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Výsledky ukazují, že každý z těchto přístupů zahrnuje určitý kompromis mezi jednoduchostí použití a
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Introduction

In modern financial markets, path-dependent derivatives have gained significant traction due to their
unique risk-mitigation profiles. Among these exotic contracts, Asian options—whose payoffs depend on
the average price of the underlying asset over a predetermined period rather than strictly the spot price at
maturity—are widely utilized in commodities, energy, and foreign exchange markets. By replacing the
final spot price with a time-averaged value, Asian options protect market participants from extreme asset
price volatility, sudden market manipulation, or low-liquidity shocks near the expiration date [21].

Mathematically, the average can take a geometric or an arithmetic form [13]. While geometric Asian
options yield a closed-form solutions, arithmetic average Asian options present a notorious analyti-
cal challenge. Consequently, quantitative finance has focused heavily on developing accurate, robust,
and computationally efficient analytic approximations and numerical frameworks to evaluate these path-
dependent contracts.

This thesis systematically investigates, implements, and compares several distinct methodologies
spanning analytical transformations, dimension reduction techniques, and non-oscillatory numerical
transport schemes. The primary goal of this thesis is to provide an analysis of three different approaches:
the Večeř dimension reduction, Laplace transform and MPDATA algorithm.

The remainder of this thesis is organized as follows: Chapter 1 explains the mathematics of random
processes and stochastic calculus. Chapter 2 showcases different methods to price Asian options. Chap-
ter 3 discusses the algorithmic implementation details and compares the methods against benchmark
Monte Carlo simulations.
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Chapter 1

Mathematical background

1.1 Basic definitions

Definition 1.1 (Filtration, see e.g. Definition 2.1.1 in [1]). Let Ω be a nonempty set. Let T be a fixed
positive number, and assume that for each t ∈ [0, T ] there is a σ-algebra F (t). Assume further that if
s ≤ t, then every set in F (s) is also in F (t). Then we call the collection of σ-algebras F (t), 0 ≤ t ≤ T, a
filtration.

Remark 1.1. A filtration tells us that when we get to time t, we will know for each set in F (t) whether
the true ω lies in that set.

Definition 1.2 (See e.g. Definition 2.1.3 in [1]). Let X be a random variable defined on a nonempty
sample space Ω. The σ-algebra generated by X, denoted σ (X), is the collection of all subsets of Ω of
the form {X ∈ B}, where B ranges over the Borel subsets of R.

Definition 1.3 (See e.g. Definition 2.1.5 in [1]). Let X be a random variable defined on a nonempty
sample space Ω. Let G be a σ-algebra of subsets of Ω. If every set in σ (X) is also in G, we say that X is
G-measurable.

Remark 1.2. A random variable X is G-measurable if and only if the information in G is sufficient to
determine the value of X. It is obvious from previous definition that

1. If X is G-measurable, then f (X) is G-measurable for any Borel-measurable function f . If the
information in G is sufficient to determine the value of X, it will also determine the value of f (X).

2. If X and Y are G-measurable, then f (X, Y) is G-measurable for any Borel-measurable function
f (x, y) of two variables. In particular, X + Y and XY are G-measurable.

Definition 1.4 (Adapted stochastic process, see e.g. Definition 2.1.6 in [1]). LetΩ be a nonempty sample
space equipped with a filtration F (t), 0 ≤ t ≤ T. Let X (t) be a collection of random variables indexed by
t ∈ [0, T ]. We say that this collection of random variables is an adapted stochastic process if, for each t,
the random variable X (t) is F (t)-measurable.

Definition 1.5 (Conditional expectation, see e.g. Definition 2.3.1 in [1]). Let (Ω,F ,P) be a probability
space, let G be a sub-σ-algebra of F , and let X be a random variable that is either nonnegative or
integrable. The conditional expectation of X given G, denoted E [X|G], is any random variable that
satisfies

1. E [X|G] is G-measurable, and
9



CHAPTER 1. MATHEMATICAL BACKGROUND 10

2. ∫
A
E [X|G] (ω)dP(w) =

∫
A

X(ω)dP(w) for all A ∈ G (1.1)

Remark 1.3. If G is the σ-algebra generated by some other random variable W, we will write E [X|W]
rather than E [X|σ (W)]. The previous definition raises two questions:

1. Does there always exist a random variable E [X|G] satisfying the two properties? Yes, and the
proof is based on Radon-Nikodým Theorem [see e.g. Theorem 1.6.7. in [1]].

2. Is the random variable E [X|G] unique? Yes (apart from some set with probability zero). Suppose Y
and Z satisfy both conditions in the previous definition. Because Y and Z are both G-measurable,
their difference Y − Z is also measurable, and thus the set A = {Y − Z > 0} is in G. From (1.1) we
get ∫

A
Y(ω)d(ω) =

∫
A

X(ω)d(ω) =
∫

A
Z(ω)d(ω)

and thus ∫
A

(Y(ω) − Z(ω)) d(ω) = 0

The integrand is strictly positive on the set A, so the only way this equation can hold is for A to
have probability zero. So Y ≤ Z almost surely. If we reverse the roles of Y and Z, we get Z ≤ Y
almost surely. Hence Y = Z almost surely.

Definition 1.6 (Martingale, see e.g. Definition 2.3.5 in [1]). Let (Ω,F ,P) be a probability space, let T
be a fixed positive number, and let F (t), 0 ≤ t ≤ T, be a filtration of sub-σ-algebras of F . Consider an
adapted stochastic process M(t), 0 ≤ t ≤ T.

1. If
E [M(t)|F (s)] = M(s) for all 0 ≤ s ≤ t ≤ T,

we say this process is a martingale. It has no tendency to rise or fall.

2. If
E [M(t)|F (s)] ≥ M(s) for all 0 ≤ s ≤ t ≤ T,

we say this process is a submartingale. It has no tendency to fall, but it may have a tendency to
rise.

3. If
E [M(t)|F (s)] ≤ M(s) for all 0 ≤ s ≤ t ≤ T,

we say this process is a supermartingale. It has no tendency to rise, but it may have a tendency to
fall.

Definition 1.7 (Markov process, see e.g. Definition 2.3.6 in [1]). Let (Ω,F ,P) be a probability space, let
T be a fixed positive number, and let F (t), 0 ≤ t ≤ T, be a filtration of sub-σ-algebras of F . Consider an
adapted stochastic process X(t), 0 ≤ t ≤ T. Assume that for all 0 ≤ s ≤ t ≤ T and for every nonnegative,
Borel-measurable function f , there is another Borel-measurable function g such that

E
[
f (X(t))|F (s)

]
= g(X(s)) (1.2)

Then we say that X is a Markov process.
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Remark 1.4. The previous definition basically tells us that the estimate of f (X(t)) made at time s depends
only on the process value X(s) at time s and not on the path of the process before time s.

Definition 1.8 (Brownian motion, see e.g. Definition 3.3.1 in [1]). Let (Ω,F ,P) be a probability space.
For each ω ∈ Ω, suppose there is a continuous function W(t) of t ≥ 0 that satisfies W(0) = 0 and that
depends on ω. Then W(t), t ≥ 0, is a Brownian motion if for all 0 = t0 < t1 < · · · < tm the increments

W(t1) = W(t1) −W(t0),W(t2) −W(t1), · · · ,W(tm) −W(tm−1) (1.3)

are independent and each of these increments is normally distributed with

E [W(ti+1) −W(ti)] = 0 (1.4)

Var [W(ti+1) −W(ti)] = ti+1 − ti (1.5)

Remark 1.5. Because the increments in (1.3) are independent and normally distributed, the random
variables W(t1),W(t2), · · · ,W(tm) are jointly normally distributed. For any two times, 0 ≤ s < t, the
covariance of W(s) and W(t) is

E [W(s)W(t)] = E
[
W(s) (W(t) −W(s)) +W2(s)

]
= E [W(s)] · E [W(t) −W(s)] + E

[
W2(s)

]
= 0 + Var [W(s)] = s

We have used that each of the random variables W(ti) has mean zero and that W(s) and W(t)−W(s) are
independent. Hence the covariance matrix for the random vector (W(t1),W(t2), · · · ,W(tm)) is

E
[
W2(t1)

]
E [W(t1)W(t2)] · · · E [W(t1)W(tm)]

E [W(t2)W(t1)] E
[
W2(t2)

]
· · ·E [W(t2)W(tm)]

...
...

...

E [W(tm)W(t1)] E [W(tm)W(t2)] · · · E
[
W2(tm)

]
 =


t1 t1 · · · t1
t1 t2 · · · t2
...

...
...

t1 t2 · · · tm

 (1.6)

Definition 1.9 (Filtration for Brownian motion, see e.g. Definition 3.3.3 in [1]). Let (Ω,F ,P) be a
probability space and let W(t), t ≥ 0 be a Brownian motion on this space. A filtration for this Brownian
motion is a collection of σ-algebras F (t), t ≥ 0, satisfying:

1. For 0 ≤ s < t, every set in F (s) is also on F (t).

2. For each t ≥ 0, the Brownian motion W(t) at time t is F (t)-measurable.

3. For 0 ≤ t < u, the increment W(u) −W(t) is independent of F (t).

Let ∆(t), t ≥ 0, be a stochastic process. We say that ∆(t) is adapted to the filtration F (t) if for each t ≥ 0
the random variable ∆(t) is F (t)-measurable.

Theorem 1.1. Brownian motion is a martingale.

Proof. See e.g. Theorem 3.3.4 in [1]. □
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Remark 1.6. We would like to compute the first-order variation of a function up to some time T. To do
that, we first choose a partition Π = {t0, t1, · · · , tn} of [0, T ], which is a set of times

0 = t0 < t1 < · · · < tn = T.

The maximum step size of the partition will be denoted ||Π|| = max j=0,1,··· ,n−1(t j+1 − t j). We then define

FVT ( f ) = lim
||Π||→0

n−1∑
j=0

| f (t j+1 − f (t j)|. (1.7)

The limit in (1.7) is taken as the number n of partition points goes to infinity and the length of the longest
subinterval t j+1 − t j goes to zero.
Suppose f has derivative f

′

(t) for all t ∈ [0, T ]. The Mean Value Theorem says that in each subinterval[
t j, t j+1

]
there is a point t∗j such that

f (t j+1) − f (t j)
t j+1 − t j

= f
′

(t∗j) (1.8)

Therefore, (1.7) may be written as

FVT ( f ) = lim
||Π||→0

n−1∑
j=0

| f
′

(t∗j)|(t j+1 − t j) =
∫ T

0
| f
′

(t)|dt

Definition 1.10 (Quadratic variation, see e.g. Definition 3.4.1 in [1]). Let f (t) be a function defined for
0 ≤ t ≤ T. The quadratic variation of f up to time T is

[
f , f

]
(T ) = lim

||Π||→0

n−1∑
j=0

[
f (t j+1) − f (t j)

]2
(1.9)

where Π = {t0, t1, · · · , tn} and 0 = t0 < t1 < · · · < tn = T.

Remark 1.7. Suppose the function f has a continuous derivative. Then

n−1∑
j=0

[
f (t j+1) − f (t j)

]2
=

n−1∑
j=0

| f
′

(t∗j)|
2 (

t j+1 − t j
)2
≤ ||Π|| ·

n−1∑
j=0

| f
′

(t∗j)|
2 (

t j+1 − t j
)

and thus [
f , f

]
(t) ≤ lim

||Π||→0

||Π|| · n−1∑
j=0

| f
′

(t∗j)|
2 (

t j+1 − t j
)

= lim
||Π||→0

||Π|| · lim
||Π||→0

n−1∑
j=0

| f
′

(t∗j)|
2 (

t j+1 − t j
)

= lim
||Π||→0

||Π|| ·

∫ T

0
| f
′

(t)|
2
dt = 0

(1.10)

In the last step of this argument, we use the fact that f
′

(t) is continuous to ensure that
∫ T

0 | f
′

(t)|
2
dt is

finite. Our main difference from ordinary calculus is that for a Brownian motion path W(t) there is no
value of t for which d

dt W(t) is defined, and hence its quadratic variation will not be 0.
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Theorem 1.2. Let W be a Brownian motion. Then [W,W] (T ) = T for all T ≥ 0 almost surely.

Proof. See e.g. Theorem 3.4.3 in [1]. □

Remark 1.8. If we compute the quadratic variation of Brownian motion over the time interval [0, T1],
we get [W,W] (T1) = T1. If we compute the quadratic variation over [0, T2], where 0 < T1 < T2, we
get [W,W] (T2) = T2. Therefore, if we partition the interval [T1, T2], square the increments of Brownian
motion for each of the subintervals in the partition, sum the squared increments, and take the limit as the
maximal step size approaches zero, we will get the limit [W,W] (T2) − [W,W] (T1) = T2 − T1. Since this
is true for every interval of time, we conclude that

Brownian motion accumulates quadratic variation at rate one per unit time.

We may record this fact by writing
dW(t) dW(t) = dt (1.11)

Remark 1.9. Using similar arguments, one can conclude that

dW(t) dt = 0 dt dt = 0 (1.12)

Definition 1.11 (Geometric Brownian motion, see e.g. Section 3.4.3 in [1]). Let α and σ > 0 be
constants, and define the geometric Brownian motion as

S (t) = S (0)exp
{
σW(t) +

(
α −

1
2
σ2

)
t
}

(1.13)

1.2 Stochastic calculus

Remark 1.10. We wish to define the integral∫ T

0
∆(t)dW(t) (1.14)

where W(t), t ≥ 0 is a Brownian motion with a filtration F (t), t ≥ 0. We will let ∆(t) be an adapted
stochastic process to the filtration F (t), t ≥ 0.
Let Π = {t0, t1, · · · , tn} be a partition of [0, T ], 0 = t0 ≤ t1 ≤ · · · ≤ tn = T. Assume that ∆(t) is a constant
in t on each subinterval [t j, t j+1). Such a process is called a simple process. Let us define

I(t) = ∆(t0) [W(t) −W(t0)] = ∆(0)W(t) 0 ≤ t ≤ t1
I(t) = ∆(0)W(t1) + ∆(t1) [W(t) −W(t1)] t1 ≤ t ≤ t2

I(t) = ∆(0)W(t1) + ∆(t1) [W(t2) −W(t1)] + ∆(t2) [W(t) −W(t2)] t2 ≤ t ≤ t3

and so on. In general, if tk ≤ t ≤ tk+1, then

I(t) =
k−1∑
j=0

∆(t j)
[
W(t j+1) −W(t j)

]
+ ∆(tk) [W(t) −W(tk)] (1.15)

The process I(t) in (1.15) is the Itô integral of the simple process ∆(t), which we will write as

I(t) =
∫ t

0
∆(u)dW(u)

In particular, we can take t = tn = T, and (1.15) provides a definition for the Itô integral (1.14).
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Theorem 1.3. The Itô integral defined by (1.15) is a martingale.

Proof. See e.g. Theorem 4.2.1 in [1]; see also Chapter 7 in [2]. □

Remark 1.11. Because I(t) is a martingale and I(0) = 0, we have EI(t) = 0 for all t ≥ 0. It follows that
Var I(t) = EI2(t), a quantity that can be evaluated by the formula in the next theorem.

Theorem 1.4. The Itô integral defined by (1.15) satisfies

EI2(t) = E
∫ t

0
∆2(u)du (1.16)

Proof. See e.g. Theorem 4.2.2 in [1] or Chapter 3 in [3]. □

Theorem 1.5. The quadratic variation accumulated up to time t by the Itô integral (1.15) is

[I, I] (t) =
∫ t

0
∆2(u)du (1.17)

Proof. See e.g. Theorem 4.2.3 in [1]; see also Chapter 3 in [3]. □

Remark 1.12. In Remark 1.8 we wrote the equation (1.11) dW(t) dW(t) = dt. The Itô integral formula
I(t) =

∫ t
0 ∆(u) dW(u) can be written in differential form as dI(t) = ∆(t) dW(t), and we can then use (1.11)

to square dI(t):
dI(t) dI(t) = ∆2(t) dW(t) dW(t) = ∆2(t)dt (1.18)

This equation says that the Itô integral I(t) accumulates quadratic variation at rate ∆2(t) per unit time.

Definition 1.12 (see e.g. Section 4.3 in [1] or Section 7.3 in [2]). Let ∆(t), t ≥ 0, be an adapted stochastic
process to the filtration F (t), t ≥ 0. We also assume that

E

∫ T

0
∆2(t)dt ≤ +∞ (1.19)

We choose a sequence ∆n(t) of simple processes such that as n → +∞ these processes converge to the
continuously varying ∆(t), which means

lim
n→+∞

E

∫ T

0
|∆n(t) − ∆(t)|2 dt = 0

We define the Itô integral for the continuously varying integrand ∆(t) by the formula∫ t

0
∆(u) dW(u) = lim

n→+∞

∫ t

0
∆n(u) dW(u) 0 ≤ t ≤ T (1.20)

Remark 1.13. For each 0 ≤ t ≤ T, the limit in (1.20) exists because In(t) =
∫ t

0 ∆n(u) dW(u) is a Cauchy
sequence in L2 (Ω,F ,P). This is because Theorem 1.4 yields

E (In(t) − Im(t))2 = E

∫ t

0
|∆n(u) − ∆m(u)|2 du

As a consequence of (1.19), the right-hand side has limit zero as n and m approach infinity.

Theorem 1.6. Let T be a positive constant and let ∆(t), 0 ≤ t ≤ T, be an adapted stochastic process that
satisfies (1.19). Then I(t) =

∫ t
0 ∆(u) dW(u) defined by (1.20) has the following properties



CHAPTER 1. MATHEMATICAL BACKGROUND 15

1. As a function of the upper limit of integration t, the paths of I(t) are continuous.

2. For each t, I(t) is F (t)-measurable.

3. If I(t) =
∫ t

0 ∆(u) dW(u) and J(t) =
∫ t

0 Γ(u) dW(u), then I(t) ± J(t) =
∫ t

0 (∆(u) ± Γ(u)) dW(u).

Furthermore, for every constant c, cI(t) =
∫ t

0 c∆(u) dW(u)

4. I(t) is a martingale.

5. EI2(t) = E
∫ t

0 ∆
2(u) du

6. [I, I] (t) =
∫ t

0 ∆
2(u) du

Proof. See e.g. Theorem 4.3.1 in [1] or Section 3.2 in [3]. □

Theorem 1.7 (Itô-Doeblin formula for Brownian motion). Let f (t, x) be a function for which the partial
derivatives ∂t f (t, x), ∂x f (t, x), and ∂2

x f (t, x) are defined and continuous, and let W(t) be a Brownian
motion. Then, for every T ≥ 0,

f (T,W(T )) = f (0,W(0)) +
∫ T

0
∂t f (t,W(t)) dt +

∫ T

0
∂x f (t,W(t)) dW(t)

+
1
2

∫ T

0
∂2

x f (t,W(t)) dt
(1.21)

Proof. See e.g. Theorem 4.4.1 in [1]. □

Remark 1.14. From the proof we could get the informal equation dt dW(t) = 0. If we wanted to write
the Itô-Doeblin formula in differential form, it would be

d f (t,W(t)) = ∂t f (t,W(t)) dt + ∂x f (t,W(t)) dW(t) +
1
2
∂2

x f (t,W(t)) dW(t) dW(t)

+ ∂t∂x f (t,W(t)) dt dW(t) +
1
2
∂2

x f (t,W(t)) dt dt
(1.22)

But we know that
dW(t) dW(t) = dt dt dW(t) = dW(t) dt = 0 dt dt = 0 (1.23)

And the Itô-Doeblin formula in differential form simplifies to

d f (t,W(t)) = ∂t f (t,W(t)) dt + ∂x f (t,W(t)) dW(t) +
1
2
∂2

x f (t,W(t)) dt (1.24)

Remark 1.15. We would like to extend the Itô-Doeblin formula to stochastic processes more general
than Brownian motion. We will do that in the next part.

Definition 1.13 (Itô process, see e.g. Definition 4.4.3 in [1]). Let W(t), t ≥ 0, be a Brownian motion,
and let F (t), t ≥ 0, be an associated filtration. An Itô process is a stochastic process of the form

X(t) = X(0) +
∫ t

0
∆(u) dW(u) +

∫ t

0
Θ(u) du (1.25)

where X(0) is nonrandom and ∆(u) and Θ(u) are adapted stochastic processes, where E
∫ t

0 ∆
2(u) du and∫ t

0 |Θ(u)| du are finite for every t ≥ 0.
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Lemma 1.8. The quadratic variation of the Itô process (1.25) is

[X, X] (t) =
∫ t

0
∆2(u)du (1.26)

Proof. See e.g. Lemma 4.4.4 in [1]. □

Remark 1.16. We could write (1.25) in the differential notation as

dX(t) = ∆(t) dW(t) + Θ(t) dt (1.27)

and then use (1.23) to compute the differential form of Theorem 1.8

dX(t) dX(t) = ∆2(t) dW(t) dW(t) + 2∆(t)Θ(t) dW(t) dt + Θ2(t) dt dt = ∆2(t) dt (1.28)

Definition 1.14 (Integral with respect to an Itô process, see e.g. Definition 4.4.5 in [1]). Let X(t), t ≥ 0,
be an Itô process as described in De f inition 1.13, and let Γ(t), t ≥ 0, be an adapted process. We define
the integral with respect to an Itô process∫ t

0
Γ(u) dX(u) =

∫ t

0
Γ(u)∆(u) dW(u) +

∫ t

0
Γ(u)Θ(u) du (1.29)

where we also assume that E
∫ t

0 Γ
2(u)∆2(u) du and

∫ t
0 |Γ(u)Θ(u)| du are finite for every t ≥ 0.

Theorem 1.9. Let X(t), t ≥ 0, be an Itô process as described in De f inition 1.13, and let f (t, x) be a
function for which the partial derivatives ∂t f (t, x), ∂x f (t, x), and ∂2

x f (t, x) are defined and continuous.
Then, for every T ≥ 0,

f (T, X(T )) = f (0, X(0)) +
∫ T

0
∂t (t, X(t)) dt +

∫ T

0
∂x (t, X(t)) dX(t)

+
1
2

∫ T

0
∂2

x (t, X(t)) d [X, X] (t)

= f (0, X(0)) +
∫ T

0
∂t (t, X(t)) dt +

∫ T

0
∂x (t, X(t))∆(t) dW(t)

+

∫ T

0
∂x (t, X(t))Θ(t) dt +

1
2

∫ T

0
∂2

x (t, X(t))∆2(t) dt

(1.30)

Proof. Itô-Doeblin formula for an Itô process, see e.g. Theorem 4.4.6 in [1]. □

Remark 1.17. We could rewrite (1.30) in the differential form as

d f (t, X(t)) = ∂t f (t, X(t)) dt + ∂x f (t, X(t)) dX(t) +
1
2
∂2

x f (t, X(t)) dX(t) dX(t) (1.31)

We could use (1.27) to rewrite (1.31) as

d f (t, X(t)) = ∂t f (t, X(t)) dt + ∂x f (t, X(t))∆(t) dW(t)

+ ∂x f (t, X(t))Θ(t) dt +
1
2
∂2

x f (t, X(t))∆2(t) dt
(1.32)
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Example 1.1 (see e.g. Example 4.4.8 in [1]). Let W(t), t ≥ 0, be a Brownian motion, let F (t), t ≥ 0, be
an associated filtration, and let α(t) and σ(t) be adapted processes. Define the Itô process

X(t) =
∫ t

0
σ(s) dW(s) +

∫ t

0

(
α(s) −

1
2
σ2(s)

)
ds (1.33)

Then

dX(t) = σ(t) dW(t) +
(
α(t) −

1
2
σ2(t)

)
dt

and
dX(t) dX(t) = σ2(t) dW(t) dW(t) = σ2(t) dt

Consider an asset price process given by

S (t) = S (0)eX(t) = S (0) exp
{∫ t

0
σ(s) dW(s) +

∫ t

0

(
α(s) −

1
2
σ2(s)

)
ds

}
(1.34)

where S (0) is nonrandom and positive. We could write S (t) = f (X(t)), where f (x) = S (0)ex. Using
Itô-Doeblin formula, we would obtain

dS (t) = α(t)S (t) dt + σ(t)S (t) dW(t) (1.35)

The asset price S (t) has instantaneous mean rate of return α(t) and volatility σ(t). Both of them are
allowed to be time-varying and random.
If α and σ are constant, we have the usual geometric Brownian motion model, and the distribution of
S (t) is log-normal. Then (1.34) becomes

S (t) = S (0) exp
{
σW(t) +

(
α −

1
2
σ2

)
t
}

(1.36)

1.3 Black-Scholes-Merton equation

Remark 1.18 (see e.g. Section 4.5.1 in [1]). Consider an agent who at each time t has a portfolio valued
at X(t). This portfolio invests in a money market account paying a constant rate of interest r and in a
stock modeled by the geometric Brownian motion

dS (t) = αS (t) dt + σS (t) dW(t) (1.37)

Suppose at each time t, the investor holds ∆(t) shares of stock. The position ∆(t) can be random but
must be adapted to the filtration associated with the Brownian motion W(t), t ≥ 0. The remainder of the
portfolio value, X(t) − ∆(t)S (t), is invested in the money market account. The differential dX(t) at each
time t is due to two factors, the capital gain ∆(t) dS (t) on the stock position and the interest earnings
r (X(t) − ∆(t)S (t)) dt on the cash position. In other words

dX(t) = ∆(t) dS (t) + r (X(t) − ∆(t)S (t)) dt

= rX(t) dt + ∆(t) (α − r) S (t) dt + ∆(t)σS (t) dW(t)
(1.38)

We shall often consider the discounted stock price e−rtS (t) and the discounted portfolio value of an agent,
e−rtX(t). According to the Itô-Doeblin formula with f (t, x) = e−rt x, the differential of the discounted
stock price is

d
(
e−rtS (t)

)
= d f (t, S (t)) = (α − r) e−rtS (t) dt + σe−rtS (t) dW(t) (1.39)

and the differential of the discounted portfolio value is

d
(
e−rtX(t)

)
= d f (t, X(t)) = ∆(t) d

(
e−rtS (t)

)
(1.40)
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Remark 1.19 (see e.g. Section 4.5.2 in [1]). Consider a European call option that pays (S (T ) − K)+ at
time T . The strike price K is some nonnegative constant. Black, Scholes, and Merton argued that the
value of this call at any time should depend on the time to expiration and on the value of the stock price
at that time (and of course on σ, r and K). Only two of these quantities, time to expiration and stock
price, are variable. Following this reasoning, we let c (t, x) denote the value of the call at time t if the
stock price at that time is S (t) = x. There is nothing random about the function c (t, x). However, the
value of the option is random, it is the stochastic process c (t, S (t)). Our goal is to determine the function
c (t, x). We begin by computing the differential of c (t, S (t)). According to the Itô-Doeblin formula, it is

dc (t, S (t)) =
[
∂tc (t, S (t)) + αS (t)∂xc (t, S (t)) +

1
2
σ2S 2(t)∂2

xc (t, S (t))
]

dt + σS (t)∂xc (t, S (t)) dW(t)

We next compute the differential of the discounted option price e−rtc (t, S (t)). Let f (t, x) = e−rt x. Ac-
cording to the Itô-Doeblin formula,

d
(
e−rtc (t, S (t))

)
= d f (t, c (t, S (t)))

= e−rt
[
−rc (t, S (t)) + ∂tc (t, S (t)) + αS (t)∂xc (t, S (t)) +

1
2
σ2S 2(t)∂2

xc (t, S (t))
]

dt

+ e−rtσS (t)∂xc (t, S (t)) dW(t)
(1.41)

Remark 1.20 (see e.g. Section 4.5.3 in [1]). A short option hedging portfolio starts with some initial
capital X(0) and invests in the stock and money market account so that the portfolio value X(t) at each
time t ∈ [0, T ] agrees with c (t, S (t)). This happens if and only if e−rtX(t) = e−rtc (t, S (t)) for all t. One
way to ensure this equality is to make sure that

d
(
e−rtX(t)

)
= d

(
e−rtc (t, S (t))

)
for all t ∈ [0, T ) (1.42)

and X(0) = c (0, S (0)). Integration of (1.42) over 0 to t then yields

e−rtX(t) − X(0) = e−rtc (t, S (t)) − c (0, S (0)) for all t ∈ [0, T ) (1.43)

If X(0) = c (0, S (0)), then we can cancel this term in (1.43) and get the desired equality. If we
compared (1.40) and (1.41) to see when (1.42) holds, we would arrive at two equations. One of them is

∆(t) = ∂xc (t, S (t)) for all t ∈ [0, T ) (1.44)

This is called the delta-hedging rule. The quantity ∂xc (t, S (t)) is called the delta of the option.
The other equation is

rc (t, S (t)) = ∂tc (t, S (t)) + rS (t)∂xc (t, S (t)) +
1
2
σ2S 2(t)∂2

xc (t, S (t)) for all t ∈ [0, T ) (1.45)

In conclusion, we should seek a continuous function c (t, x) that is a solution to the Black-Scholes-
Merton partial differential equation

rc (t, x) = ∂tc (t, x) + rx∂xc (t, x) +
1
2
σ2x2∂2

xc (t, x) for all t ∈ [0, T ) , x ≥ 0 (1.46)

and that satisfies the terminal condition

c (T, x) = (x − K)+ (1.47)
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Suppose we have found this function. If an investor starts with the initial capital X(0) = c (0, S (0)) and
uses the hedge ∆(t) = ∂xc (t, S (t)), then (1.43) holds for all t ∈ [0, T ). Canceling X(0) = c (0, S (0)) and
e−rt in this equation, we see that X(t) = c (t, S (t)) for all t ∈ [0, T ). Taking the limit t ↑ T and using the
fact that both X(t) and c (t, S (t)) are continuous, we conclude that X(T ) = c (T, S (T )) = (S (T ) − K)+.
This means that the short position has been successfully hedged. No matter which of its possible paths
the stock price follows, when the option expires, the agent hedging the short position has a portfolio
whose value agrees with the option payoff.

Remark 1.21 (see e.g. Section 4.5.4 in [1]). We want the Black-Scholes-Merton equation to hold for
all x > 0 and t ∈ [0, T ) so that (1.46) will hold regardless of which of its possible paths the stock price
follows. Equation (1.46) is a partial differential equation of the type called backward parabolic. For
such an equation, in addition to the terminal condition (1.47), we need boundary conditions at x = 0 and
x = ∞ in order to determine the solution. The boundary condition at x = 0 is obtained by substituting
x = 0 into (1.46), which then becomes

∂tc (t, 0) = rc (t, 0)

This is an ordinary differential equation for the function c (t, 0) of t, and the solution is

c (t, 0) = ertc (0, 0)

Substituting t = T into this equation and using the fact that c (T, 0) = (0 − K)+ = 0, we see that
c (0, 0) = 0 and hence

c (t, 0) = 0 for all t ∈ [0, T ] (1.48)

This is the boundary condition at x = 0.
One way to specify a boundary condition at x = ∞ for the European call is

lim
x→∞

[
c (t, x) −

(
x − e−r(T−t)K

)]
= 0 for all t ∈ [0, T ] (1.49)

The solution to the Black-Scholes-Merton equation (1.46) with terminal condition (1.47) and boundary
conditions (1.48) and (1.49) is

c (t, x) = xN (d+ (T − t, x)) − Ke−r(T−t)N (d− (T − t, x)) , 0 ≤ t < T, x > 0 (1.50)

where

d±(τ, x) =
1

σ
√
τ

[
log

x
K
+

(
r ±

σ2

2

)
τ

]
(1.51)

and N is the cumulative standard normal distribution

N(y) =
1
√

2π

∫ y

−∞

e−
z2
2 dz (1.52)

1.4 Multivariable Stochastic Calculus

Definition 1.15 (d-dimensional Brownian motion, see e.g. Definition 4.6.1 in [1]). A d-dimensional
Brownian motion is a process

W(t) = (W1(t), · · · ,Wd(t)) (1.53)

with the following properties.
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1. Each Wi(t) is a one-dimensional Brownian motion

2. If i , j, then the processes Wi(t) and W j(t) are independent.

Associated with a d-dimensional Brownian motion, we have a filtration F (t), t ≥ 0, such that the follow-
ing holds.

1. For 0 ≤ s < t, every set in F (s) is also in F (t)

2. For each t ≥ 0, the random vector W(t) is F (t)-measurable.

3. For 0 ≤ t < u, the vector of increments W(u) −W(t) is independent of F (t).

Remark 1.22. From the De f inition 1.15 we may informally write that

dWi(t) dWi(t) = dt i = 1, · · · , d

However,
dWi(t) dW j(t) = 0, i , j (1.54)

For proof of this, see e.g. Section 4.6.1. in [1].

Theorem 1.10 (Lévy, one dimension). Let M(t), t ≥ 0, be a martingale relative to a filtration F (t),
t ≥ 0. Assume that M(0) = 0, M(t) has continuous paths, and [M, M] (t) = t for all t ≥ 0. Then M(t) is a
Brownian motion.

Proof. See e.g. Theorem 4.6.4 in [1]. □

Theorem 1.11 (Two-dimensional Itô-Doeblin formula). Let f (t, x, y) be a function whose partial deriva-
tives ∂t f , ∂x f , ∂y f , ∂2

xx f , ∂2
xy f , ∂2

yx f and ∂2
yy f are defined and are continuous. Let X(t) and Y(t) be Itô

processes

X(t) = X(0) +
∫ t

0
Θ1(u) du +

∫ t

0
σ11(u) dW1(u) +

∫ t

0
σ12(u) dW2(u)

Y(t) = Y(0) +
∫ t

0
Θ2(u) du +

∫ t

0
σ21(u) dW1(u) +

∫ t

0
σ22(u) dW2(u)

The integrands Θ1(u),Θ2(u), σ11(u), σ12(u), σ21(u) and σ22(u) are assumed to be adapted processes. In
differential notation we have

dX(t) = Θ1(t) dt + σ11(t) dW1(t) + σ12(t) dW2(t)

dY(t) = Θ2(t) dt + σ21(t) dW1(t) + σ22(t) dW2(t)

Then the two-dimensional Itô-Doeblin formula in differential form is

d f (t, X(t),Y(t)) = ∂t f (t, X(t),Y(t)) dt + ∂x f (t, X(t),Y(t)) dX(t) + ∂y f (t, X(t),Y(t)) dY(t)

+
1
2
∂2

x f (t, X(t),Y(t)) dX(t) dX(t) + ∂2
xy f (t, X(t),Y(t)) dX(t) dY(t)

+
1
2
∂2
y f (t, X(t),Y(t)) dY(t) dY(t)

Proof. See e.g. Theorem 4.6.2. in [1]. □
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1.5 Risk-Neutral Pricing

Theorem 1.12. Let (Ω,F ,P) be a probability space and let Z be an almost surely nonnegative random
variable with EZ = 1. For A ∈ F , define

P̃ =

∫
A

Z(ω)d(ω) (1.55)

Then P̃ is a probability measure. Furthermore, if X is a nonnegative random variable, then

ẼX = E [XZ]

If Z is almost surely strictly positive, we also have

EY = Ẽ
[Y
Z

]
for every nonnegative random variable Y.

Proof. See e.g. Theorem 1.6.1 in [1]. □

Remark 1.23. We say that the random variable Z from previous theorem is the Radon-Nikodým deriva-
tive of P̃ with respect to P, and we write

Z =
dP̃
d

Definition 1.16 (Radon-Nikodým derivative process, see e.g. Section 5.2.1 in [1]). Let (Ω,F ,P) be a
probability space, and let F (t), 0 ≤ t ≤ T, be a filtration, where T is a fixed final time. Suppose further
that Z is an almost surely random variable satisfying EZ = 1, and define P̃ by (1.55). We then define the
Radon-Nikodým derivative process

Z(t) = E [Z|F (t)] , 0 ≤ t ≤ T (1.56)

Theorem 1.13. Radon-Nikodým derivative process (1.56) is a martingale.

Proof. See e.g. Section 5.2.1 in [1]. □

Lemma 1.14. Let t satisfying 0 ≤ t ≤ T be given and let Y be an F (t)-measurable random variable.
Then

ẼY = E [YZ(t)]

Proof. See e.g. Lemma 5.2.1 in [1]. □

Lemma 1.15. Let s and t satisfying 0 ≤ s ≤ t ≤ T be given and let Y be an F (t)-measurable random
variable. Then

Ẽ [Y |F (s)] =
1

Z(s)
E [YZ(t)|F (s)] (1.57)

Proof. See e.g. Lemma 5.2.2 in [1]. □
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Theorem 1.16 (Girsanov, one dimension). Let W(t), 0 ≤ t ≤ T, be a Brownian motion on a probability
space (Ω,F ,P), and let F (t), 0 ≤ t ≤ T, be a filtration for this Brownian motion. Let Θ(t), 0 ≤ t ≤ T, be
an adapted process. Define

Z(t) = exp
{
−

∫ t

0
Θ(u) dW(u) −

1
2

∫ t

0
Θ2(u) du

}
(1.58)

W̃(t) = W(t) +
∫ t

0
Θ(u) du (1.59)

and assume that

E

∫ T

0
Θ2(u)Z2(u) du < ∞ (1.60)

Set Z = Z(T ). Then EZ = 1 and under the probability measure P̃ given by (1.55), the process W̃(t),
0 ≤ t ≤ T, is a Brownian motion.

Proof. See e.g. Theorem 5.2.3 in [1]. □

Remark 1.24 (see e.g. Section 5.2.2 in [1]). Let W(t), 0 ≤ t ≤ T, be a Brownian motion on a probability
space (Ω,F ,P), and let F (t), 0 ≤ t ≤ T, be a filtration for this Brownian motion. Consider a stock price
process whose differential is

dS (t) = α(t)S (t) dt + σ(t)S (t) dW(t), 0 ≤ t ≤ T (1.61)

α(t) and σ(t) are allowed to be adapted processes and we assume that, for all t ∈ [0, T ], σ(t) is almost
surely not zero. This stock price is generalized geometric Brownian motion, and an equivalent way of
writing (1.61) is

S (t) = S (0) exp
{∫ t

0
σ(s) dW(s) +

∫ t

0

(
α(s) −

1
2
σ2(s)

)
ds

}
(1.62)

In addition, suppose we have an adapted interest rate process R(t). We define the discount process

D(t) = e−
∫ t

0 R(s) ds (1.63)

and note that
dD(t) = −R(t)D(t)dt (1.64)

The discounted stock price process is

D(t)S (t) = S (0) exp
{∫ t

0
σ(s) dW(s) +

∫ t

0

(
α(s) − R(s) −

1
2
σ2(s)

)
ds

}
(1.65)

and its differential is

d (D(t)S (t)) = (α(t) − R(t)) D(t)S (t) dt + σ(t)D(t)S (t) dW(t)

= σ(t)D(t)S (t) [Θ(t) dt + dW(t)]
(1.66)

where we define the market price of risk to be

Θ(t) =
α(t) − R(t)

σ(t)
(1.67)
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We introduce the probability measure P̃ defined in Theorem 1.16 which uses the market price of risk Θ(t)
given by (1.67). In terms of the Brownian motion W̃(t) of that theorem, we may rewrite (1.66) as

d (D(t)S (t)) = σ(t)D(t)S (t)dW̃(t) (1.68)

This means that

D(t)S (t) = S (0) +
∫ t

0
σ(u)D(u)S (u)dW̃(u) (1.69)

and under P̃ the process
∫ t

0 σ(u)D(u)S (u)dW̃(u) is an Itô integral and hence a martingale.
The undiscounted stock price S (t) has mean rate of return equal to the interest rate under P̃, as one
can verify by making the replacement dW(t) = −Θ(t) dt + d ˜W(t) in (1.61). With this substitution, (1.61)
becomes

dS (t) = R(t)S (t) dt + σ(t)S (t) dW̃(t) (1.70)

From this we obtain the formula

S (t) = S (0) exp
{∫ t

0
σ(s) dW̃(s) +

∫ t

0

(
R(s) −

1
2
σ2(s)

)
ds

}
(1.71)

The change from the actual measure P to the risk-neutral measure P̃ changes the mean rate of return of
the stock but not the volatility.

Remark 1.25 (see e.g. Section 5.2.3 in [1]). Consider an agent who begins with initial capital X(0) and
at each time t, 0 ≤ t ≤ T, holds ∆(t) shares of stock, investing or borrowing at the interest rate R(t) as
necessary to finance this. The differential of this agent’s portfolio value is given by analogue of (1.38)
for this case of random α(t), σ(t), and R(t), and this works out to be

dX(t) = ∆(t) dS (t) + R(t) (X(t) − ∆(t)S (t)) dt

= R(t)X(t) dt + ∆(t)σ(t)S (t) [Θ(t) dt + dW(t)]
(1.72)

Itô’s product rule, (1.64), and (1.66) imply

d (D(t)X(t)) = ∆(t)σ(t)D(t)S (t) [Θ(t) dt + dW(t)] = ∆(t) d (D(t)S (t))

= ∆(t)σ(t)D(t)S (t) dW̃(t)
(1.73)

Remark 1.26 (see e.g. Section 5.2.4 in [1]). In Remark 1.18, the Black-Scholes-Merton equation for
the value of a European call was derived by asking what initial capital X(0) and portfolio process ∆(t)
an agent would need in order to hedge a short position in the call. In this remark, we generalize this.
Let V(t) be an F (t)-measurable random variable. This represents the payoff at time T of a derivative
security. We wish to know what initial capital X(0) and portfolio process ∆(t), 0 ≤ t ≤ T, an agent would
need in order to hedge a short position in this derivative security, i.e., in order to have

X(T ) = V(T ) almost surely (1.74)

We do not assume a constant mean rate of return, volatility, and interest rate.
Our agent wishes to choose initial capital X(0) and portfolio strategy ∆(t), 0 ≤ t ≤ T, such that (1.74)
holds. This can be done (see e.g. Section 5.2.5 in [1]). Once it has been done, the fact that D(t)X(t) is a
martingale under P̃ implies

D(t)X(t) = Ẽ [D(T )X(T )|F (t)] = Ẽ [D(T )V(T )|F (t)] (1.75)
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The value X(t) is the capital needed at time t in order to successfully complete the hedge of the short po-
sition in the derivative security with payoff V(T ). Hence, we can call this the price V(t) of the derivative
security at time t, and (1.75) becomes

D(t)V(t) = Ẽ [D(T )V(T )|F (t)] , 0 ≤ t ≤ T (1.76)

Dividing by V(t), which is F (t)-measurable and hence can be moved inside the conditional expectation
on the right-hand side, and recalling the definition of D(t), we may write (1.76) as

V(t) = Ẽ
[
e−

∫ T
t R(u) duV(T )|F (t)

]
, 0 ≤ t ≤ T (1.77)

We shall refer to both (1.76) and (1.77) as the risk-neutral pricing formula for the continuous-time
model.
The equation (1.77) was derived under the assumption that if an agent begins with the correct initial
capital, there is a portfolio process ∆(t), 0 ≤ t ≤ T, such that the agent’s portfolio value at the final time
T will be V(T ) almost surely. For the verification of this assumption, see e.g. Section 5.3 in [1].

Remark 1.27. In the rest of this section,

W(t) = (W1(t), · · · ,Wd(t)) (1.78)

is a multidimensional Brownian motion on a probability space (Ω,F ,P). Associated with this Brownian
motion, we have a filtration F (t). We shall also have a fixed final time T and assume that F = F (T ). We
do not always assume that the filtration is the one generated by the Brownian motion (we will state that
explicitly).

Theorem 1.17 (Girsanov, multiple dimensions). Let T be a fixed positive time, and letΘ(t) = (Θ1(t), · · · ,Θd(t))
be a d-dimensional adapted process. Define

Z(t) = exp
{
−

∫ t

0
Θ(u) · dW(u) −

1
2

∫ t

0
||Θ(u)||2du

}
, (1.79)

W̃(t) = W(t) +
∫ t

0
Θ(u) du

and assume that

E

∫ T

0
||Θ(u)||2Z2(u) du < ∞

Set Z = Z(T ). Then EZ = 1, and under the probability measure P̃ given by

P̃(A) =
∫

A
Z(ω)d(ω) for all A ∈ F ,

the process W̃(t) is a d-dimensional Brownian motion.

Proof. See e.g. Theorem 5.4.1 in [1]. □

Remark 1.28 (see e.g. Section 5.4.2 in [1]). We assume that there are m stocks, each with stochastic
differential

dS i(t) = αi(t)S i(t) dt + S i(t)
d∑

j=1

σi j(t) dW j(t), i = 1, · · · ,m. (1.80)
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We assume that the mean rate of return vector (αi(t))i=1,··· ,m and the volatility matrix
(
σi=1,··· ,m; j=1,··· ,d

)
are adapted processes. These stocks are typically correlated. To see the nature of this correlation, we set

σi(t) =
√∑d

j=1 σ
2
i j(t), which we assume is never zero, and we define processes

Bi(t) =
d∑

j=1

∫ t

0

σi j(u)
σi(u)

dW j(u), i = 1, · · · ,m.

Each Bi(t) is a continuous martingale. Furthermore,

dBi(t) dBi(t) =
d∑

j=1

σ2
i j(t)

σ2
i (t)

dt = dt

According to Theorem 1.10, Bi(t) is a Brownian motion. We may rewrite (1.80) as

dS i(t) = αi(t)S i(t) dt + σi(t)S i(t) dBi(t) (1.81)

From this formula, we see that σi(t) is the volatility of S i(t). For i , k, the Brownian motions Bi(t) and
Bk(t) are typically not independent. To see this, we first note that

dBi(t) dBk(t) =
d∑

j=1

σi j(t)σk j(t)
σi(t)σk(t)

dt = ρik(t) dt (1.82)

where

ρik(t) =
1

σi(t)σk(t)

d∑
j=1

σi j(t)σk j(t)

Itô’s product rule implies

d (Bi(t)Bk(t)) = Bi(t) dBk(t) + Bk(t) dBi(t) + dBi(t) dBk(t)

and integration of this equation yields

Bi(t)Bk(t) =
∫ t

0
Bi(u) dBk(u) +

∫ t

0
Bk(u) dBi(u) +

∫ t

0
ρik(u) du

From this we obtain the covariance formula

Cov [Bi(t), Bk(t)] = E
∫ t

0
ρik(u) du

When σi j(t) and σk j(t) are themselves random processes, we call ρik(t) the instantaneous correlation
between Bi(t) and Bk(t).
Finally, we note from (1.81) and (1.82) that

dS i(t) dS k(t) = ρik(t)σi(t)σk(t)S i(t)S k(t) dt

Rewriting this in terms of "relative differentials", we obtain

dS i(t)
S i(t)

·
dS k(t)
S k(t)

= ρik(t)σi(t)σk(t) dt
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The volatility processes σi(t) and σk(t) are the respective instantaneous standard deviations of the
relative changes in S i and S k at time t, and the process ρik(t) is the instantaneous correlation between
these relative changes.
We define a discount process

D(t) = e−
∫ t

0 R(u) du

We assume that the interest rate process R(t) is adapted. Differentials of discounted stock prices are

d (D(t)S i(t)) = D(t) [dS i(t) − R(t)S i(t) dt]

= D(t)S i(t) [(αi(t) − R(t)) dt + σi(t) dBi(t)] , i = 1, · · · ,m.

Definition 1.17 (Risk-Neutral Measure, see e.g. Definition 5.4.3 in [1]). A probability measure P̃ is said
to be risk-neutral if

1. for every A ∈ F , P(A) = 0 if and only if P̃(A) = 0.

2. under P̃, the discounted stock price D(t)S i(t) is a martingale for every i = 1, · · · ,m.

Remark 1.29 (see e.g. Section 5.4.3 in [1]). In order to make discounted stock prices be martingales,
we would like to find unknown processes Θ1(t), · · · ,Θd(t) such that

αi(t) − R(t) =
d∑

j=1

σi j(t)Θ j(t), i = 1, · · · ,m (1.83)

These equations are called market price of risk equations. If one cannot solve the market price of risk
equations, then there is an arbitrage lurking in the model; the model is bad and should not be used for
pricing.

Lemma 1.18. Let P̃ be a risk-neutral measure, and let X(t) be the value of a portfolio. Under P̃, the
discounted portfolio value D(t)X(t) is a martingale.

Proof. See e.g. Lemma 5.4.5 in [1]. □

Definition 1.18 (Arbitrage, see e.g. Definition 5.4.6 in [1]). An arbitrage is a portfolio value process
X(t) satisfying X(0) = 0 and also satisfying for some time T > 0

P {X(T ) ≥ 0} = 1, P {X(T ) > 0} > 0 (1.84)

Theorem 1.19 (First fundamental theorem of asset pricing). If a market model has a risk-neutral prob-
ability measure, then it does not admit arbitrage.

Proof. See e.g. Theorem 5.4.7 in [1]. □

Definition 1.19 (Complete market model, see e.g. Definition 5.4.8 in [1]). A market model is complete
if every derivative security can be hedged.

Theorem 1.20 (Second fundamental theorem of asset pricing). Consider a market model that has a risk-
neutral probability measure. The model is complete if and only if the risk-neutral probability measure is
unique.

Proof. See e.g. Theorem 5.4.9 in [1]. □
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1.6 Stochastic differential equations

Definition 1.20 (Stochastic differential equation, see e.g. Section 6.2 in [1]). A stochastic differential
equation is an equation of the form

dX(u) = β (u, X(u)) du + γ (u, X(u)) dW(u) (1.85)

where β(u, x) and γ(u, x) are given functions, called the drift and diffusion, respectively. In addition to
this equation, an initial condition of the form X(t) = x, where t ≥ 0 and x ∈ R, is specified.

Remark 1.30 (see e.g. Section 6.2 in [1]). We would like to find a stochastic process X(T ) defined for
T ≥ t, such that

X(t) = x, (1.86)

X(T ) = X(t) +
∫ T

t
β (u, X(u)) du +

∫ T

t
γ (u, X(u)) dW(u). (1.87)

Theorem 1.21 (Feynman-Kac). Consider the stochastic differential equation

dX(u) = β (u, X(u)) du + γ (u, X(u)) dW(u)

Let h(y) be a Borel-measurable function. Fix T > 0, and let t ∈ [0, T ] be given. Define the function

g(t, x) = Et,xh(X(T ))

We assume that Et,x|h(X(T ))| < ∞ for all t and x. Then g(t, x) satisfies the partial differential equation

∂tg(t, x) + β(t, x)∂xg(t, x) +
1
2
γ2(t, x)∂2

xg(t, x) = 0 (1.88)

and the terminal condition
g (T, x) = h(x) for all x

Proof. See e.g. Theorem 6.4.1 in [1]. □

Theorem 1.22 (Discounted Feynman-Kac). Consider the stochastic differential equation

dX(u) = β (u, X(u)) du + γ (u, X(u)) dW(u)

Let h(y) be a Borel-measurable function and let r be constant. Fix T > 0, and let t ∈ [0, T ] be given.
Define the function

f (t, x) = Et,x
[
e−r(T−t)h(X(T ))

]
. (1.89)

We assume that Et,x|h(X(T ))| < ∞ for all t and x.Then f (t, x) satisfies the partial differential equation

∂t f (t, x) + β(t, x)∂x f (t, x) +
1
2
γ2(t, x)∂2

x f (t, x) = r f (t, x) (1.90)

and the terminal condition
f (T, x) = h(x) for all x (1.91)

Proof. See e.g. Theorem 6.4.3 in [1]. □



Chapter 2

Asian options

2.1 Introduction

In this chapter, we study the problem of pricing arithmetic average Asian options in the Black–
Scholes framework. Unlike standard European options, whose payoff depends only on the value of the
underlying asset at maturity, Asian options depend on the average value of the asset over a given time
interval. This feature makes them particularly useful in practice, as they reduce the impact of short-term
price fluctuations and market manipulation near maturity.

From a mathematical perspective, this path-dependence introduces significant challenges. In partic-
ular, the payoff depends on the entire trajectory of the underlying asset price, which prevents the direct
application of standard Markovian pricing techniques. The goal of this chapter is therefore twofold: first,
to formulate the pricing problem in a precise mathematical framework, and second, to introduce some
analytic and numerical methods of estimating the option’s price.
While there exist a few types of Asian options, throughout the text we will only address the fixed-strike
Asian call option, whose payoff is given by (2.4). Pricing other types of Asian options could be done in
a similar manner.

Definition 2.1 (Asian option, see e.g. Section 7.5 in [1]). An Asian option is an option whose payoff
includes a time average of the underlying asset price. The average may be taken over the entire lifetime
of the option or over a subinterval ending at maturity. This averaging can be defined in two standard
ways.

In the case of continuous sampling, the average is given by

1
T

∫ T

0
S (t)dt. (2.1)

Alternatively, for discrete sampling at times 0 < t1 < t2 < · · · < tm = T, the average is defined as

1
m

m∑
j=1

S (t j). (2.2)

Remark 2.1 (Model setup, see e.g. Section 7.5.1 in [1]). Throughout this chapter, we work in the
standard Black–Scholes setting under the risk-neutral measure P̃. The underlying asset price process S (t)
is modelled as a geometric Brownian motion (see De f inition 1.11), satisfying the stochastic differential
equation

dS (t) = rS (t)dt + σS (t)dW̃(t), (2.3)

28
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where W̃(t) is a Brownian motion (see De f inition 1.8), r denotes the constant risk-free interest rate, and
σ > 0 is the volatility.

We focus on a continuously sampled, fixed-strike Asian call option. Its payoff at maturity T is given
by

V(T ) =
(

1
T

∫ T

0
S (t)dt − K

)+
, (2.4)

where K ≥ 0 is the strike price.
The arbitrage-free price of this option at time t ∈ [0,T ] is given by the risk-neutral pricing formula

(see Remark 1.26)
V(t) = Ẽ

[
e−r(T−t)V(T ) | F (t)

]
. (2.5)

Equivalently, the discounted price process satisfies

e−rtV(t) = Ẽ
[
e−rT V(T ) | F (t)

]
, (2.6)

and is therefore a martingale under P̃ (see De f inition 1.6). This representation provides the starting
point for all pricing methods considered in this chapter.

Remark 2.2 (Markovian reformulation, see e.g. Section 7.5.2 in [1]). A key difficulty in pricing Asian
options arises from the fact that the payoff V(T ) in (2.4) is path-dependent, meaning it depends on the
entire trajectory of the process S (t) over the interval [0, T ].

As a consequence, the standard Markov property cannot be directly used to express the option price
as a function of time and the current asset price alone. In other words, in general we cannot write V(t)
as a function of t and S (t) only, since the future payoff depends on how the process has evolved up to
time t.

To overcome this issue, the state space is enlarged by the introduction of an auxiliary process that
keeps track of the accumulated average. Define

Y(t) =
∫ t

0
S (u)du. (2.7)

This process represents the running integral of the asset price up to time t. Its dynamics follow directly
from the definition and are given by

dY(t) = S (t)dt. (2.8)

The pair
(
S (t), Y(t)

)
now forms a two-dimensional Markov process, since its evolution is fully deter-

mined by its current state and satisfies the system of stochastic differential equations (2.3) and (2.8).
Moreover, the terminal payoff can be expressed purely in terms of the final state of this augmented

process:

V(T ) =
(

1
T

Y(T ) − K
)+
. (2.9)

This observation allows us to recover a Markovian pricing framework. In particular, there exists a
deterministic function v(t, x, y) such that the option price can be written as

v
(
t, x, y

)
= Ẽ

e−r(T−t)
(

1
T

(
y +

∫ T

t
S (u)du

)
− K

)+ ∣∣∣∣∣∣ S (t) = x


By extension, the value of the option at any time t is given by the random variable

V(t) = v
(
t, S (t),Y(t)

)
(2.10)

This representation allows us to derive a partial differential equation characterizing the function v,
which is the result of the Feynman-Kac theorem (1.21).
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Theorem 2.1 (see e.g. Theorem 7.5.1 in [1]). The Asian call price function v (t, x, y) of (2.10) satisfies
the partial differential equation

∂tv(t, x, y) + rx∂xv(t, x, y) + x∂yv(t, x, y) +
1
2
σ2x2∂2

xv(t, x, y) = rv(t, x, y), 0 ≤ t < T, x ≥ 0, y ∈ R,
(2.11)

and the boundary conditions

v(t, 0, y) = e−r(T−t)
(
y

T
− K

)+
, 0 ≤ t < T, y ∈ R,

lim
y→−∞

v(t, x, y) = 0, 0 ≤ t < T, x ≥ 0, (2.12)

v(T, x, y) =
(
y

T
− K

)+
, x ≥ 0, y ∈ R.

This PDE serves as the main analytical tool for pricing Asian options in continuous time, and forms
the basis for both theoretical analysis and numerical methods developed later in this chapter. To solve
this equation numerically, it would normally be necessary to also specify the behavior of v(t, x, y) as x
approaches ∞ and y approaches ∞ or −∞. This can be avoided by the following theorem, for more
information see Section 7.5.3 in [1]:

Theorem 2.2 (Večeř, see e.g. Theorem 7.5.3 in [1]). For 0 ≤ t ≤ T, the price V(t) at time t of the
continuously averaged Asian call with payoff

V(T ) =
(
1
c

∫ T

T−c
S (t)dt − K

)+
(2.13)

at time T and with a constant c ∈ (0,T ] is

V(t) = S (t) g
(
t,

X(t)
S (t)

)
(2.14)

where g(t, y) satisfies the partial differential equation

∂tg(t, y) +
1
2
σ2 (γ(t) − y)2 ∂2

yg(t, y) = 0, 0 ≤ t < T, y ∈ R (2.15)

where γ(t) is given by

γ(t) =

 1
rc

(
1 − e−rc) , 0 ≤ t ≤ T − c,

1
rc

(
1 − e−r(T−t)

)
, T − c ≤ t ≤ T

and X(t) is given by

X(t) =

 1
rc

(
1 − e−rc) S (t) − e−r(T−t)K , 0 ≤ t ≤ T − c

1
rc

(
1 − e−r(T−t)

)
S (t) + e−r(T−t) 1

c

∫ t
T−c S (u)du − e−r(T−t)K , T − c ≤ t ≤ T

The boundary conditions for g(t, y) are

g(T, y) = y+, y ∈ R (2.16)

lim
y→−∞

g(t, y) = 0, lim
y→∞

[
g(t, y) − y

]
= 0, 0 ≤ t ≤ T. (2.17)
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2.2 Večeř Dimension Reduction Method

One way to price Asian options is to use the Večeř dimension reduction technique introduced in [5]
and [6].

2.2.1 Options on a traded account

In this subsection we will show the dimension reduction technique for Options on a traded account,
and later in S ection 2.2.2 we will use it for Asian options. More information can be found in [5].
An option on a traded account is a contract which allows the holder of the option to switch during the
life of the option among various positions in an underlying stock. The holder accumulates gains and
losses resulting from this trading, and at the expiration of the option keeps any gain and is forgiven any
loss. Suppose the stock evolves under the risk neutral measure according to the equation

dS (t) = rS (t)dt + σS (t)dW(t) (2.18)

where r is the interest rate an σ is the volatility of the stock. We denote the number of shares held at time
t by q(t). It is subject to the contractual constraint q(t) ∈

[
αt, βt

]
, α(t) ≤ β(t).

In our model the value of the option holder’s account corresponding to the strategy q(t) satisfies

dX(t, q(t)) = q(t)dS (t) + µ (X(t, q(t) − q(t)S (t))) dt

X(0, q(0)) = X0
(2.19)

where X0 is the initial wealth and µ is the interest rate corresponding to reinvesting the cash position
X(t, q(t))−q(t)S (t). The holder of the option will receive at time T the payoff (X(T, q(T ))+. The objective
of the seller of the option is to be prepared to hedge against all possible strategies of the holder of the
option. Therefore the price of this option at time t should be

V(t, S (t), X(t), αt, βt) = max
q(t)∈[αt ,βt]

e−r(T−t)E
[
(X(t, q(t)))+ |F (t)

]
, t ∈ [0, T ] . (2.20)

In [4] it is shown that the price of an option on a traded account satisfies the following Hamilton-Jacobi-
Bellman equation

−rV + ∂tV + rs∂sV + max
q(t)∈[αt ,βt]

[(µx + q(t)(r − µ))∂xV

+
1
2
σ2s2

(
∂2

sV + 2q(t)∂2
sxV + q2∂2

xV
)
] = 0

(2.21)

with the boundary condition
V (T, s, x) = (x)+ (2.22)

The maximum in (2.21) is attained by the optimal strategy qopt(t). Using the change of variable

Z(t) =
X(t, q(t))

S (t)

we can reduce the dimensionality of (2.20). In order to do that, we will denote f (X(t, q(t)), S (t)) = Z(t).
Applying Itô’s two-dimensional formula from Theorem 1.11 we get

dZ(t, q(t)) =
∂ f
∂s

dS (t) +
∂ f
∂x

dX(t, q(t))

+
1
2

[
∂2 f
∂x2 (dX(t, q(t)))2 +

∂2 f
∂s2 (dS (t))2 + 2

∂2 f
∂x∂s

dX(t, q(t))dS (t)
]
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We can quickly calculate that (dS (t))2 = σ2S 2(t)dt and dX(t, q(t))dS (t) = q(t)σ2S 2(t)dt, which means

dZ(t, q(t)) = −
X(t, q(t))

S 2(t)
(rS (t)dt + σS (t)dW(t))

+
1

S (t)
[
(rq(t)S (t) + µX(t, q(t)) − µq(t)S (t)) dt + q(t)σS (t)dW(t)

]
+

1
2

[
0 +

2X(t, q(t))
S 3(t)

σ2S 2(t)dt −
2

S 2(t)
q(t)σ2S 2(t)dt

]
Rearranging the terms we get

dZ(t, q(t)) = (q(t) − Z(t, q(t)))
(
r − µ −

σ2

2

)
dt + (q(t) − Z(t, q(t)))σdW(t) (2.23)

We next define a new probability measure P̃ by

P̃(A) =
∫

A
DT dP, A ∈ F (2.24)

where
DT = e−rT ·

S (T )
S (0)

(2.25)

Theorem 2.3. DT can be rewritten as

DT = exp
{
σW(T ) −

1
2
σ2T

}
(2.26)

Proof. Taking the stock S (t) which satisfies (2.18) and using Theorem 1.9 for a function f (t, S (t)), we
get

d f = ∂t f dt + ∂S f dS +
1
2
∂2

S f (dS )2 =

(
∂t f + rS ∂S f +

1
2
σ2S 2∂2

S f
)

dt + σS ∂S f dW(t) (2.27)

where we used the fact that (dt)2 = 0, dt · dW(t) = 0 = dW(t) · dt, (dW(t))2 = dt.
Now to prove the theorem, we specifically take the function f (S ) = ln(S ), which means that

∂t f = 0, ∂S f =
1
S
, ∂2

S f = −
1

S 2

substituting this into (2.27), we get

d(ln(S )) =
(
r −

1
2
σ2

)
dt + σdW(t)

Integrating the equation from 0 to T we get

ln(S (T )) − ln(S (0)) =
(
r −

1
2
σ2

)
T + σ(W(T ) −W(0)) =

(
r −

1
2
σ2

)
T + σW(T )

This means that

S (T ) = exp
{

ln(S (0) +
(
r −

1
2
σ2

)
T + σW(T )

}
= S (0) exp

{(
r −

1
2
σ2

)
T + σW(T )

}
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By the definition (2.25) of DT

DT = e−rT ·
S (T )
S (0)

= e−rT
S (0) exp

{(
r − 1

2σ
2
)

T + σW(T )
}

S (0)

= e−rT exp
{(

r −
1
2
σ2

)
T + σW(T )

}
= exp

{
σW(T ) −

1
2
σ2T

}
□

Theorem 2.4. P̃ is a probability measure.

Proof. It is obvious that for any A ∈ F

P̃(A) =
∫

A
DT dP =

∫
A

exp
{
σW(T ) −

1
2
σ2T

}
dP

is nonnegative, since DT > 0 almost surely. Also

P̃(Ω) =
∫
Ω

DT dP = EP (DT ) = exp
{
−

1
2
σ2T

}
EP

(
eσW(T )

)
= exp

{
−

1
2
σ2T

}
exp

{
1
2
σ2T

}
= 1

This proves the theorem. □

Theorem 2.5. Under P̃, W̃(t) = −σt +W(t) is a Brownian motion.

Proof. We want to use Girsanov’s theorem (Theorem 1.16). From the equation

W̃(t) = W(t) +
∫ t

0
Θ(u)du

we see that

−σt =
∫ t

0
Θ(u)du

which means Θ(u) = −σ. Next, we need to calculate Z(t)

Z(t) = exp
{∫ t

0
σdW(u) −

1
2

∫ t

0
σ2du

}
= exp

{
σW(t) −

1
2
σ2t

}
We can clearly see that Z(T ) = DT . The condition we need to check is

∞ > E

∫ T

0
σ2Z2(u)du = E

∫ T

0
σ2 exp

{
2σW(u) − σ2u

}
du = σ2

∫ T

0
e−σ

2u E exp {2σW(u)} du

= σ2
∫ T

0
e−σ

2u exp
{

1
2

4σ2u
}

du = σ2
∫ T

0
eσ

2udu

= σ2

eσ
2u

σ2

T

0

= eσ
2T − 1

This proves the theorem. □
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Using this, we can rewrite (2.23) as

dZ(t, q(t)) = (q(t) − Z(t, q(t))) (r − µ) dt + (q(t) − Z(t, q(t)))σ dW̃(t) (2.28)

The corresponding Hamilton-Jacobi-Bellman equation is

∂tu + max
q(t)∈[αt ,βt]

[(r − µ)(q(t) − z)∂zu +
1
2
σ2(q(t) − z)2∂2

z u] = 0 (2.29)

with the boundary condition
u (T, z) = (z)+ (2.30)

The relationship between V and u is

V (0, S 0, X0) = S 0 · u
(
0,

X0

S 0

)
(2.31)

2.2.2 Pricing Asian Options

First, we show that Asian options are a special case of options on a traded account introduced in
S ection 2.2.1. For example, to achieve the Asian fixed strike calĺ payoff

(
1
T Y(T ) − K

)+
, we choose

q(t) = 1 − t
T and X0 = S 0 − K. The traded account evolves according to

dX(t) =
(
1 −

t
T

)
dS (t) (2.32)

i.e., we choose µ = 0. Then we have

X(T ) =
∫ T

0

(
1 −

t
T

)
dS (t) + S 0 − K = Y(T ) − K (2.33)

where the second equation comes from the fact that d(tS (t)) = tdS (t) + S (t) dt, or in integral form

T
∫ T

0
dS (t) = TS (T ) =

∫ T

0
tdS (t) +

∫ T

0
S (t)dt

After rearranging the terms, we get the second equation in (2.33).
For other types of Asian options we would use different strategies q(t). Thus, we have showed that Asian
options are options on a traded account, and we can now apply the dimension reduction technique from
S ection 2.2.1. It is also important to note that for Asian options α(t) = β(t), so the option holder’s trading
strategy is a priori given to him. The Hamilton-Jacobi-Bellman equation (2.29) becomes

∂tu + r (q(t) − z) ∂zu +
1
2

(q(t) − z)2 σ2∂2
z u = 0 (2.34)

with the boundary condition
u (T, z) = (z)+ (2.35)

The price of the Asian option is then given by

v(0, S 0, X0) = S 0 · u
(
0,

X0

S 0

)
(2.36)
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To compute the value of this option numerically, we will build a uniform mesh

zi = z0 + i · dz, t j = j · dt

for 0 ≤ i ≤ M, 0 ≤ j ≤ N, and tN = T . According to [5], reasonable choices are z0 = −1, zM = 1.
The first one represents the Asian option with strike equal to zero, the second one the Asian option with
strike equal to double of the stock price. We will use the index notation ui, j = u(t j, zi) and q j = q(t j), and
denote ν = dz2

dt .

Theorem 2.6. The equation (2.34) can be discretized by a mixed implicit/explicit scheme as

Θ

[
σ2

(
q j − zi

)2
− dz · r

(
q j − zi

)]
ui−1, j − 2

[
Θσ2

(
q j − zi

)2
+ ν

]
ui, j

+ Θ

[
σ2

(
q j − zi

)2
+ dz · r

(
q j − zi

)]
ui+1, j = −(1 − Θ)

[
σ2

(
q j − zi

)2
− dz · r

(
q j − zi

)]
ui−1, j+1

+ 2
[
(1 − Θ)σ2

(
q j − zi

)2
− ν

]
ui, j+1 − (1 − Θ)

[
σ2

(
q j − zi

)2
+ dz · r

(
q j − zi

)]
ui+1, j+1

(2.37)

where 0 ≤ Θ ≤ 1. The boundary condition for these equations is

ui,N = (zi)+

This system of equations is tridiagonal. A logical choice of the boundary conditions would be

u0, j = 0, uM, j = 2uM−1, j − uM−2, j

The lower condition is Dirichlet, and in our case it makes sense, since u(t j, z0) is far out-of-the-money,
and it makes sense that price of this option would be 0. The upper boundary is a linear extrapolation, and
it corresponds to the fact that u(t j, zM) is deeply in-the-money, and its price should behave linearly with
respect to the underlying asset. Further discussion can be found in [5]
The choice of Θ gives us freedom to pick the time point at which the partial derivatives with respect to
z are evaluated. For Θ = 0, they get evaluated at t j+1 and the scheme is explicit. For Θ = 1, they get
evaluated at t j and the scheme is implicit. For Θ = 1

2 , we get the Crank-Nicholson scheme.

2.3 Dimension reduction using the Laplace transform

2.3.1 The Laplace transform and the Kummer’s equation

Definition 2.2 (see e.g. Section 1.4 in [15]). A function f has an exponential order α if

| f (t)| ≤ Meαt, t ≥ t0

for some constants M > 0, t0 ≥ 0 and α.

Definition 2.3 (see e.g. Section 1.1 in [15]). Let f be a real or complex function of time variable t > 0
and parameter s. The Laplace transform of f is defined as

F(s) ≡ L ( f (t)) =
∫ ∞

0
e−st f (t)dt

if the integral converges.
If u = u(x, t) is a function with time varible t > 0, then the Laplace transform is

U(x, s) ≡ L (u(x, t)) =
∫ ∞

0
e−stu(x, t)dt
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Theorem 2.7 (see e.g. Theorem 2.7 and Theorem 2.12 in [15]). Let f be continuous on (0,∞) and of
exponential order α and f

′

be piecewise continuous on ⟨0,∞). Then

L
(

f
′

(t)
)
= sL ( f (t)) − f (0+)

for Re(s) > α.
If we further suppose that f (t), f

′

(t), · · · , f (n−1)(t) are continuous on (0,∞) and of exponential order,
while f (n)(t) is piecewise continuous on ⟨0,∞), then

L
(

f (n)(t)
)
= snL ( f (t)) − sn−1 f (0+) − sn−2 f

′

(0+) − · · · − f (n−1)(0+)

Remark 2.3 (see e.g. Chapter 5 in [15]). For u = u(x, t), we will assume that

L(∂xu) = ∂xU(x, s)

where U(x, s) is the Laplace transform of f . We can write a second derivate version as

L(∂2
xu) = ∂2

xU(x, s)

This means that the Laplace transform applies to the time variable τ, and is commutative with the spatial
derivatives.

Definition 2.4 (see e.g. Chapter 13 in [12]). By Kummer’s equation we mean the equation of type

z
d2w

dz2 + (b − z)
dw
dz
− aw = 0 (2.38)

which has two linearly independent solutions (see 13.1.2 and 13.1.3 in [12])

1F1(a; b; z) =
+∞∑
n=0

a(n)zn

b(n)n!

2F1(a; b; z) =
π

sin(πb)

{
1F1(a; b; z)

Γ(1 + a − b)Γ(b)
− z1−b 1F1(1 + a − b; 2 − b; z)

Γ(a)Γ(2 − b)

} (2.39)

If b is a non-positive integer, then 1F1 is undefined. Also, ifℜ(z) < 0, then as |z| → ∞

1F1(a; b; z) ∼
Γ(b)
Γ(b − a)

(−z)−a (2.40)

(see 13.1.5 in [12]).

Definition 2.5 (Inverse Laplace transform, see e.g. Section 1.7 in [15]). Let f be a real or complex
function of time variable t > 0 and parameter s. If L( f (t)) = F(s), then the inverse Laplace transform
is denoted by

L−1(F(s)) = f (t), t ≥ 0

Theorem 2.8. Let f be a real or complex function of time variable t > 0 and parameter s. Then

f (t) = L−1(F(s)) =
1

2πi
lim

D→∞

∫ γ+iD

γ−iD
estF(s)ds

where the integration is done along the vertical lineℜ(s) = γ in the complex place such that γ is greater
than the real part of all singularities of F and F is bounded on the line.

Proof. See e.g. [17]. □
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2.3.2 The dimension reduction technique

This method was partially published in [11] and [13]. We will start with the transformation

v (t, x, y) = x f (t, ψ) , ψ =
K − y

T

x
(2.41)

Applying it on equation (2.11) results in

∂t f −
(

1
T
+ rψ

)
∂ψ f +

1
2
σ2ψ2∂2

ψ f = 0 (2.42)

with the boundary condition
f (T, ψ) = max {−ψ, 0}

In [9] it was shown that the analytical solution for ψ ≤ 0 is

f (t, ψ) =
1

rT

(
1 − e−r(T−t)

)
− ψe−r(T−t) (2.43)

Thus from now on we will only consider the case ψ > 0. Let us substitute τ = T − t into equation (2.42)

−∂τ f −
(

1
T
+ rψ

)
∂ψ f +

1
2
σ2ψ2∂2

ψ f = 0 (2.44)

with initial and boundary conditions

f (0, ψ) = max {−ψ, 0}

f (τ, 0) =
1

rT
(
1 − e−rτ)

The next step is to derive the Geman-Yor model for Asian call option prices (see e.g. [14]). Our new
variables will be

ν =
2r
σ2 − 1, τ2 =

1
4
σ2τ, α = −

1
4
σ2Tψ, C =

1
4
σ2erτT f (2.45)

The partial differential equation (2.44) becomes

∂τ2C = 2α2∂2
αC + (1 − 2(ν + 1)α) ∂αC + 2(ν + 1)C (2.46)

with domain τ2 > 0, α < 0 (for detailed discussion of this fact see Section 3.2 in [11]). We have an initial
condition

C(α, 0) = max
{

4α
σ2T

, 0
}
= 0

and boundary condition

C(0, τ2) =
e2(ν+1)τ2 − 1

2(ν + 1)
(2.47)

Theorem 2.9. Applying the Laplace transform

Ĉ ≡ L(C)(α, p) =
∫ +∞

0
e−pτ2C(α, τ2) dτ2

on equation (2.46) yields

0 = 2α2∂2
αĈ + (1 − 2(ν + 1)α) ∂αĈ + (2(ν + 1) − p) Ĉ (2.48)

with boundary condition

Ĉ(0, p) =
1

p (p − 2(ν + 1))
, forℜ(p) > max (2(ν + 1), 0) (2.49)
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Proof. We will apply Theorem 2.7 and Remark 2.3 on equation (2.46). The time derivative becomes

L
(
∂τ2C

)
= pĈ −C(α, 0+) = pĈ

The spatial derivatives become

(L) (∂αC) = ∂αĈ, (L)
(
∂2
αC

)
= ∂2

αĈ

Combining these yields the equation. For the boundary condition, we get

Ĉ(0, p) =
1

2(ν + 1)

(
L(e2(ν+1)τ2) − L(1)

)
Now we just need to use the definition to calculate

L(1) =
∫ +∞

0
e−pτ2dτ2 =

1
p

L
(
e2(ν+1)τ2

)
=

∫ +∞

0
e−pτ2e2(ν+1)τ2 dτ2 =

1
p − 2(ν + 1)

where the last equation only holds ifℜ(p) > max (2(ν + 1), 0) □

2.3.3 Solving the reduced equation via the hyper-geometric functions

Theorem 2.10. The solution of (2.48) can be expressed in terms of two confluent hyper-geometric func-
tions

Ĉ(α, p) = C1(p)A1(α, p) +C2(p)A2(α, p)

where, if we denote µ =
√

2p + ν2,

A1(α, p) = (2α)(2+ν+µ)/2
1F1

(
−

1
2

(µ + ν + 2); 1 − µ;
1

2α

)
A2(α, p) = (2α)(2+ν−µ)/2

1F1

(
1
2

(µ − ν − 2); 1 + µ;
1

2α

) (2.50)

Proof. See e.g. Section 3.2 in [11]. □

Theorem 2.11. Ĉ can not include A1(α, p).

Proof. For a valid Laplace transform, the solution must be holomorphic (forℜ(p) > max (2(ν + 1), 0)).
From De f inition 2.4, we know that 1F1 is undefined for non-positive integers. Since b = 1 − µ for A1,
there will exist some p1, p2, · · · such that µ1 = −1, µ2 = −2, · · · , and A1 will be undefined for all such
µi. This means that A1 won’t be holomorphic on the whole set where ℜ(p) > max (2(ν + 1), 0), which
completes our proof. □

Using (2.40) in combination with the boundary condition (2.49), we obtain C2 and arrive at the
Geman and Yor model (see [14])

Ĉ(α, p) =
(2α)

1
2 (2+ν−µ)Γ(2 + 1

2 (µ + ν))
p(p − 2(1 + ν))Γ(1 + µ) 1F1

(
1
2

(µ − ν − 2); 1 + µ;
1

2α

)
(2.51)
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2.3.4 Implementation

In order to implement (2.51), we want to rewrite 1F1 in an integral form. We will use the equation
9.211.1 in [16]

1F1(a, b, z) =
21−be

1
2 z

B(a, b − a)

∫ 1

−1
(1 − t)b−a−1(1 + t)a−1e

1
2 ztdt, 0 < ℜ(a) < ℜ(b)

where B is the Beta function. Using the substitution u = t+1
2 , we arrive at

1F1(a, b, z) =
1

B(a, b − a)

∫ 1

0
ezuua−1(1 − u)b−a−1du, 0 < ℜ(a) < ℜ(b)

The Beta function can be expressed in terms of Gamma functions as

B(a, b − a) =
Γ(a)Γ(b − a)
Γ(b)

So the general integral form of 1F1 is

1F1(a, b, z) =
Γ(b)

Γ(a)Γ(b − a)

∫ 1

0
ezuua−1(1 − u)b−a−1du, 0 < ℜ(a) < ℜ(b)

If we plug in our parameters, we arrive at

1F1

(
1
2

(µ − ν − 2); 1 + µ;
1

2α

)
=

Γ(1 + µ)
Γ( 1

2 (µ − ν − 2))Γ(2 + 1
2 (µ + ν))

∫ 1

0
e

1
2αuu

1
2 (µ−ν−2)−1(1 − u)1+µ− 1

2 (µ−ν−2)−1du

for 0 < ℜ( 1
2 (µ − ν − 2)) < ℜ(1 + µ). Plugging this back into (2.51) we get

Ĉ(α, p) =
(2α)

1
2 (2+ν−µ)

p(p − 2(1 + ν))Γ( 1
2 (µ − ν − 2))

∫ 1

0
e

u
2α u

µ−ν−4
2 (1 − u)

µ+ν+2
2 du (2.52)

for α < 0,ℜ(p) > max(2(ν+ 1), 0) and 0 < ℜ
(
µ−ν−2

2

)
< ℜ(1+µ). In order to implement this efficiently,

we will perform integral substitution u = −2αz on (2.52) to get

Ĉ(α, p) =
−(2α)

1
2 (ν−µ)+2

p(p − 2(1 + ν))Γ( 1
2 (µ − ν − 2))

∫ 1/(−2α)

0
e−z(−2αz)

µ−ν−4
2 (1 + 2αz)

µ+ν+2
2 dz

=
(−1)

µ−ν
2 −1

p(p − 2(1 + ν))Γ( 1
2 (µ − ν − 2))

∫ 1/(−2α)

0
e−z z

µ−ν−4
2 (1 + 2αz)

µ+ν+2
2 dz

(2.53)

Now using Theorem 2.8, we can invert the solution (2.53) as

C(α, τ2) =
1

2πi
lim

D→∞

∫ γ+iD

γ−iD
epτ2Ĉ(α, p) dp (2.54)

Note that there still are the restrictions α < 0, ℜ(p) > max(2(ν + 1), 0) and 0 < ℜ
(
µ−ν−2

2

)
< ℜ(1 + µ).

We must therefore pick a vertical path in the complex plane which doesn’t violate them. To be safe, we
pick the shift γ = 2ν+2

σ2 (it’s valid since we never choose σ > 0.3). Now, the only thing left to do is to
scale back from C to v, which can be done by

v = x · f =
4xe−rτC
σ2T
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2.4 Numerical solution using Crank-Nicholson scheme

Remark 2.4. It should be noted that a solution to (2.11) for y > KT is obtained in [14]

v (t, x, y) =
x

rT

(
1 − e−r(T−t)

)
+ e−r(T−t)

(
y

T
− K

)
(2.55)

Thus we will only focus on numerical solutions for 0 < y < KT.
From (2.55) we can also get the boundary condition at y = KT

v (t, x,KT ) =
x

rT

(
1 − e−r(T−t)

)
(2.56)

2.4.1 Problem description and discretization

Using Crank-Nicolson scheme to price Asian options was done in [18]. We start by restricting the
spatial variable domain to (0, Xmax) for sufficiently large Xmax and take Ω1 = (0, Xmax), Ω2 = (0,KT ),
Ω3 = (0, T ), and Ω = Ω1 ×Ω2 ×Ω3. We restrict the equation (2.11)

∂tv(t, x, y) + rx∂xv(t, x, y) + x∂yv(t, x, y) +
1
2
σ2x2∂2

xv(t, x, y) = rv(t, x, y), (x, y, t) ∈ Ω

with the boundary conditions

v(t, 0, y) = e−r(T−t)
(
y

T
− K

)+
, (y, t) ∈ Ω2 ×Ω3 (2.57)

v(T, x, y) =
(
y

T
− K

)+
, (x, y) ∈ Ω1 ×Ω2 (2.58)

v(t, x,KT ) =
x

rT

(
1 − e−r(T−t)

)
, (x, t) ∈ Ω1 ×Ω3 (2.59)

v(t, Xmax, y) =
Xmax

rT

(
1 − e−r(T−t)

)
+ e−r(T−t)

(
y

T
− K

)+
, (y, t) ∈ Ω2 ×Ω3 (2.60)

We can use the substitution τ = T − t to make our equation forward in time

∂τv − rx∂xv − x∂yv −
1
2
σ2x2∂2

xv = −rv, (x, y, t) ∈ Ω

v(τ, 0, y) = e−rτ
(
y

T
− K

)+
, (y, τ) ∈ Ω2 ×Ω3

v(0, x, y) =
(
y

T
− K

)+
, (x, y) ∈ Ω1 ×Ω2

v(τ, x,KT ) =
x

rT
(
1 − e−rτ) , (x, τ) ∈ Ω1 ×Ω3

v(τ, Xmax, y) =
Xmax

rT
(
1 − e−rτ) + e−rτ

(
y

T
− K

)+
, (y, τ) ∈ Ω2 ×Ω3

(2.61)

The task of this section is to solve (2.61). We will discretize the time variable domain [0, T ] as

ΩN =

{
τn = n∆τ, ∆τ =

T
N
, n = 0, 1, · · · ,N

}
To discretize the temporal variable in the numerical solution of (2.61), we use the Crank-Nicolson
scheme. The spatial variable domain [0, Xmax] × [0,KT ] is discretized as

ΩNx,Ny =

{(
xi, y j

)
= (ih, jk) , h =

Xmax

Nx
, k =

KT
Ny

; i = 0, · · · ,Nx; j = 0, · · · ,Ny

}
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The central difference technique is used to discretize the space derivatives at each time step τn. Let us
define the operators

δtU

(
τn+ 1

2
, xi, y j

)
=
U

(
τn+1, xi, y j

)
−U

(
τn, xi, y j

)
∆τ

DXU
(
τn, xi, y j

)
=
U

(
τn, xi+1, y j

)
−U

(
τn, xi−1, y j

)
2h

δ2
xU

(
τn, xi, y j

)
=
U

(
τn, xi+1, y j

)
− 2U

(
τn, xi, y j

)
+U

(
τn, xi−1, y j

)
h2

(2.62)

Then we have a fully discrete scheme(
δt − rxiDX − xiδy −

1
2
σ2x2

i δ
2
x + r

)
U

n+ 1
2

i, j+ 1
2
= 0, in ΩNx,Ny,N

Un
0, j = e−rτn

(y j

T
− K

)+
, j = 0, 1, · · · ,Ny, n = 0, 1, · · · ,N

U0
i, j =

(y j

T
− K

)+
, i = 0, 1, · · · ,Nx, j = 0, 1, · · · ,Ny

Un
i,Ny
=

xi

rT
(
1 − e−rτn

)
, i = 0, 1, · · · ,Nx. n = 0, 1, · · · ,N

Un
Nx, j =

Xmax

rT
(
1 − e−rτn

)
+ e−rτn

(y j

T
− K

)+
, j = 0, 1, · · · ,Ny, n = 0, 1, · · · ,N

(2.63)

where

Un
i, j = U

(
τn, xi, y j

)
, U

n+ 1
2

i, j+ 1
2
=

Un
i, j+ 1

2
+Un+1

i, j+ 1
2

2
(2.64)

where U is the assumed solution for the fully discrete scheme (2.63), Ω
Nx,Ny,N

= ΩNx,Ny × ΩN and
ΩNx,Ny,N = Ω

Nx,Ny,N
∩Ω.

2.4.2 Stability, consistency and the truncation error

Theorem 2.12. The fully discrete scheme (2.63) is unconditionally stable, however it has a purely tem-
poral regularity condition ∆τ < 1

C1
, where C1 = 2 max

{
σ2, r

}
, with respect to the initial condition and

source term.

Proof. See Remark 1 in [18]. □

Theorem 2.13. The local truncation error of (2.63) is

T
n+ 1

2

i, j+ 1
2
=

(
δt − rxiDX − xiδy −

1
2
σ2x2

i δ
2
x + r

)
(v −U)

(
τn+ 1

2
, xi, y j+ 1

2

)
(2.65)

where v is the solution to the continuous problem (2.61) and U is the solution to the discrete problem
(2.63). Then ∣∣∣∣∣T n+ 1

2

i, j+ 1
2
(∆τ, h, k)

∣∣∣∣∣ ≤ C2
(
(∆τ)2 + h2 + k2

)
(2.66)

where C2 represents a positive constant determined by Equation 4.14 in [18] and additionally

lim
(∆τ,h,k)→(0,0,0)

T
n+ 1

2

i, j+ 1
2

(∆τ, h, k) = 0. (2.67)

This means that the fully discrete scheme (2.63) is consistent as temporal and all spatial lengths approach
zero.
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Proof. See e.g. Section 4.2 in [18]. □

Theorem 2.14. Denote v as the solution to the continuous problem (2.61) and U as the solution to the
discrete problem (2.63). Define

E
(
τn, xi, y j

)
= (v −U)

(
τn, xi, y j

)
, in Ω

Nx,Ny,N (2.68)

Then the error corresponding toU at time level n satisfies∣∣∣∣∣∣En(∆τ, h, k)
∣∣∣∣∣∣ ≤ K1

(
(∆τ)2 + h2 + k2

)
(2.69)

where K1 = 2C2
√

XmaxKT 3 exp(2C1T ), C1 is the constant from Theorem 2.12 and C2 is the constant
from Theorem 2.13. This means the fully discrete scheme (2.63) is convergent.

Proof. See e.g. Theorem 2 in [18]. □

2.4.3 Richardson extrapolation

Let us use Richardson extrapolation for a more precise solution (see e.g. [19] for more information
on the Richardson extrapolation). Let Ũ denote a solution to the fully discrete scheme (2.63) obtained
by reducing the grind lengths of spatial variables by half, and let

Uextp
(
τn, xi, y j

)
=

4
3
Ũ

(
τn, xi, y j

)
−

1
3
U

(
τn, xi, y j

)
(2.70)

Theorem 2.15. The local truncation error that arises from using Richardson extrapolation can be ex-
pressed as (

δt − rxiDX − xiδy −
1
2
σ2x2

i δ
2
x + r

) (
v −Uextp

) (
τn+ 1

2
, xi, y j+ 1

2

)
=

4
3
T

n+ 1
2

i, j+ 1
2

(
∆τ,

h
2
,

k
2

)
−

1
3
T

n+ 1
2

i, j+ 1
2

(∆τ, h, k)
(2.71)

and it is of order O
(
h4

)
+ O

(
k4

)
+ O

(
(∆τ)2

)
.

Proof. See e.g. Section 5 in [18]. □

Theorem 2.16. Define

Eextp
(
τn, xi, y j

)
=

(
v −Uextp

) (
τn, xi, y j

)
, in Ω

Nx,Ny,N (2.72)

Then the error corresponding toUextp at time level n satisfies∣∣∣∣∣∣En
extp(∆τ, h, k)

∣∣∣∣∣∣ ≤ K2
(
(∆τ)2 + h4 + k4

)
(2.73)

whereK2 is some positive constant. This is an equivalent form of Theorem 2.14 for the discrete solution
Uextp.

Proof. See e.g. Remark 3 in [18]. □



CHAPTER 2. ASIAN OPTIONS 43

2.5 Numerical solution using MPDATA

2.5.1 The MPDATA algorithm

The Multidimensional Positive-Definite Advection Transport Algorithm (MPDATA) is a finite-difference
scheme developed for the numerical solution of linear transport equations written in conservative form

∂tΨ = −∂x(uΨ) − ∂y(vΨ) (2.74)

where u, v are the flow velocities corresponding to x, y coordinates, respectively, and Ψ is a nonnegative
scalar field. For a complete overview, see [20]. A donor-cell upwind scheme discretisation to (2.74) can
be written as

Ψ
[n+1]
[i, j] = Ψ

[n]
[i, j] −

1∑
d=0

(
F

[
Ψ

[n]
[i, j],Ψ

[n]
[i, j]+πd

1,0
,Cd

[i, j]+πd
1/2,0

]
− F

[
Ψ

[n]
[i, j]+πd

−1,0
,Ψ[n]

[i, j],C
d
[i, j]+πd

−1/2,0

])
(2.75)

where i, j are spatial discretisation indices, n denotes temporal discretisation index and πd
a,b indicates a

cyclic permutation of an order d of a set {a, b}, for example
1∑

d=0

Ψ[i, j]+πd
1,0
= Ψ[i+1, j] + Ψ[i, j+1] (2.76)

C is the Courant number vector field

C =
(
C1

C2

)
=

(
uδt/δx
vδt/δy

)
(2.77)

and the flux function F is defined as

F (ΨL,ΨR,C) = max(C, 0) · ΨL +min(C, 0) · ΨR (2.78)

The integer and half-integer indices correspond to cell centers and cell walls, respectively. The truncation
error analysis shows that (2.75) is only a first-order approximation in δx and δt of (2.74) and that it’s
strongly diffusive. MPDATA achieves a higher-order accuracy by attempting to compensate for the
leading-order numerical diffusion error of the donor-cell scheme. It is easy to see that (2.74) is a second-
order approximation of the advection-diffusion equation

∂tΨ = − ∂x(uΨ) − ∂y(vΨ)

+
(δx)2

2δt

(
|C1| −

(
C1

)2
)
∂2

xΨ +
(δy)2

2δt

(
|C2| −

(
C2

)2
)
∂2
yΨ −

C1C2δxδy
δt

∂2
xyΨ

(2.79)

Therefore we define antidiffusive pseudo velocities in the x and y directions

ũ =
(δx)2

2δt

(
|C1| −

(
C1

)2
) 1
Ψ
∂xΨ −

C1C2δxδy
2δt

1
Ψ
∂yΨ

ṽ =
(δy)2

2δt

(
|C2| −

(
C2

)2
) 1
Ψ
∂yΨ −

C1C2δxδy
2δt

1
Ψ
∂xΨ

(2.80)

In order to compensate the first-order error of (2.75), we can use the donor-cell scheme again, only with
ũ, ṽ as the velocities and Ψ[n+1] in the place of Ψ[n]. By choosing uniformly bounded approximations of
ratios (1/Ψ)∇Ψ, one assures the stability of the corrective iteration [20].
[24] provides a detailed discussion of the consistency, stability and accuracy of the scheme. Second-
and third-order convergence rates of different MPDATA options have been documented for Cartesian
meshes [24], [25]. The scheme also inherits the key properties of UPWIND, namely conservativeness
and positive-definiteness [20]. The corrective step can be employed iteratively, subsequent iterations
employ the same scheme for correcting the numerical diffusion incurred in the UPWIND steps employed
in corrective iterations.
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2.5.2 Using MPDATA to price Asian options

Using MPDATA to price path-dependent Asian-style options was done in [21], pricing European and
American options was done in [22]. We will rewrite (2.11)

∂tv(t, x, y) + rx∂xv(t, x, y) + x∂yv(t, x, y) +
1
2
σ2x2∂2

xv(t, x, y) = rv(t, x, y)

into an advection-only problem in order to apply the MPDATA algorithm. First step will be to transform
it into a homogenous, constant-coefficient advection-diffusion equation using the substitution:

α = ln(x)

β = y

Ψ = e−rtv (t, x, y)

u = r −
1
2
σ2

η = eα

ν = −
1
2
σ2

(2.81)

The resultant transport problem is

∂tΨ + u∂αΨ + η∂βΨ − ν∂2
αΨ = 0 (2.82)

We must recast the diffusion term in (2.82) as an advective flux. Our second step is to transform (2.82)
into an advection-only problem in (α, β) coordinates

∂tΨ + ∇ · (uΨ) = 0 (2.83)

u =
(
u − ν 1

Ψ
∂αΨ

η

)
(2.84)

Let d = 1, 2 index the spatial directions corresponding to α, β and let Ψ[n]
[i, j] denote the numerical approxi-

mation of Ψ(t, α, β) at time tn = n∆t and spatial location (αi, β j) = (i∆α, j∆β). The value Ψ[n]
[i, j] represents

the cell average over the control volume [αi− 1
2
, αi+ 1

2
] × [β j− 1

2
, β j+ 1

2
].

The donor-cell scheme for (2.83) is

Ψ
[n+1]
[i, j] = Ψ

[n]
[i, j] −

N−1∑
d=0

(
F

[
Ψ

[n]
[i, j],Ψ

[n]
[i, j]+πd

1,0
,C[d]

[i, j]+πd
1/2,0

]
− F

[
Ψ

[n]
[i, j]+πd

−1,0
,Ψ[n]

[i, j],C
[d]
[i, j]+πd

−1/2,0

])
(2.85)

with πd
a,b explained in (2.76) and F a flux function defined in (2.78). For the present problem, the Courant

vector field is

C =
 ∆t
∆α

(
u − ν∂αΨ

Ψ

)
∆t
∆βη

 (2.86)

with the α component discretised as

C[0]
[i+1/2, j] =

∆t
∆α

(
u − ν

2
∆α

A[0]
[i, j](Ψ)

)
(2.87)

with

A[d]
[i, j](Ψ) =

Ψ[i, j]+πd
1,0
− Ψ[i, j]

Ψ[i, j]+πd
1,0
+ Ψ[i, j]

(2.88)
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with A set to zero if the terms in denominator sum up to zero.
The antidiffusive Courant number analytically derived using the modified equation analysis is

C
′[d]
[i, j]+πd

1/2,0
=

∣∣∣∣∣C[d]
[i, j]+πd

1/2,0

∣∣∣∣∣ · [1 − ∣∣∣∣∣C[d]
[i, j]+πd

1/2,0

∣∣∣∣∣] · A[d]
[i, j](Ψ)

−

N∑
q=0,q,d

C[d]
[i, j]+πd

1/2,0
·C

[q]
[i, j]+πd

1/2,0
· B[d]

[i, j](Ψ)
(2.89)

where

C
[q]
[i, j]+πd

1/2,0
=

1
4
·

(
C[q]

[i, j]+πd
1,1/2
+C[q]

[i, j]+πd
0,1/2
+C[q]

[i, j]+πd
1,−1/2
+C[q]

[i, j]+πd
0,−1/2

)
(2.90)

and

B[d]
[i, j](Ψ) =

1
2
·

Ψ[i, j]+πd
1,1
+ Ψ[i, j]+πd

0,1
− Ψ[i, j]+πd

1,−1
− Ψ[i, j]+πd

0,−1

Ψ[i, j]+πd
1,1
+ Ψ[i, j]+πd

0,1
+ Ψ[i, j]+πd

1,−1
+ Ψ[i, j]+πd

0,−1

(2.91)

The terminal condition for the pricing PDE is the discounted payoff Ψ at t = T :

Ψ (T, x, y) = e−rT v (T, x, y) (2.92)

and the stability criterion [21] is
2νδt
δα2 ≤

1
2

(2.93)

in [27] and [21], it was discussed that casting the pricing problem as a transport equation gives us an
intuitive inflow and outflow interpretation of the boundary conditions. In Figure 1 (a) of [21] it is shown
that the boundary conditions specification for Ψ at maximum value of α and at β = 0 are irrelevant
because the vector field directs the flow outwards from the domain. For simplicity all inflow boundary
conditions are set to spatial extrapolation ofΨ and constant extension of the Courant number vector field.
These conditions also apply to corrective iterations, where the vector field is the antidiffusive Courant
number. For more information see Section 2.6 in [21].
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Numerical results

In this chapter we show numerical results of the methods introduced in Chapter 2. All the supple-
mentary code can be found in Chapter A and the Github repository for this research task.

3.1 Benchmark solution

In order to test how well the methods behave, we introduce a benchmark method using Monte Carlo
simulation (for basic information see [26]). In order to shrink the 95% confidence interval to achieve a
desirable accuracy, we would need a tremendous amount of simulations. Therefore we use a variance
reduction technique called control variate briefly explained in the following text, and described in more
detail in [27]. The implementation is taken from this Github repository.

The control variate technique reduces the variance of the standard Monte Carlo estimator by exploit-
ing the known analytical solution of a highly correlated companion option. In general, if we seek to
estimate the expected value of a random variable Y (the target option price) using a simulated variable X
whose expected value E[X] is known analytically, the control variate estimator YCV is defined as:

YCV = Y + β (E[X] − X) (3.1)

where β is a constant coefficient chosen to minimize the variance of YCV . Because E [E[X] − X] = 0,
the expected value E[YCV ] = E[Y], ensuring that the estimator remains unbiased.

In the context of Asian option pricing under the Kemna and Vorst [27] framework, an arithmetic
Asian option lacks a closed-form solution, but a geometric Asian option can be priced analytically. Thus,
in our case Y is the payoff of the target Arithmetic Asian Option, X is the payoff of the Geometric Asian
Option and E[X] is the exact, analytic price of the Geometric Asian Option calculated via an adjusted
Black-Scholes formula. β is Set to 1 in our implementation. The final variance-reduced option value is
obtained by taking the sample average of the control variate payoffs across all N simulations:

V̂CV =
1
N

N∑
i=1

(
Y (i) + E[X] − X(i)

)
(3.2)

To find how many simulations are required to reach an acceptable level of pricing stability, we analyze
the convergence behavior across different sample sizes for one specific choice of the option’s parameters.
We first observe the control variate method over a spectrum ranging from 1,000 to 800,000 simulations

46

https://github.com/AdVy01/pricing-asian-options.git
https://github.com/jpcolino/IPython_notebooks/blob/527cdd5fd7d3071ef7d76fd1e9604b9f8e0c4e14/Asian%20Option%20valuation%20with%20MC%20and%20Control%20Variate.ipynb


CHAPTER 3. NUMERICAL RESULTS 47

Fig. 3.1a. To inspect the precision, we zoom into the range between 400,000 and 800,000 sample paths
Fig. 3.1b. To visibly demonstrate the performance gains of variance reduction, we compare the standard
Monte Carlo approach directly against the control variate method across the same range Fig. 3.2. In all
analyzed instances, the 95% confidence intervals are plotted alongside the point estimates to visually
track the rate of error decay. Lastly, it is also interesting to fix the number of simulations and insted
increase the number of time steps used. We show the results in Fig. 3.3.
It is obvious that the control variate method gives more precise results, which is why we will use it as the
benchmark price. Also, we will work with 400000 simulations and 500 time steps, since they offer a very
precise solution at a reasonable time. We will call the solution with these parameters as the benchmark
solution (or sometimes benchmark MC solution).

3.2 Večeř Dimension Reduction Technique

3.2.1 Temporal Matching and convergence with increased grid density

In this subsection we use Θ = 1
2 (Crank-Nicholson scheme) in order to get the highest convergence

order in dt.
A common pitfall in comparing partial differential equation (PDE) methods to stochastic simulation

frameworks is the temporal monitoring mismatch. Asian options are highly sensitive to their observation
frequency; an option sampled at 100 discrete intervals maintains a different mathematical value than one
evaluated at 800.

To validate the algorithmic accuracy of the Večeř solver, we explicitly match the temporal discretiza-
tion parameters of both models. The benchmark solution’s path frequency is MMC = 500, and the Večeř
time steps are therefore fixed identically at N = 500. We then vary the spatial grid density across values
of 50, 100, 200, 400, 800 and 1600.

As displayed in Fig. 3.4, if the temporal parameters match, the Večeř finite difference scheme con-
verges with the number of spatial nodes. For low, medium, and high volatilities (σ = 0.10, 0.20, 0.30),
the spatial discretization error decays rapidly as the number of grid points increases.
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(a) Control variate convergence over a spectrum from 1,000 to 800,000 simulations.

(b) Control variate convergence over a spectrum from 400,000 to 800,000 simulations.

Figure 3.1: Detailed convergence profiles and 95% confidence interval tracking for the Asian option
control variate estimator at different scales. The parameters chosen for this graph are: S 0 = 100,K =
100, T = 1.0, r = 0.05, σ = 0.10. The number of time steps is MMC = 100.
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Figure 3.2: Direct convergence comparison between Standard Monte Carlo and Monte Carlo with Con-
trol Variate from 400,000 to 800,000 simulations, including 95% confidence intervals. The parameters
chosen for this graph are: S 0 = 100,K = 100,T = 1.0, r = 0.05, σ = 0.10. The number of time steps is
MMC = 100.

Figure 3.3: Time granularity convergence for Monte Carlo with Control Variate. The parameters chosen
for this graph are: S 0 = 100,K = 100,T = 1.0, r = 0.05, σ = 0.10. The number of simulations is
100000.
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Figure 3.4: Graphs showcasing the Večeř PDE price converging into the benchmark solution’s 95% confidence interval with increasing spatial grid
density. By fixing the temporal steps to an identical value (MMC = N = 500), the spatial discretization error decays as M increases. We used
parameters r = 0.05,T = 1.0, S 0 = 100,K = 100.
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3.3 Laplace transform

To calculate the inverse Laplace transform we used the famous Euler algorithm explained in Section
1 of [28] (equations 13, 14 and 15) and Section 5 of [29]. The error analysis can be found in [30].
The Euler algorithm operates by transforming the complex Bromwich inversion integral into a real-
valued integral, which is then discretized using the trapezoidal rule. Through a strategic selection of the
integration contour, this discretization yields a nearly alternating infinite series of the form

f (t) ≈
∞∑

k=0

(−1)kak(t)

where the terms ak(t) represent evaluations of the transform function f̂ (s) at specific complex nodes.
Because alternating series derived from the Bromwich integral often exhibit slow convergence, a simple
truncation of the series is computationally inefficient. To overcome this, the algorithm employs Euler
summation, which is a sequence acceleration technique that uses a binomial distribution to compute a
weighted average of partial sums. The resulting approximation is explicitly described by two parameters,
M and N

E(M,N) =
N∑

k=0

(
N
k

)
2−NS M+k(t)

where S m(t) =
∑m

j=0(−1) ja j(t) is the m-th partial sum of the original series.
In Fig. 3.5a and Fig. 3.5b, we tested how the Laplace transform behaves compared to the Monte Carlo
benchmark with increased M and N, respectively. We thus conclude that there is no gain in choosing
different values of M and N than those recommended in [28] and [29], which are M = N = 15.

3.4 MPDATA

3.4.1 Improvement over UPWIND

First, we try to demonstrate how MPDATA significantly improves on the UPWIND scheme. On
Fig. 3.6 it is clear that MPDATA permorms much better.

3.4.2 Improvement with increased spatial grid density

In this subsection we studied the spatial grid density, shown at Fig. 3.7. One can’t choose the number
of temporal nodes arbitrarily due to the stability criterion (2.93). Because of that, we first show the graph
of the number of spatial nodes nx going from 15 to 40 (Fig. 3.7a) with fixed nt = 800, and secondly
the graph of the number of spatial nodes nx going from 20 to 80 (Fig. 3.7b) with fixed nt = 1600. For
simplicity, we choose nx = ny.

3.4.3 Choice of the lower and upper bounds

One may ask how the solution changes with different choices of S min and S max. For simplicity, we
fixed S max = 300 and picked different values of S min. As Fig. 3.8 shows, it is best to keep the interval
sufficiently large to arrive at a desirable accuracy.
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(a) Different values of M.

(b) Different values of N.

Figure 3.5: Comparison of the Laplace transform to the Monte Carlo benchmark for different values of
M and N. The parameters chosen for this graph are: S 0 = 100,K = 100, T = 1.0, r = 0.05, σ = 0.20.
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Figure 3.6: Convergence of UPWIND against MPDATA. The parameters chosen for this graph are:
S 0 = 100,K = 100,T = 1.0, r = 0.05, σ = 0.20, S max = 300, S min = 50. For discretization we set
nx = ny, nt = 800.

3.4.4 Improvement with increased time steps

Lastly we looked at how the solution improves with increased amount of time steps. Fig. 3.9 shows
that while the solution improves, it is only by a small margin, leading to a conclusion that higher grid
density is more important than higher amount of time steps.

3.5 Comparison

In Table 3.1 we compare the 4 different techniques for a few specific values of σ and K while keeping
r = 0.05, T = 1.0, S 0 = 100. Since MPDATA took the longest amount of time and the results are not
as close to the benchmark as the other two methods, we conclude that it behaves the worst of the three
(MPDATA is convergent, so if we picked a higher density it would be closer to the other methods.
However, it would take even longer amount of time to calculate). The Laplace transform method is far
closer to the Monte Carlo benchmark. But the top performer is definitely the Večeř dimension reduction,
which equals the benchmark result to a third decimal place in all cases.
We do the same thing in Table 3.2, but this time with r = 0.15, T = 1.0, S 0 = 100, because these values
have been used in Table 2 in [5]. We conclude that our results are very close to the results reported by
Večeř in [5].
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(a) nx goes from 15 to 40, nt = 800.

(b) nx goes from 20 to 80, nt = 1800.

Figure 3.7: MPDATA convergence with grid density (nx = ny). The parameters chosen for this graph
are: S 0 = 100,K = 100, T = 1.0, r = 0.05, σ = 0.20.
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Figure 3.8: Different choices of S min while keeping S max = 300. The parameters chosen for this graph
are: S 0 = 100,K = 100, T = 1.0, r = 0.05, σ = 0.20. For discretization we set nx = ny = 60, nt = 2000.

Table 3.1: Comparison for different values ofσ. The parameters chosen are: r = 0.05,T = 1.0, S 0 = 100.
We used the Monte Carlo benchmark, Večeř dimension reduction with M = 1000,N = 500, Laplace
transform with N = M = 15, and MPDATA with S max = 300, S min = 20, nt = 1800, nx = 80, ny = 80.

σ K MC benchmark Večeř dimension reduction Laplace transform MPDATA

0.1
90 11.9561 11.9561 11.9514 11.7466
100 3.6477 3.6474 3.6415 3.7450
110 0.3333 0.3335 0.3312 0.5662

0.2
90 12.6037 12.6036 12.5960 12.5510
100 5.7725 5.7724 5.7631 5.8281
110 1.9968 1.9969 1.9899 2.1018

0.3
90 13.9647 13.9649 13.9538 13.9691
100 7.9581 7.9582 7.9456 8.0033
110 4.0824 4.0829 4.0718 4.1446
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Figure 3.9: Different choices of nt while keeping nx = ny = 60. The parameters chosen for this graph
are: S 0 = 100,K = 100, T = 1.0, r = 0.05, σ = 0.20.

Table 3.2: Comparison for different values of σ and K. The parameters chosen are: r = 0.15,T =
1.0, S 0 = 100. We used the Monte Carlo benchmark, Večeř dimension reduction with M = 1000,N =
500, Laplace transform with N = M = 15, and MPDATA with S max = 300, S min = 20, nt = 1800, nx =
80, ny = 80. Results in the column Večeř* are taken from Table 2 in [5].

σ K MC benchmark Večeř dimension reduction Laplace transform MPDATA Večeř*

0.1
90 15.4126 15.4127 15.3995 15.3191 15.399
100 7.0416 7.0413 7.0276 6.8972 7.029
110 1.4219 1.4218 1.4135 1.6702 1.415

0.2
90 15.6565 15.6566 15.6418 15.6000 15.643
100 8.4241 8.4242 8.4088 8.4296 8.412
110 3.5678 3.5680 3.5556 3.6526 3.560

0.3
90 16.5299 16.5302 16.5129 16.5255 16.516
100 10.2272 10.2278 10.2098 10.2575 10.215
110 5.7455 5.7462 5.7301 5.8004 5.736



Conclusion

In this research task, we focused on explaining and comparing different techniques to price arith-
metic average Asian options. Specifically, we studied the Večeř dimension reduction technique, Laplace
transform, and MPDATA algorithm, and compared them to the Monte Carlo solution with control vari-
ate. Of the three methods, the Večeř dimension reduction works the best, having the same results as the
Monte Carlo method up to three decimal places. The Laplace transform also performs reasonably well.
The MPDATA algorithm is time-consuming and computationally-heavy, but may pose a possible way
forward if one were able to code it efficiently.
We conclude that although the pricing of Asian options based on the arithmetic average is a challenging
problem, a variety of effective methods exists. Moreover, the close agreement among the results pro-
duced by the different approaches provides strong evidence of their validity and practical applicability.
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Appendix A

Code

This appendix provides the supplementary code used in Chapter 3. It can also be found in more detail
in this Github repository.

A.1 Monte Carlo Benchmark

Listing A.1: Monte Carlo with control variate
1 import numpy as np
2 from scipy.special import erf
3 import matplotlib.pyplot as plt
4

5

6 class AsianOptionMC_MC(object):
7

8 def __init__(self, option_type , S0, strike, T, M, r, div, sigma,
simulations):

9 try:
10 self.option_type = option_type
11 assert isinstance(option_type , str)
12 self.S0 = float(S0)
13 self.strike = float(strike)
14 self.T = float(T)
15 self.M = int(M)
16 self.r = float(r)
17 self.div = float(div)
18 self.sigma = float(sigma)
19 self.simulations = int(simulations)
20 except ValueError:
21 print(’Error␣passing␣Options␣parameters’)
22

23 if option_type != ’call’ and option_type != ’put’:
24 raise ValueError("Error:␣option␣type␣not␣valid.␣Enter␣’call’␣or

␣’put’")
25 if S0 < 0 or strike < 0 or T <= 0 or r < 0 or div < 0 or sigma < 0:
26 raise ValueError(’Error:␣Negative␣inputs␣not␣allowed’)
27

28 self.time_unit = self.T / float(self.M)
29 self.discount = np.exp(- self.r * self.T)
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30

31 @property
32 def GeometricAsianOption(self):
33 sigsqT = ((self.sigma ** 2 * self.T * (self.M + 1) * (2 * self.M +

1))
34 / (6 * self.M * self.M))
35 muT = (0.5 * sigsqT + (self.r - 0.5 * self.sigma ** 2)
36 * self.T * (self.M + 1) / (2 * self.M))
37 d1 = ((np.log(self.S0 / self.strike) + (muT + 0.5 * sigsqT))
38 / np.sqrt(sigsqT))
39 d2 = d1 - np.sqrt(sigsqT)
40 N1 = 0.5 * (1 + erf(d1 / np.sqrt(2)))
41 N2 = 0.5 * (1 + erf(d2 / np.sqrt(2)))
42 geometric_value = self.discount * (self.S0 * np.exp(muT) * N1 -

self.strike * N2)
43 return geometric_value
44

45 @property
46 def price_path(self, seed = 100):
47 np.random.seed(seed)
48 price_path = (self.S0 *
49 np.cumprod (np.exp ((self.r - 0.5 * self.sigma ** 2)

* self.time_unit +
50 self.sigma * np.sqrt(self.time_unit)
51 * np.random.randn(self.

simulations , self.M)), 1))
52 return price_path
53

54 @property
55 def MCPayoff(self):
56 if self.option_type == ’call’:
57 MCpayoff = self.discount \
58 * np.maximum(np.mean(self.price_path ,1)-self.

strike, 0)
59 else:
60 MCpayoff = self.discount \
61 * np.maximum(self.strike - np.mean(self.

price_path ,1), 0)
62 return MCpayoff
63

64 @property
65 def value(self):
66 MCvalue = np.mean(self.MCPayoff)
67 MCValue_std = np.std(self.MCPayoff)
68 upper_bound = MCvalue + 1.96 * MCValue_std/np.sqrt(self.simulations

)
69 lower_bound = MCvalue - 1.96 * MCValue_std/np.sqrt(self.simulations

)
70 return MCvalue, lower_bound , upper_bound
71

72 @property
73 def value_with_control_variate(self):
74
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75 geometric_average = np.exp( (1/float(self.M)) * np.sum(np.log(self.
price_path), 1) )

76 if self.option_type == ’call’:
77 MCpayoff_geometric = self.discount * np.maximum(

geometric_average - self.strike, 0)
78 else:
79 MCpayoff_geometric = self.discount * np.maximum(self.strike -

geometric_average , 0)
80 value_with_CV = self.MCPayoff + self.GeometricAsianOption -

MCpayoff_geometric
81 value_with_control_variate = np.mean(value_with_CV , 0)
82 value_with_control_variate_std = np.std(value_with_CV , 0)
83 upper_bound_CV = value_with_control_variate + 1.96 *

value_with_control_variate_std/np.sqrt(self.simulations)
84 lower_bound_CV = value_with_control_variate - 1.96 *

value_with_control_variate_std/np.sqrt(self.simulations)
85 return value_with_control_variate , lower_bound_CV , upper_bound_CV

A.2 Večeř dimension reduction

Listing A.2: Večeř dimension reduction implementation
1 import numpy as np
2 from scipy.linalg import solve_banded
3

4 def vecer_fixed_asian_call(S0, K, T, r, sigma, M, N, theta=0.5):
5

6 # Setup Grid
7 dt = T / N
8 z_min, z_max = -1.0, 1.0
9 dz = (z_max - z_min) / M

10 z = np.linspace(z_min, z_max, M + 1)
11 nu = (dz**2) / dt
12

13 # Initial Condition: u(T, z) = (z)^+
14 u = np.maximum(z, 0)
15

16 # Backward Induction
17 for j in range(N - 1, -1, -1):
18 # Specific q(t) provided
19 t_curr = j * dt
20 q_j = 1 - (t_curr / T)
21

22 # Grid indices for inner points i = 1 to M-1
23 zi = z[1:M]
24

25 # Let A = sigma^2 * (q_j - z_i)^2 and B = dz * r * (q_j - z_i)
26 A = (sigma**2) * (q_j - zi)**2
27 B = dz * r * (q_j - zi)
28

29 # LHS (Time j) coefficients
30 L_left = theta * (A - B)
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31 L_mid = -2 * (theta * A + nu)
32 L_right = theta * (A + B)
33

34 # RHS (Time j+1) coefficients
35 R_left = -(1 - theta) * (A - B)
36 R_mid = 2 * ((1 - theta) * A - nu)
37 R_right = -(1 - theta) * (A + B)
38

39 # Construct RHS vector b
40 # rhs_i = R_left*u_{i-1} + R_mid*u_i + R_right*u_{i+1}
41 rhs = R_left * u[0:M-1] + R_mid * u[1:M] + R_right * u[2:M+1]
42

43 # Boundary Conditions
44 # Dirichlet: u[0,j] = 0. Already handled (L_left[0]*u[0] = 0).
45

46 # Linear Extrapolation: u[M,j] = 2*u[M-1,j] - u[M-2,j]
47 # This modifies the last inner equation (i = M-1)
48 L_mid[-1] += 2 * L_right[-1]
49 L_left[-1] -= L_right[-1]
50

51 # Solve Tridiagonal System
52 # Format for solve_banded: [upper, diag, lower]
53 ab = np.zeros((3, M - 1))
54 ab[0, 1:] = L_right[:-1] # Upper diagonal
55 ab[1, :] = L_mid # Main diagonal
56 ab[2, :-1] = L_left[1:] # Lower diagonal
57

58 u_inner = solve_banded((1, 1), ab, rhs)
59

60 # Update u-vector for the next time step (j-1)
61 u[1:M] = u_inner
62 u[0] = 0
63 u[M] = 2 * u[M-1] - u[M-2]
64

65 # Standard Vecer normalization: Price = S0 * u(0, z_0)
66 # where z_0 = 1 - (K / S0)
67 z_0 = 1 - (K / S0)
68 price = S0 * np.interp(z_0, z, u)
69

70 return max(price, 0)

A.3 Laplace Transform

Listing A.3: Laplace Transform implementation
1 import numpy as np
2 import math
3 from scipy.integrate import quad
4 from scipy.special import gamma
5

6 def C_hat(p, nu, alpha):
7 mu = np.sqrt(2 * p + nu**2)
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8

9 # Powers used in the integrand
10 pow1 = 0.5 * (mu - nu) - 2
11 pow2 = 0.5 * (mu + nu) + 1
12

13 # The inner integral over ’z’
14 def inner_integrand(z):
15 return np.exp(-z) * (z**pow1) * ((1 - 2 * (-alpha) * z)**pow2)
16

17 # We integrate real and imaginary parts separately for stability
18 upper_limit = 1 / (2 * (-alpha))
19 re_int, _ = quad(lambda x: np.real(inner_integrand(x)), 0, upper_limit ,

limit=100)
20 im_int, _ = quad(lambda x: np.imag(inner_integrand(x)), 0, upper_limit ,

limit=100)
21 res_integral = complex(re_int, im_int)
22

23 denominator = p * (p - 2 - 2 * nu) * gamma(0.5 * (mu - nu) - 1)
24

25 return res_integral / denominator
26

27 def euler_invert_laplace(F, t, N=15, M=11):
28 # A = 18.4 targets roughly 8 decimal places of accuracy.
29 A = 18.4
30

31 # Array to store the terms of the alternating series
32 su = np.zeros(N + M + 1)
33

34 # First term (k = 0)
35 su[0] = 0.5 * np.real(F(A / (2 * t)))
36

37 # Remaining terms (k = 1 to N + M)
38 for k in range(1, N + M + 1):
39 p = (A + 2 * k * np.pi * 1j) / (2 * t)
40 term = np.real(F(p))
41 if k % 2 != 0:
42 su[k] = -term
43 else:
44 su[k] = term
45

46 # Calculate partial sums of the series
47 partial_sums = np.cumsum(su)
48

49 # Apply Euler summation acceleration
50 def choose(n, k):
51 return math.factorial(n) / (math.factorial(k) * math.factorial(n -

k))
52

53 res = 0.0
54 for k in range(M + 1):
55 weight = choose(M, k) / (2 ** M)
56 res += weight * partial_sums[N + k]
57
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58 return (np.exp(A / 2) / t) * res
59

60 def calculate_asian_call_price(r, sigma, T, t0, t, A, S, K, N=15, M=15):
61 nu = (2 * r / (sigma**2)) - 1
62 tau_2 = (sigma**2 / 4) * (T - t)
63 alpha = -(sigma**2 / (4 * S)) * (K * (T - t0) - (t - t0) * A)
64

65 def F_transform(p):
66 return C_hat(p, nu, alpha)
67

68 # tau_2 is the ’time’ variable in the Geman-Yor model
69 integral_val = euler_invert_laplace(F_transform , tau_2, N, M)
70

71 # Final scaling to get the actual option price
72 scaling = 4 * S * np.exp(-r * (T - t)) / (sigma**2 * (T - t0))
73 option_price = integral_val * scaling
74 return option_price

A.4 MPDATA

Listing A.4: MPDATA implementation
1 import numpy as np
2 from PyMPDATA_examples.Magnuszewski_et_al_2025.asian_option import

AsianArithmetic , Settings
3 from PyMPDATA_examples.Magnuszewski_et_al_2025.common import OPTIONS
4

5

6 def assert_the_stability_condition_for_mpdata(S_min, S_max, nx, sgma, T, nt
):

7 log_s_min = np.log(S_min)
8 log_s_max = np.log(S_max)
9 dx = (log_s_max - log_s_min) / nx

10 sigma_squared = sgma ** 2
11 dt = T / nt
12

13 l2 = dx * dx / sigma_squared / dt
14 if (l2 <= 2):
15 print(f"Error:␣MPDATA:␣Lambda␣squared␣should␣be␣more␣than␣2␣for␣

stability␣{l2}")
16 return l2 > 2
17

18 def calculate_mpdata_price(T, K, r, sgma, S_max, S_min, nt, nx, ny, scale,
S0, option="MPDATA␣(2␣it.)"):

19 assert_the_stability_condition_for_mpdata(S_min=S_min, S_max=S_max, nx=
nx, sgma=sgma, T=T, nt=nt)

20

21 SETTINGS = Settings(
22 T=T,
23 K=K,
24 r=r,
25 sgma=sgma,
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26 S_max=S_max,
27 S_min=S_min,
28 )
29

30 # Set the resolution (Scale 4 or 8 provides high accuracy)
31 res = {
32 ’nt’: nt * scale + 1,
33 ’nx’: nx * scale + 1,
34 ’ny’: ny * scale + 1,
35 }
36

37 sim = AsianArithmetic(SETTINGS , **res, options=OPTIONS[option], variant
="call")

38

39 print(f"Running␣simulation␣for␣{res[’nt’]}␣steps...")
40 sim.step(sim.nt)
41

42 prices_at_t0 = sim.solver.advectee.get()[:, 0]
43

44 final_price = np.interp(S0, sim.S, prices_at_t0)
45

46 return final_price
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