1
By the proof of Lemma [2.9] we already know that
n—1
; > ak
|bn| _ k=0
g =tt+ts—1+t-
|rn| Gnp,
Hence, it remains to verify that
n—1
Sa
k=0
a, ~— B-—1
We can rewrite this inequality as
n—1
(/B - 1) Z ap < an
k=0

Subsequently, we will substitute the formula for a,, from Subsection into this inequality

m
%:&m+2@v.
j=2
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The inequality is then given by

B-1) 1Bk+ZB)\’“ gBlﬁ”+ZBj>\?

k=0 =2 j=2

L m
) n A\
B_1+ZBJAj_1 < Bif"+ ) B

j=2 =2

Bi(B"—1)+ > Bj(A —1)5—_1 < BiB"+ Y B\
j=2 J §=2
ZBj)‘j (Ajl_l SBl+ZBjAjf1
j=2 7j=2
m N lB—l m
> Bi(xp—1) sy <Bi+>» B
J

From rewriting of the term a,, in Subsection it follows that

:Bl—l-ZBj:l,
j=2

thus the right side of the inequality is equal to 1 and the inequality can be written as

m . ,8_)\
ZB]-(Aj—nA {g1.

j—

=2

Furthermore, by substituting for B; and A;, j € {2,...,m}, from Equation (2.5) and Equa-

tion (2.4), we get that

ﬁ Aj )\j 118- )\ )\gn—l 1 B—Aj
Bj _ . . _ 1 m 1
N LA LT AT T
k=1
iy

m—1 m—
= e —Ak))‘_l m
i J '
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thus the inequality can be written as

m m—1
Z(Z%) 1 (-1 <1
j 0

=2

<

k=2
k?éj
- Ty =) )@= e i

k=2
k#j

Using Lemma the right side of the inequality can be written as

m m—1
(S ) : S
7=2 \¢=0

thus the inequality is given by

m m—1
B(5) e
=2 \ =0 ﬁ RV RY PR kl;IQ(l — i)
5

Let us rewrite the inequality using geometric series. For every j € {2
that

(359 - (5) (59)-

:)\?+2/\;}+1+...+(m_2)/\;}+m—3+(

.,m}, it holds true

+oo
m — 1))\?+m_2 +m Z /\é? .

k=n+m-—1
Furthermore, by Lemma and Lemma it holds true that
1 @ 1 e 1 \j
[TA=X) =2 [ m =2 [T =)™
k=2 H ()\] — Ak) (1 — )\J) k=2
k=2 k#j
k#j
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Subsequently, the inequality can be written as

m +oo
1 n n+1 n+m—3 n+m—2 k
Zm</\j+2Aj+ to b (=N (= DA e Y ) <
=2 [T(A\j — k) k=n-+m-—1
k=2
k#j

im S
H

()\ — Ak k=1
k#]
Let us denote .
> %)\;ﬁm*g formeZn>1,
i= Ai—A
Sp=2" ZkI;IQ( 57
k#j
0 forneZ,n<0.

Using this notation, the inequality can be reformulated as

Snomt3+ 28 mpa+ -+ (M =2)S +(m—1)Spp+m Y Sp<m Y 5
k*n+2 k=4—m

Sn—m+3+28n—m+4+"'+(m_2)Sn+( _1 n+1+m Z Sk’<mZSk

k=n+2
(Z Sk — Z Sk) — Sn— m+3 — 2Sn7m+4 - (m - Q)Sn - (m - 1)Sn+1 >0
k=n+2
n+1
mz Sk — Sn—m+3 — 250—m+4 — - (m - 2)Sn — (m - 1)Sn+1 >0
nfm+2
m Z Sk + (m - 1)Sn—m+3 + (m - Z)Sn—m+4 + -4+ 25, + Sn+1 >0.
k=1

Let us also denote

n—m-+2
Fn =m Z Sk + (m — 1)Sn—m+3 + (m — 2)Sn—m+4 +---+ QSn + Sn+1 for n € N.

We want to prove that F,, > 0 for every n € N. We will show this using generating functions.
First, we will start with modifying the generating function S(y) for S,. Using Lemma
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this function can (for suitable y) be written as

+oo m

+o00
_ 1 e _
S(y):ZSkyk IZZ Zmi)\;H» 3 yk 1 _
k=1 k=1 =2 [T(A\j —Ax)

k=2
k#j
m 1 400 m 1 o0
=2 DT =Y A ) =
=2 [T (Aj — Ag) k=1 =2 TT (Aj — Ag) k=0
k=2 k=2
k#j k#j

Next, we want to find the generating function F(y) for F,,. This function can (for suitable
y) be written as

“+oo
n=0

We will also express this function as a product of generating function S(y) and function C(y) =
+o00

3 cpy® with later specified coefficients c, k € N, i.e.

k=0

+oo +oo +oo n
F(y) = C1)S() = (zckyk> (z skﬂyk) .S (z s) v
k=0 k=0

n=0 \k=0
Since it has to be true that
n—m-+2
F,=m Z Sk + (m - 1)Sn—m+3 + (m - 2)Sn—m+4 +-F 25, + Spp1 =
k=1

n
= chSn_kH for every n € N,

k=0
the coefficients ¢, k € Nyare cg =1, ¢1 =2, ..., ¢mg=m — 2, ¢p_a = m — 1 and ¢ = m for
k€ {m—1,...,n}. Then the function C(y) has the form
+00 oo
Cly)=) e =1+2y+ -+ m—=2y" P+ (m—1y">+m Y o=
k=0 k=m—1
“+o00 “+o00 —+00 “+oo “+00
SIS S VR I SR S
k=0 k=1 k=m—3 k=m—2 k=m—1
1 y ym—?) ym—Q ym—l
_1—y+1—y+ +1—y+1—y+1—y_
m—1 P

1—y o l-y
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Subsequently, the generating function F'(y) can be written as

>y

rt 1

1—y & '
YT = Aey)
k=2

m—1
V4

Let us denote the denominator of generating function F'(y) as

m

Dy)=1—-y) ] - 2ew).

k=2

We will express the product in the denominator D(y) as a sum with later specified coefficients
Tk, k€ {0,...,m — 1}, ie.

m

m—1
TTO =) =D m”.
k=0

k=2
In Subsection we denoted py, the characteristic polynomial pys, without the coefficient
(=)™, ie.

m

ﬁMw(x):xm—txm_l—---—tx—s:(J:—B)H(x—)\k).
k=2

Using this polynomial, let us denote its reciprocal polynomial ]3}“% as

ok ms 1 m— m m 1 < 1
P, (y) =y pM¢<y>=1ty--'ty sy =y <yﬁ)H<y/\k>=

k=2

=(1=8y) [T =)

k=2
It holds true that
m m—1
P, ) =0 =By [JA = Xey) = (1= By) Yy =
k=2 k=0

=10+ (=Bro+ 1)y + (=Bri + 12)y* + - + (=Brm—2 + rm_1)y" " = Brm_1y™.

By comparing the coefficients of the powers of ¢ in polynomial ﬁ}*\@ (y), we obtain equations for
re, k€ {0,...,m—1},

1:7"0,
—t=—Prg_1+r, forke{l,...,m—1},
_s:_/Brm—17
thus
ro=1,
ry=—t+prr_1 forke{l,...,m—1},
s
Tm—lzg-
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Solving the recurrence for r, k € {0,...,m — 1}, we get that
pr -1
B—1

We will also express the whole denominator D(y) as a sum with later specified coefficients hy,
ke{0,...,m}, ie.

Tk ::ﬁk-—t

for k€ {0,...,m —1}.

D(y) =) (—h)y".
k=0
It holds true that
m m—1
Diy)=1-y [[a-dp) =0—-9) D myf=
k=2 k=0

=ro+ (r1 —ro)y + (r2 — 1)y + -+ (rme1 — Tm—2)y™ = Pr1y™.

By comparing the coefficients of the powers of y in the denominator D(y), we obtain equations
for hy, k € {0,...,m},

—ho =70,
—hy=rg—rp—y forke{l,...,m—1},

—hpm = —Tm-1,
thus
ho=—rg=—-1,
hy=rp1—re=8"t+1-58)>0 forke{l,....m—1},
hmzrm_1=%>o,
where for k € {1,...,m — 1}, it holds that
he =11 — 1 = B = tﬁkﬁl__l L B* + tﬁ;__ll —
=p1_ph 4 /6,i1(—5’“‘1 +14p5—1) =81 - "+ Bt_lﬁ’“_l(—l +8) =
L o T VO
It holds true that
5 < f,
t<p<t+1,

thus hy = —1 and all other coefficients hy, k € {1,...,m}, are positive. The denominator D(y)
is then

D(y)=1-> hyt
k=1
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and the reciprocal of the denominator D(y) is

1 1

D(y) 1— Z hkyk
k=1

We will use generating functions again and rewrite the reciprocal of the denominator D(y) as
a function with later specified coefficients d,,, n € N, i.e.

1 1 R
Dy) |, & = duy".
y 1-— Z hkyk n=0
k=1

This equation can be also written as
m +o0o +o00 m +o0
1= (1 = hkyk> (Z dny“> = duy" = I (Z dny"+k> =
k=1 n=0 n=0 k=1 n=0
=do + (di — h1do)y + (d2 — hady — hado)y* + -+ + (dm—1 — hidm—2 — -+ - — hup—1do)y™ 1+

+0o0 m
+ Z <dn - Z hkdn—kz> yn =
n_n:n—l = n +o0 m
=do+ Y (dn -3 hkdnk> V'Y (dn -3 hkdnk> y".
n=1 k=1 n=m k=1

By comparing the coefficients of the powers of y on both sides of the equation, we obtain
equations for d,, n € N,

dy = hgdn =0 forne{l,...,m—1},
k=1

dy — Y hpdp_, =0 forneN,n>m,
k=1

thus all coefficients d,,, n € N, are positive

d0:1>0,

dy = hgdn_, >0 forne{l,...,m-1},
k=1

dy = hgdp_y, >0 forneNn>m.
k=1

Subsequently, the generating function F'(y) can be written as
m—1 1 m—1 +o0
Fly)= (D v ) 5—==|D v | [ Dodv" ) =
£=0 D(y) £=0 n=0
+o0

400 400 +0oo
=3 dny" Y dn " Y dumg1" = (dntdp o gy
n=0 n=1

n=m-—1 n=0
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where we defined d_; :=0,d_2:=0, ..., d_p41 := 0. Altogether, it holds true that

+oo +oo
F(y) = Z Fnyn = Z(dn + dn—l + tte + dn_m+1)yn,
n=0 n=0

therefore
F,=dy+dn1+ - +dp_mst1 >0 foreverynecN.

O]

Corollary 2.17: Let ug = ug(t, s) be the confluent simple Parry infinite word defined in ([2.3)
and C be the class of confluent simple Parry infinite words. The repetition threshold and the
asymptotic repetition threshold for C' are equal to each other, and both are

o 1
RT(C) = RT"(C) =2+ 53—

Proof: By Theorem the critical exponent and the asymptotic critical exponent of ug are
equal to each other, and both are

E(uﬁ):E*(uﬁ):t—l—s—l—Bt_l.

Subsequently, the repetition threshold and the asymptotic repetition threshold for C' are equal
to each other, i.e.

RT(C) = RT*(C).

The repetition threshold can be computed as
RT(C) = inf{E(ug) | ug is the confluent simple Parry infinite word} .

It holds true that
1<s<t<pB<t+1,

thus the infimum is reached for parameters ¢t = 1, s = 1 and is equal to

1

RT(C) = RT*(C) =2+ 57—
0

Remark 2.18: In the proof of Corollary we showed that the repetition threshold and the
asymptotic repetition threshold are reached for parameters ¢ = 1, s = 1, i.e. for the so-called
m-bonacci infinite word.
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Conclusion

In this work, we obtained new results concerning the critical exponent and the asymptotic
critical exponent of simple Parry infinite words. Subsequently, these new results also allowed us
to calculate the repetition threshold and the asymptotic repetition threshold of various subclasses
of simple Parry infinite words.

We introduced a general algorithm for computing the (asymptotic) critical exponent of simple
Parry infinite words. The algorithm is based on analyzing all their bispecial factors and their
shortest return words.

We computed the (asymptotic) critical exponent and the (asymptotic) repetition threshold
of binary simple Parry infinite words, see Theorem Theorem [2.3|and Corollary [2.4] Further-
more, we showed that the (asymptotic) repetition threshold is reached for the Fibonacci infinite
word.

Moreover, we determined the asymptotic critical exponent of ternary simple Parry infinite
words, see Theorem [2.7] We also provided a method for computing the critical exponent of these
words and showed how the calculations of this value for a specific choice of word parameters
may be done.

The main result of the work is determining the precise value of the critical exponent and the
asymptotic critical exponent of the whole class of confluent simple Parry infinite words. Specif-
ically, we showed that in this case, the asymptotic critical exponent and the critical exponent
are equal, see Theorem and Theorem Subsequently, we deduced that the asymptotic
repetition threshold and the repetition threshold are equal, see Corollary and they are
reached for m-bonacci infinite word.

When deriving this result, we used the general algorithm for computing the (asymptotic)
critical exponent. The important step of the algorithm was determining the lengths of both the
bispecial factors and their shortest return words, for which we also used the spectral properties
of the morphism matrix. The crucial tool used to prove this result was a thorough application
of generating functions.

Similar results, however under more restrictive assumptions on parameters, are also known
for non-simple Parry infinite words [2].

Let us mention some problems that remain open. One such problem is determining the
precise value of the critical exponent for other large subclasses of simple Parry infinite words.
As a first candidate, simple Parry infinite words ug that are fixed points of the morphism ¢
from satisfying t1 > to > -+ > t,,_1 > t,,, could be studied. In this case, the corresponding
number 3 is a Pisot number and all eigenvalues of the morphism matrix are mutually distinct.
Consequently, we can construct a basis consisting of right and left eigenvectors, which is highly
beneficial for determining the lengths of bispecial factors and their shortest return words.
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Recently, Rényi numeration systems have been extended to the broader class of real Cantor
numeration systems, where numbers are represented using a sequence of bases B = (3, )nez with
each 8, > 1. A positive real number is then represented in the form

N-1 00
Z anﬁn_l...ﬁo_kzﬁa%‘”ﬁ, where N > 1,a; € Nya; < ;.
n=0 n=1 1 -n

The Rényi numeration system corresponds to the special case where the base B is constant.
A natural analogue of S-integers, the so-called B-integers, can be defined in this setting. As
shown in the recent work [10], Cantor real numeration systems define a substantially larger
class of infinite words than the Rényi case. When the base B is taken to be a purely periodic
sequence, we call it an alternate base. In such a case, the infinite word coding distances between
consecutive B-integers is fixed by a primitive morphism. The critical exponent of such infinite
words has been only partially studied for the binary case [18]. Hence, determining its exact
value for this class of words coding B-integers remains an open question.
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