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Introduction

The mathematical framework of stochastic partial equations (SPDEs) is essential for modelling sys-
tems where random fluctuations and external noise play a crucial role, and the theory has been increas-
ingly developed in recent years [13; 15; 21; 20].

We are interested in studying the Allen–Cahn equation [1], a non-linear reaction-diffusion equation
widely recognised within the class of phase-field models [5; 7], a reaction-diffusion approximation to
mean curvature flow [16] or geometrical image segmentation [6; 27]. For more adequate modelling of
microscopic phenomena, this equation is extended to a stochastic framework by incorporating random
fluctuations, typically via a Wiener process [21; 8; 18]. Within this research, we focus on the study of
numerical schemes for equations driven by a Q-Wiener process.

In this work, we bridge established techniques from the theory of deterministic PDEs [6; 7; 24; 2]
with the stochastic setting. We propose a time-discretized scheme for the stochastic Allen–Cahn partial
differential equation and demonstrate its convergence. We have also proposed a fully discretized scheme
and performed a priori estimates.

The text is divided into two parts. Chapter 1 is devoted to the necessary theoretical background,
beginning with Sobolev spaces, followed by a Wiener process and the stochastic integral in Hilbert
space. We also discuss the types of solutions distinguished in the field of stochastic partial differential
equations.

In chapter 2, we will focus on two cases of the scheme. First, in the subsection Discrete-time formu-
lation 2.2.2, we will focus on the scheme where we consider discrete time. In this case, we will derive a
priori estimates 2.2.2.1. We will then utilise these estimates to evaluate the limit of the analytically weak
solution to the problem.

Second, we present the numerical scheme with discrete time and domain in subsection Space-time
numerical scheme 2.2.3. In this setting, we will provide the a priori estimates in 2.2.3.1. Convergence
will be the subject of a later follow-up thesis and is not addressed here.
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Chapter 1

Mathematical background

In order to formulate an initial-value problem for a stochastic partial differential equation (abbrevi-
ated as SPDE later in this text) and its approximation, we need to introduce necessary theoretical tools
in this chapter. First, we will review the definitions of the Trace class, the Hilbert-Schmidt operators,
and the Sobolev spaces, using the notation from [23; 29; 24]. Next, in Subsection 1.2, we will introduce
the definition of a Wiener process in Hilbert space and the stochastic integral, see [21; 15; 13; 20; 30].
The chapter continues with a note on types of solutions in stochastic theory 1.3, see [31; 15; 21; 9]. The
chapter concludes with the theory of interpolation operators 1.4, see [10; 7; 2].

Let
(
U, ( , )U

)
and (H , ( , )) be two separable Hilbert spaces. L (U,H) denotes space of all bounded

linear operators fromU toH .An operator A ∈ L (U) is called nonnegative if (Lu, u)U ≥ 0 for all u ∈ U.
An operator A ∈ L (U) is called symmetric if (Au, v)U = (u, Av)U for all u, v ∈ U.

Definition 1.0.1 (Trace class operator). An operator A ∈ L (H) is called trace class if and only if
Tr |A| < ∞. The family of all trace class operators is denoted by I1.

TrA :=
∞∑

i=1

(Aei, ei)U < +∞.

Definition 1.0.2 (Hilbert-Schmidt operator). An operator B ∈ L (U,H) is called Hilbert-Schmidt if and
only if ∑

k∈N

∥Axn∥
2 < +∞,

where (xn)∞n=1 is any orthonormal basis U. The Hilbert-Schmidt norm is denoted

∥A∥2 B
∞∑

i=1

∥Axn∥ .

The space of all Hilbert-Schmidt operators is denoted by I2.

1.1 Sobolev spaces

The notation employed in this section is based on [29]. In this section and non-empty Λ ⊂ Rd, d ∈ N,
is a bounded domain with Lipschitz boundary. We denote C∞0 (Λ) as the space of all smooth real-valued
functions on Λ with compact support.
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Definition 1.1.1. The set

L1
loc (Λ) B

 f , ∀ (x0 ∈ Λ)

∃Ux0 ,

∫
Ux0

| f | < +∞




is called locally integrable functions on Λ, where Ux0 is neighbourhood of x0.

Definition 1.1.2 (Multi-Index). A d−tuple α = (α1, . . . , αd)T ∈ Nd is called a multi-index of dimension
d. Order of multi-index is denoted by

|α| B
d∑

i=1

αi.

Definition 1.1.3 (Weak derivatives). Let f ∈ L1
loc (Λ) , a function g ∈ L1

loc (Λ) is a weak derivative of
order α ∈ Nd of f , if for all ψ ∈ C∞0 (Λ) applies that∫

Λ

f (x)∂αψ(x) dx = (−1)|α|
∫
Λ

g(x)ψ(x) dx.

A function f ∈ L1
loc (Λ) is said to be weakly differentiable of order k if it has weak derivatives for all

multi-indices |α| ≤ k.

Definition 1.1.4 (Sobolev spaces). Let k ∈ N, p ∈ [1,∞) the Sobolev space

Wk,p (Λ) B
{
f ∈ Lp (Λ) , ∀α, |α| ≤ k, Dα f ∈ Lp (Λ)

}
.

The Sobolev space is endowed with the norm

∥ f ∥Wk,p(Λ) B
∑
|α|≤k

∥∂α f ∥Lp(Λ).

Theorem 1.1.5. For f ∈ N applies that

Wk,2
(
Rd

)
= Hk

(
Rd

)
with equivalence of norms, where H stands for Hilbert space.

Proof. See [29, Chapter. 11.1., page 381] for the proof. □

1.2 Wiener process and stochastic integral in Hilbert space

We present the definition and properties of a Q-Wiener process, in particular the theorem on its
representation 1.2.2, [21], which we extensively use of in Chapter 2. We also explain how the stochastic
integral is defined for this process and discuss its properties, [21; 15; 13; 20; 30].

In whole chapter (Ω,A,P) is the probability space, (U, (·, ·))U and (H , (·, ·))H are two separable
Hilbert spaces.

Definition 1.2.1 (Q-Wiener process). Let Q ∈ L (U) be nonnegative, symmetric and with finite trace.
AU-valued stochastic process W(t), t ∈ [0, T ] , on (Ω,A,P) is called a Q-Wiener process provided

• W(0) = 0,
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• the increments of W are independent, i. e.

W (t1) ,W (t2) −W (t1) , . . .W (tn) −W (tn−1)

for all 0 ≤ t1 < · · · < tn ≤ T, n ∈ N, are independent,

• for all 0 ≤ s ≤ t ≤ T applies that

P ◦ (W(t) −W(s))−1 = N (0, (t − s)Q) .

Theorem 1.2.2 (Representation of the Q-Wiener process). Let (ek)k≥1 be an orthonormal basis of U
consisting of eigenvectors ofQ and λk be corresponding eigenvalues. Then aU-valued stochastic process
W(t), t ∈ [0, T ] is a Q-Wiener process if and only if

W(t) =
∑
k∈N

√
λkβk(t)ek, t ∈ [0, T ] , (1.1)

where βk for k ∈ N, where λk > 0, are independent real-valued Wiener processes on (Ω,A,P) . This
series converges in L2 (Ω,A,P,C ([0, T ] ,U)) .

Proof. See [21, Chapter 2.1] □

1.2.1 Stochastic integral in Hilbert space

We now provide a definition of the stochastic integral and its properties. We use the notation and
construction written in [21],H denotes Hilbert space. The construction of the stochastic integral∫ t

0
dW(t),

where W(t) is a Q-Wiener process with respect to a natural filtration Ft, t ∈ [0, T ], consists of 5 steps,
which we do not describe here in detail; see [21, chapter 2.3]. Similar to a standard Wiener process on
R, the integral is first defined for elementary functions and then the definition is extended.

First, we list employed symbols and definitions [15].

Definition 1.2.3 (Predictable σ- field, predictable process). Let {Ft}t be a filtration, the smallest σ-
algebra PT is called the predictable σ-field if it is generated by sets of form A × (s, t] , A ∈ Fa and
B × {0} , B ∈ F0. PT -measurable process is called the predictable process.

The subspace U0 B Q
1
2 (U) , then separable Hilbert space I2 (U0,H) is denoted by I 0

2 , the inner
product is defined by

(u0, v0)0 B
(
Q−

1
2 u0,Q

− 1
2 v0

)
U
,

where u0, v0 ∈ U0. For A ∈ I 0
2

∥A∥I 0
2
= ∥A ◦ Q

1
2 ∥2.

Define L (U,H)0 B
{
A |U0 ; A ∈ L (U,H)

}
Let Q ∈ L (U) be nonnegative, symmetric and with finite trace. The space of integrable processes

is denoted by

NW B

{
Φ : ΩT → I2

(
Q

1
2 (U) ,H

)
;Φ is predictable and P

(∫ T

0
∥Φ(s)∥2

I 0
2

ds < ∞
)
= 1

}
.
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The space of square integrable processes is denoted by

N2
W (0, T ;H) B

{
Φ : [0, T ] ×Ω→ I 0

2 ;Φ is predictable and
(
E

[∫ T

0
∥Φ(s)∥2

I 0
2

ds
])
< ∞

}
= L2

(
[0, T ] ×Ω,PT , dt ⊗ P; I 0

2

)
.

Theorem 1.2.4. Let Φ ∈ N2
W (0, T ;H). Then∫ t

0
Φ (s) dW(s) =

∞∑
k=1

√
λk

∫ t

0
Φ (s) ek dβk (s) a. s., t ∈ [0, T ] ,

λk, ek, βk are from the representation 1.2.2 for Q-Wiener process W(t). The sum on the right-hand side
converges in L2 (Ω,F ,P; C ([0, T ]) ;H) .

Remark 1.2.5. ∫ T

0
( f (t),Φ(t) dW(t)) B

∫ T

0
Φ̂ f (t) dW(t),

where
Φ̂ f (t)(s) B ( f (t),Φ(t)u) , u ∈ U0.

Definition 1.2.6 (Q-Wiener Process with respect to a filtration). A Q-Wiener process W(t), t ∈ [0, T ] , is
called a Q-Wiener process with respect to a filtration Ft, if

• W(t), t ∈ [0, T ] , is adapted to Ft,

• W(t) −W(s) is independent of Fs for all 0 ≤ s ≤ t ≤ T.

1.2.1.1 Integral for cylindrical Wiener process

Now we consider the case when Q is not necessarily of finite trace. According to the construction
mentioned in [21, Chapter 2.5.1] we denote the embedding

J : (U0, ( , )0)→ (U1, ( , )1),

for choiceU1 = U, αk ∈ (0,∞) , for k ∈ N, with
∑

k∈N α
2
k < ∞. For (ek)k ON basis Q

1
2 = U0 we define

J : U0 →U : u→
∑
k∈N

αk (u, ek)0 ek.

Remark 1.2.7. J is an injective function and J ∈ I2 applies.

Proof. First, we prove that J is the Hilbert-Schmidt operator. Let (ek)k , (βk)k be orthonormal bases of
U0 then

∑
k∈N

(Jek, Jek)U =
∑
k∈N

∥∥∥∥∥∥∥∥
∑
j∈N

α j
(
βk, e j

)
0

e j

∥∥∥∥∥∥∥∥
2

=
∑
k∈N

∑
j∈N

∣∣∣α j
∣∣∣2 ∣∣∣∣(βk, e j

)
0

∣∣∣∣2 =∑
j∈N

∣∣∣α j
∣∣∣2 ∑

k∈N

∣∣∣∣(βk, e j
)
0

∣∣∣∣2
=

∑
j∈N

∣∣∣α j
∣∣∣2 ∥e j∥0 =

∑
j∈N

∣∣∣α j
∣∣∣2 < ∞,

using the Parseval inequality.
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To show, that J is injective, we show that J (u) = 0 implies that u = 0. As

J (u) =
∑
k∈N

αk (u, ek)0 ek = 0,

we see that for all k αk (u, ek) = 0. That means that u ⊥ ek, so u = 0. □

For a cylindrical Wiener process the stochastic integral is defined as∫ t

0
Φ(s) dW(s) B

∫ t

0
Φ(s) ◦ J−1 dW(s), t ∈ [0, T ] .

The class of all integrable processes is defined by

NW =

{
Φ : ΩT → I 0

2 ; Φ predictable and P
(∫ T

0
∥Φ(s)∥2

I 0
2

ds < ∞
)
= 1

}
.

1.2.1.2 Properties of stochastic integral

Now we introduce some properties of the stochastic Itô integral. As for the stochastic Itô integral on
R, the Itô isometry applies, see [21; 13].

Theorem 1.2.8 (Itô isometry). Let W(t) be a Q-Wiener process, Φ ∈ N2
W (0, T,H) , then

E

∥∥∥∥∥∥
∫ t

0
Φ dW(t)

∥∥∥∥∥∥2

H
= E

[∫ t

0
∥Φ (s)∥2

I 0
2

dt
]
.

Proof. It follows from the construction of the integral, see [13] for details. □

The Itô formula is available as follows.

Theorem 1.2.9 (Itô formula). Let us assume that

• Φ ∈ NW (0, T ; H) ,

• φ : ΩT → H is a predictable and a. s. Bochner integrable process on [0, T ],

• X (0) : Ω→ H is F0-measurable,

• F : [0, T ] × H → R is twice Fréchet differentiable with uniformly continuous derivatives on
bounded subsets of [0, T ] × H.

Then for the process

X(t) B X (0) +
∫ t

0
ϕ (s) ds +

∫ t

0
Φ (s) dW(s), t ∈ [0, T ],

we obtain

F (t, X(t)) = F (0, X (0)) +
∫ t

0
(DF (s, X (s)) ,Φ (s) dW (s)) +

∫ t

0

∂F
∂t

(s, X (s)) + (DF (s, X (s)) , φ (s))

+
1
2

Tr
[
D2F (s, X (s))

(
Φ (s)Q

1
2

) (
Φ (s)Q

1
2

)∗]
ds.

Proof. See [13, Chapter 4.4]. □
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Lemma 1.2.10. Let Φ ∈ NW (0, T ) and {ζn}n be a sequence in C ([0, T ] ,H) which converges uniformly
to ζ. Then there exists a subsequence ζnk , such that

lim
k→∞

∫ T

0

(
ζnk (t) ,Φ (t) dW (t)

)
=

∫ T

0
(ζ (t) ,Φ (t) dW (t)) a. s.

Proof. See [21, Lemma 2.4.3.] for the proof. □

1.3 Weak and strong solution

In the theory of SPDEs, we distinguish between several types of solutions. Primarily, we distinguish
between strong and weak solutions in the probabilistic sense [31; 22; 9]. We then present the definitions
of the solutions we use in this work, namely analytically weak and analytically strong solutions, which
can be understood in both the strong and weak probabilistic senses. Other types that we do not use here
include, e. g., the mild solution [15; 21].

LetH ,U be two separable Hilbert spaces. We consider a stochastic differential equation

dX = a (t, X) dt + b (t, X) dW for t ∈ [0, T ] , (1.2)

X (0) = X0 (1.3)

on the filtered probability space (Ω,A,F , P) with the Wiener process, where

a (t, X) : [0, T ] ×H → H ,

b : [0, T ] ×H → I2 (H ,U) .

Speaking of the strong solution, the duty is to construct a process {X (t)}t adapted to filtration F and
satisfying (1.2) with the probability one. Then the process {X (t)}t is called the strong solution of (1.2).

Unlike that, speaking of the weak solution, the duty is to construct a probability space
(
Ω̃, Ã, F̃ , P̃

)
and the processes

{(
X (t) , W̃ (t)

)
, F̃t

}
t
, where W is a Wiener process and (1.2) holds for all t ∈ [0, T ] with

the probability 1. Then we
{(

X (t) , W̃ (t)
)
, F̃t

}
t

call a weak solution of (1.2).
The following types of solutions can then be viewed in both the strong and weak probabilistic senses.

Definition 1.3.1 (Analytically strong). A H- valued predictable process X (t) is called an analytically
strong solution of (1.2) if

X (t) = X0 +

∫ t

0
a (s, X (s)) ds +

∫ t

0
b (s, X (s)) dW (s) P-a.s.

Definition 1.3.2 (Analytically weak solution). An H-valued predictable process X(t) is called an ana-
lytically weak solution of (1.2) if for ∀φ ∈ H

(X (t) , φ) = (X0, φ) +
∫ t

0
(a (X (s)) , φ) ds +

∫ t

0
(φ, b (X (s)) dW (s)) P-a.s.

Uniqueness also varies depending on whether it is interpreted in the strong or weak probabilistic
sense.

Definition 1.3.3 (Strong path-wise uniqueness, uniqueness with respect to sample path). If for any two
weak solution X and Y on the same basis (Ω,F , {Ft}t , P) with the same Wiener process W on (Ω,F ,P)
follows that X (0) = Y (0) a. s., then we say that the solution is unique in the strong sense or path-wise
unique.



CHAPTER 1. MATHEMATICAL BACKGROUND 13

Definition 1.3.4 (Weak uniqueness). If for any two weak solution (X,W) on (Ω,F , {Ft}t , P) and (Y,W′)
on

(
Ω′,F ′,

{
F ′t

}
t , P
′
)

holds that
P ◦ X (0)−1 = P′ ◦ Y (0)−1

and
P ◦ X−1 = P′ ◦ Y−1,

then we say that the solution is weak unique.

1.4 Finite-difference approximation of spatial derivatives

As our intention is to design an approximation scheme for a SPDE in the analogy to the finite differ-
ence method for deterministic parabolic partial differential equations, we introduce the following nota-
tions similar to those in [6; 7].

Definition 1.4.1 (Finite-differences). Let Hh be a set of grid functions on a grid ωh. For u ∈ Hh we
define

• backward finite differences

ux1i, j =
ui, j − ui−1, j

h1
, ux2i, j =

ui, j − ui, j−1

h2
,

• forward finite differences

ux1i, j =
ui+1, j − ui, j

h1
, ux2i, j =

ui, j+1 − ui, j

h2
,

• discrete gradient of u
∇hu =

[
ux1 , ux2

]
, ∇hu =

[
ux1 , ux2

]
,

• discrete Laplace operator

∆hu = ux1 x1 + ux2 x2 =
1
h2

1

(
ui+1, j − 2ui, j + ui−1, j

)
+

1
h2

2

(
ui, j+1 − 2ui, j + ui, j−1

)
.

Definition 1.4.2. Be ωh be rectangular grid imposed on a domain U ∈ R2. Let h = [h1, h2] be the mesh
size. Then, the dual grid is a set

ω∗h =

{
Σi, j ⊂ U | Σi, j =

(
x1

i −
h1

2
, x1

i +
h1

2

)
×

(
x2

j −
h2

2
, x2 +

h2

2

)
∩ U,

[
x1

i , x2
j

]
∈ ωh

}
.

ω∗◁h =
{
Σ◁i j ⊂ U | Σ◁i j =

[
xi, j, xi−1, jxi, j−1

]
κ
∩ U,

[
x1

i , x2
j

]
∈ ωh

}
,

ω∗▷h =
{
Σ▷i j ⊂ U | Σ▷i j =

[
xi−1, j−1, xi−1, jxi, j−1

]
κ
∩ U,

[
x1

i , x2
j

]
∈ ωh

}
,

where [x1, x2, x3]κ is the convex hull of the set {x1, x2, x3}. The dual simplicial grid is a set

ω∗sh = ω
∗◁
h ∪ ω

∗▷
h .

Definition 1.4.3 (Interpolation Operators). LetHh is a set of grid functions on ωh.
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1. Piecewise linear interpolation operator Qh : Hh → C
(
U

)
for each u ∈ Hh.

(Qhu)
(
x1, x2

)
= ui−1, j−1 + ∇hui−1, j−1

[
x1 − x1

i−1, j−1, x2 − x2
i−1, j−1

]
,

if
[
x1, x2

]
∈ Σ▷i, j ∈ ω

∗▷
h .

(Qhu)
(
x1, x2

)
= ui, j + ∇hui, j

[
x1 − x1

i, j, x2 − x2
i, j

]
,

if
[
x1, x2

]
∈ Σ◁i, j ∈ ω

∗◁
h .

2. Piecewise constant interpolation operator S h : Hh → L∞ (U) for each u ∈ Hh

(S hu)
(
x1, x2

)
= ui j

3. Projection operator Ph : C
(
U

)
→ Hh for u ∈ C

(
U

)
and

(
x1, x2

)
∈ ωh

(Phu)i j = u
(
x1, x2

)
.

For illustrative purposes and for comparison with the stochastic example, we will present an example
of a solution to a linear parabolic PDE using the finite difference method.

Example 1.4.4 (Implicit finite difference scheme for a linear parabolic PDE). Let U = (a, b) × (c, d) be
a domain, T > 0 and given f : (0, T ) × U → R, consider

∂u
∂t
= D∆u + f (t, x) in (0, T ) × U,

u
∣∣∣
∂Ω
= 0 in (0, T ) ,

u
∣∣∣
t=0 = uinit in (a, b) .

We introduce grid
ωh =

{[
ih1, jh2

]
, i ∈ n̂1 − 1, j ∈ n̂2 − 1

}
,

where h1 =
S 1
n1
, h2 =

S 2
n2
.

ωh =
{[

ih1, jh2
]
, i ∈ n̂1 ∪ {0} , j ∈ n̂2 ∪ {0}

}
.

A linear space of grid function

Hh B
{
u : ωh → R | u0, j = ui,0 = ui,N2 = uN1, j = 0, i = 0, . . .N1, j = 0, . . .N2

}
.

We define time levels tk = kτ for k = 0, . . . ,NT with times step τ = T
NT
.

Using the definition 1.4.1 we get system of equations

uk
i, j − D

τ

h2
1

(
uk

i+1, j − 2uk
i, j + uk

i−1, j

)
− D

τ

h2
2

(
uk

i, j+1 − 2uk
i, j + uk

i, j−1

)
= uk−1

i, j + τ f k
i, j for k = 1, . . . ,NT .

The system can be written in matrix form

Auk = uk−1 + τFk,

where A = I − τD∆h.



Chapter 2

Allen–Cahn equation

This chapter focuses on the Allen–Cahn equation as a specific case of a non-linear partial differential
equation in its stochastic variant. First, we mention its basic deterministic form in Section 2.1. Then
in Section 2.2, we introduce its stochastic version, and analyse it using the Rothe time discretization.
For the purpose of a stochastic approximation in space and time, we use the finite-difference method to
discretize spatial derivatives [6]. The convergence results follow basic steps as in [21; 15; 13].

2.1 Deterministic Allen–Cahn equation

The Allen–Cahn equation has its origin in the van der Waals theory of phase transitions [26] and was
first introduced in the work of John W. Cahn and Samuel M. Allen [1]. The equation is a key component
of the phase-field theory (see [19; 11; 4]). It is based on a non-sharp interpretation of the phase interface
introduced by Cahn and Hilliard [12]. In this framework, one considers the thermodynamic functional

F
[
p
]
=

∫
U

(w (p; ξ) + T (∇p; ξ)) dx,

where w denotes the bulk energy density, ξ is the thickness of the phase-transition layer, and T stands
for a non-uniformity of the system. The variable p is expected to detect phases by its values close to 0,
and 1, to have a narrow transition layer of the thickness ξ between them identifying the phase interface.
Then the Allen–Cahn equation can be understood as the L2-gradient flow of the functional F , see [12],

τ
∂p
∂t
= −δpF

[
p
]
,

where δpF denotes the Fréchet derivative with respect to p and τ > 0 is a relaxation parameter. This
leads to the Allen–Cahn-type equation

τ(ξ)
∂p
∂t
=

n∑
i, j=1

∂2T (∇p; ξ)
∂gi∂g j

∂2 p
∂xi∂x j

−
∂w(p; ξ)
∂p

in (0, T ) × U.

In the simplest case, when T (∇p) = 1
2 |∇p|2, τ (ξ) = ξ2, the equation reduces to the

ξ2 ∂p
∂t
= ξ2∆p −

∂w

∂p
in (0, T ) × U, (2.1)

with the initial condition
p(0) = p0 in U,

15
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and with the Dirichlet boundary conditions such as

p = 0 on (0,T ) × ∂U,

or with the Neumann boundary conditions such as

∂p
∂n
= 0 on (0,T ) × ∂U.

The non-linear term f B ∂w
∂p could be expressed in various forms, see [3]. The simplest polynomial form

is
f (p; ξ) = a p(1 − p)(p − 0.5) − c0ξF,

where a, c0 > 0, F is the force term driving the evolution of the solution p, [11].
Under suitable assumptions on the bounded domain U, the initial p0, and the nonlinearity f , one

obtains existence and uniqueness of a weak solution to the Allen–Cahn equation; see [4; 3; 11]. In
particular, for homogeneous Dirichlet boundary conditions and sufficiently regular data, the solution
belongs to

p ∈ L∞
(
0, T ; H1

0(U)
)
∩ L2

(
0, T ; H2(U)

)
.

2.2 Stochastic Allen–Cahn equation with additive noise

Let (Ω,A, {Ft}t , P) be complete probability space with natural filtration F B {Ft}t of a Q-Wiener
process {Wt}t. We consider

V ↪→↪→ H ↪→ V∗

with notation H = L2 (U) , W1,2
0 (U) = V, where (0, S 1) × (0, S 2) = U ∈ R2.

In the analogy to equation (2.1), we consider the Allen–Cahn equation having a stochastic forcing
term motivated by randomness in physical processes such during a rapid crystal growth (see [3; 12]).
Such a stochastic partial differential equation has the form. We study the Allen–Cahn equation in the
following form

ξdX =
(
ξ∆X +

1
ξ

f0 (X)
)

dt + c0FdW in [0, T ] × U, (2.2)

X (0) = X0 in U, (2.3)

X = 0 in [0, T ] × ∂U, (2.4)

where ξ > 0, f0 (X) = X (1 − X)
(
X − 1

2

)
and F ∈ I2

(
Q

1
2 U,H

)
is an Ft-adapted stochastic process

fulfilling F ∈ N2
W (0, T ; H). We assume the representation of a Wiener process according to (1.1)

W(t) =
∑
i, j∈N

√
λi, jβi, j (t) ei, j.

In this chapter, we first define the time discretization of equation (2.2) in the analogy to a fully
implicit numerical scheme for deterministic PDEs (see e.g. [25; 17], and also compare to [28; 14]) and
show that for the time step τ→ 0+ it converges to the analytically weak solution of (2.2) as a predictable
process

X ∈ L2 (Ω × [0, T ], P ⊗ dt; V) ∩ L2 (
Ω, P; L∞ (0, T,H)

)
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assuming X0 ∈ (Ω,F ,P,V) for φ ∈ V and for each t ∈ [0, T ] satisfying

ξ (X(t), φ) + ξ
∫ t

0
(∇X,∇φ) ds = ξ (X0, φ) +

1
ξ

∫ t

0
( f0 (X (s)) , φ) ds +

∫ t

0
(c0F dW, φ) a. s.

Then, we define the numerical scheme with discrete time and finite differences. Before proving the
existence of a solution, we demonstrate the path-wise uniqueness of any such solution.

2.2.1 Path-wise uniqueness

Let us assume that we have two solution of equation (2.2) on (Ω,A, {Ft} , P)

ξ (X, φ) + ξ
∫ T

0
(∇X,∇φ) dt = ξ (X0, φ) +

1
ξ

∫ T

0
( f0 (X) , φ) dt +

∫ T

0
c0 (F dW, φ) ,

ξ (Y, φ) + ξ
∫ T

0
(∇Y,∇φ) dt = ξ (Y0, φ) +

1
ξ

∫ T

0
( f0 (Y) , φ) dt +

∫ T

0
c0 (F dW, φ) ,

then we define Z B X − Y and apply the Itô formula (1.2.9)

∥Z (t)∥2H = 2
∫ t

0
(∆Z (s) , Z (s))V + ( f0 (X (s)) − f0 (Y (s)) , Z (s))V dt + 0,

if X0 = Y0, by monotonicity

(∆u + f0 (u) − ∆v − f0 (v) , u − v)V =

∫
U

(∆u + f0 (u) − ∆v − f0 (v)) (u − v) ≤
1
4
∥u − v∥2H

we get

∥Z (t)∥H ≤ C
∫ t

0
∥Z (s)∥H ds.

Using the Grönwall lemma we get ∥Z (t)∥H = 0, that implies Z (t) = 0 a. s. which means that the solution
is path-wise unique.

2.2.2 Discrete-time formulation

As mentioned above, we first discretize equation (2.2) with respect to time.
We work on a discrete filtered probability space

(
Ω,A, {Fk}

NT
k=0 , P

)
with approximation of the filtra-

tion Fk B Ftk , tk = τk, with the time step τ = T
NT
, k = 0, . . . ,NT , Fτ B {Fk}

NT
k=0 , where

∆Wk = Wk −Wk−1

denotes the increment of approximation of a Q-Wiener process. We consider approximation

Wk B W (tk) =
∞∑

i, j=1

√
λi, jβi j (tk) ei, j,

with M ∈ N, ei j are eigenvectors of Q, λi j are corresponding eigenvalues, βi j are real-valued Wiener
processes. The increment can be expressed as

∆Wk =

∞∑
i, j=1

√
λi, j∆βi j (tk) ei j.
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Using this notation we get, that ∆Wk is independent of Ftk−1 .

We propose the scheme

ξXk = ξXk−1 + ξ∆Xkτ +
1
ξ

Xk
(
1 − Xk

) (
Xk −

1
2

)
τ + c0F∆Wk for k ∈ 0, . . .NT ,

X0 = X0,

(2.5)

where Xk : {0, . . .NT } × U → R is an Fτ-PT predictable stochastic process. For a correct definition of
approximation of the stochastic integral we define

N2
W =

Φ : Ω × {0, . . . ,NT } → I 0
2 ;Φ is predictable in respect {Fk} ∧ E

NT∑
k=1

∞∑
i=1

∥∥∥ΦkQ1/2ei
∥∥∥2

H ≤ ∞

 ,
we require that F ∈ N2

W .

2.2.2.1 A priori estimates

To show the convergences of the scheme to the exact solution in the sense defined above we derive
convenient a priori estimates. We multiply equation (2.5) by the time difference Xk−Xk−1

τ B δXk

ξ

(
Xk − Xk−1

τ
,

Xk − Xk−1

τ

)
= ξ

(
∆Xk,

Xk − Xk−1

τ

)
+

1
ξ

(
f0

(
Xk

)
,

Xk − Xk−1

τ

)
+

c0F
∆W M

k

τ
,

Xk − Xk−1

τ

 .
(2.6)

First, we treat the stochastic term. Using the adaptedness on filtration and

∥F∆Wk∥
2
H =

∥∥∥∥∥∥∥∥
∞∑

i, j=1

F
√
λi, j∆βi j (tk) ei j

∥∥∥∥∥∥∥∥
2

H

we get

E
[
∥F∆Wk∥

2
h

]
≤ E

[
E

[
∥F∥22 ∥∆Wk∥

2
H | Ftk

]]
= E

[
∥F∥22 E

[
∥∆Wk∥

2
H | Ftk

]]
.

Summing for k = 0, . . . .l and using the Young inequality we get

E

sup
l∈N̂T

l∑
k=1

(
c0F
∆Wk

τ
,

Xk − Xk−1

τ

)
h

 ≤ εc2
0

2τ2E

 NT∑
k=1

∥F∥22 E
[
∥∆Wk∥

2
H | Ftk

] + 1
2ε
E

 NT∑
k=1

∥δXk∥2H


=
εc2

0

2τ
E

 NT∑
k=1

∥F∥22

 Tr (Q) +
1
2ε
E

 NT∑
k=1

∥∥∥δXk
∥∥∥2

H

 (2.7)

applying the definition of a Q-Wiener process.
The non-linear term is treated according to the [6].(

f0
(
Xk

)
, δXk

)
=

1
2

(
Xk

(
1 − Xk

) (
Xk −

1
2
+ Xk −

1
2
±

(
Xk−1 −

1
2

))
, δXk

)

=
1
2

Xk
(
1 − Xk

)
,

(
Xk − Xk−1

)2

τ

 − 1
2

(
Xk

(
1 − Xk

)2
, δXk

)
+

1
2

(
Xk

(
1 − Xk

)
Xk−1, δXk

)
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=
τ

2

(
Xk

(
1 − Xk

)
,
(
δXk

)2
)
−

1
2τ

∥∥∥∥Xk
(
1 − Xk

)∥∥∥∥2

H
+

1
2τ

(
XkXk−1

(
1 − Xk

)2
, 1

)
−

1
2τ

(
Xk

(
1 − Xk

)2
Xk−1, 1

)
+

1
2τ

(
Xk

(
1 − Xk

)
Xk−1

(
1 − Xk−1

)
, 1

)
=
τ

2

(
Xk

(
1 − Xk

)
,
(
δXk

)2
)
−
τ

4

∥∥∥∥∥∥∥∥
Xk

(
1 − Xk

)
− Xk−1

(
1 − Xk−1

)
τ

∥∥∥∥∥∥∥∥
2

H

−
1
4


[
Xk

(
1 − Xk

)]2
−

[
Xk−1

(
1 − Xk−1

)]2

τ
, 1


=
τ

2

(
Xk

(
1 − Xk

)
,
(
δXk

)2
)
−
τ

4

∥∥∥∥δ [Xk
(
1 − Xk

)]∥∥∥∥2

H
−

1
4

(
δ
[
Xk

(
1 − Xk

)]2
)

= −
τ

2

∥∥∥∥∥∥
(
Xk −

1
2

) (
δXk

)∥∥∥∥∥∥2

H
+
τ

4

∥∥∥∥(δXk
)∥∥∥∥2

H
−
τ

4

∥∥∥∥δ [Xk
(
1 − Xk

)]∥∥∥∥2

H
−

1
4

(
δ
[
Xk

(
1 − Xk

)]2
, 1

)
.

(2.8)

Next, we treat the term (
∆Xk, δXk

)
applying Green’s formula and noting that the stochastic process X is zero on the boundary ∂U and
multiplying τ, we get

τ

l∑
k=1

(
∇Xk,∇δXk

)
=

1
2

l∑
k=1

∥∥∥∥∇ (
Xk − Xk−1

)∥∥∥∥2

H
+

1
2

∥∥∥∇Xl
∥∥∥2

H −
1
2

∥∥∥∇X0
∥∥∥2

H . (2.9)

Using the previous estimates, equation (2.6) can be rewritten as

1
2

(
2ξ −

1
ε
−
τ

2ξ

) NT∑
k=1

τE
[∥∥∥δXk

∥∥∥2
H

]
+
ξ

2

NT∑
k=1

E
[∥∥∥∥∇ (

Xk − Xk−1
)∥∥∥∥2

H

]
+
ξ

2
E

sup
l∈N̂T

∥∥∥∇Xl
∥∥∥2

H


+

1
4ξ
E

sup
l∈N̂T

∥∥∥∥Xl
(
1 − Xl

)∥∥∥∥2

H

 + τ

4ξ

NT∑
k=1

τE
[∥∥∥∥δ [Xk

(
1 − Xk

)]∥∥∥∥2

H

]
+
τ

2ξ

NT∑
k=1

τE

∥∥∥∥∥∥
(
Xk −

1
2

)
δXk

∥∥∥∥∥∥2

H


=
ξ

2
E

[∥∥∥∇X0
∥∥∥2

H

]
+

1
4ξ
E

[∥∥∥∥X0
(
1 − X0

)∥∥∥∥2

H

]
+
εc2

0

2
E

 NT∑
k=1

∥F∥22

 Tr (Q) ,

where ε is chosen to satisfy (
ξ −

1
2ε
−
τ

4ξ

)
> 0.

With the choice ε =
1
ξ2 , we get a condition for time step

τ < 2ξ2. (2.10)

Then, we obtain

ξ

2
E

sup
l∈N̂T

∥∥∥∇Xl
∥∥∥2

H

 ≤ ξ

2
E

[∥∥∥∇X0
∥∥∥2

H

]
+

1
4ξ
E

[∥∥∥∥X0
(
1 − X0

)∥∥∥∥2

H

]
+

c2
0ε

2
E

 NT∑
k=1

∥F∥22

 TrQ. (2.11)
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Similarly we obtain boundedness of

ξ

NT∑
k=1

E
[∥∥∥∥∇ (

Xk − Xk−1
)∥∥∥∥2

H

]
, ξE

sup
l∈N̂T

∥∥∥∇Xl
∥∥∥2

H

 , 1
ξ
E

sup
l∈N̂T

∥∥∥∥Xl
(
1 − Xl

)∥∥∥∥2

H

 , NT∑
k=1

τE

sup
l∈N̂t

∥∥∥δXk
∥∥∥2

H

 . (2.12)

Finally, by the Poincaré inequality we get that that there is K > 0 such that regardless

E

 sup
k∈N̂T

∥∥∥Xk
∥∥∥2

H

 ≤ K. (2.13)

According to [2] to obtain boundedness in L4, we introduce a function w0 = w0 (x, t) , known as the
double-well potential, satisfying

− f0 (X) dX =
∂w0

∂x
dX.

In fact, w0(x) is a non-negative quartic polynomial, for which there exists c1, c2, d1, d2 ∈ N satisfying

c1x4 − d1 ≤ w0(x) ≤ c2x4 + d2. (2.14)

From − f0 (X) dX = ∂w0
∂x dX we obtain

∂2w0

∂x2 = −
∂

∂x

(
x (1 − x)

(
x −

1
2

))
= 3x2 − 3x

and we consider w0 = w0 (X) . Using Itô formula (1.2.9) we get

dw0 = − f0 (X) dX +
3
2

c2
0Tr

(
F∗QF

(
x2 − x

))
dt. (2.15)

We use the discrete version of (2.15) in the form

wk
0 − w

k−1
0

τ
= − f0

(
Xk

) Xk − Xk−1

τ
+

3
2

c2
0Tr

(
F∗QFXk

(
Xk − 1

))
. (2.16)

Now we substitute (2.16) into (2.6)

ξ
∥∥∥δXk

∥∥∥2
H + ξ

(
∇Xk, δXk

)
+

1
ξ

(
δwk

0, 1
)
=

3
2ξ

c2
0Tr

(
F∗QFXk

(
Xk − 1

))
+

(
c0F∆Wk, δXk

)
,

where

Tr
(
F∗QFXk

(
Xk − 1

))
≤ sup

k∈NT

∥∥∥∥Xk
(
Xk − 1

)∥∥∥∥
H

∥∥∥FQ1/2
∥∥∥
I
= sup

k∈NT

∥∥∥∥Xk
(
Xk − 1

)∥∥∥∥
H

∥∥∥FQ1/2
∥∥∥2

2 .

Applying the Young inequality, using (2.9), (2.12) with some constant K > 0 and taking sum over time
step we get(

ξ −
1
2

) NT∑
k=1

τE
∥∥∥δXk

∥∥∥2
H +

ξ

2

NT∑
k=1

E
∥∥∥∥∇ (

Xk − Xk−1
)∥∥∥∥2

H
+
ξ

2
E

 sup
k∈N̂T

∥∥∥∇Xk
∥∥∥2

H

 + 1
ξ
E

 sup
k∈N̂T

(
wk

0, 1
)

≤
ξ

2
E

[∥∥∥∥∇X0
∥∥∥∥2

H

]
+

1
ξ
E

(
w0

0, 1
)
+

3T K
4ξ

c2
0

NT∑
k=1

E
[∥∥∥FQ1/2

∥∥∥2
2

]
+

c2
0

2
E

NT∑
k=1

∥F∥22 Tr (Q) .
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Which implies

E

 sup
k∈NT

(
wk

0, 1
) ≤ C

and

E

NT∑
k=1

(
wk

0, 1
)
≤ E

NT∑
j=1

sup
k∈N̂T

(
wk

0, 1
)
≤ CT. (2.17)

Summary. Before we take the limit, let us summarize the estimates we have obtained. Using the defined
interpolation operators (1.4.3) and a priori estimates (2.11), (2.12) a (2.13) we get

QtXk,∇QτXk ∈ L2 (
Ω, P; L∞ (0, T,H)

)
,

and

E

[∫ T

0

∥∥∥QτXk
∥∥∥2

V

]
≤ CT,

E

[∫ T

0

∥∥∥∇QτXk
∥∥∥2

H

]
≤ C̃T,

for some constants C, C̃, this estimate applies

QτXk,∇QτXk ∈ L2 (Ω × [0, T ] , P ⊗ dt; H) .

In all, we have received

QτXk ∈ L2 (
Ω, P; L∞ (0, T,H)

)
∩ L2 (Ω × [0, T ] , P ⊗ dt; V) , (2.18)

∇QτXk ∈ L2 (
Ω, P; L∞ (0, T,H)

)
∩ L2 (Ω × [0, T ] , P ⊗ dt; H) . (2.19)

Estimate (2.17) implies w0
(
S τXk

)
∈ L1

(
Ω × [0, T ] , P ⊗ dt; L1 (U)

)
.

Using the inequality (2.14) implies

QτXk ∈ L4
(
Ω × [0, T ] , P ⊗ dt; L4 (U)

)
. (2.20)

That give us the boundedness of E
∫ t

0

∥∥∥∥ f0
(
S τXk

)∥∥∥∥
L4/3

which implies

f0
(
S τXk

)
∈ L4/3

(
Ω × [0, T ] , P ⊗ dt; L4/3 (U)

)
⊂ L4/3 (

Ω × [0, T ] , P ⊗ dt; V∗
)
. (2.21)

2.2.2.2 Convergence to the analytically weak solution

Based on previous estimates (2.18), (2.19) , (2.21) there is subsequence kn → ∞ such that

QτXkn ⇀ X in L2(Ω × [0, T ], P ⊗ dt; V), so in L4/3(Ω × [0, T ], P ⊗ dt; V),

and in L2(Ω, P; L∞(0, T ; H)),

∇QτXkn ⇀ Y in L2(Ω × [0, T ], P ⊗ dt; H),

f0
(
S τXkn

)
⇀ f̃ in L4/3(Ω × [0, T ], P ⊗ dt; V∗).
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We define

ξ (X, φ) + ξ (X0, φ) =
∫ t

0

(
ξY +

1
ξ2 f̃ , φ

)
ds +

∫ t

0
(c0FdW, φ) (2.22)

where φ ∈ V.
To estimate that f̃ = f0 (X) and Y = ∆X we use the method described in the book [21, Chap.

5, Theorem 5.1.3] where Itô formula (1.2.9) is used. Because the Itô formula is defined for continuous-
time processes, it is not possible to use it straightforwardly.

Let Θ be a constant from the monotonicity property of the function f0

1
ξ2 ( f0 (x) − f0 (y) , x − y) ≤ Θ ∥x − y∥H .

After multiplying (2.22) by e−tΘ, we obtain

E
[
e−tΘ ∥X (t)∥2H

]
− E ∥X0∥

2
H = E

[∫ t

0
e−sΘ

(
(2 (Y, φ) +

2
ξ2

(
f̃ , X

)
+

1
ξ2 ∥c0F∥22 − Θ ∥X∥

2
H

)
ds

]
.

We multiply (2.23) by e−tk−1ΘQτXkn

e−tk−1Θ
∥∥∥QτXkn

∥∥∥2
H − e−tk−1Θ

∥∥∥QτXk−1n
∥∥∥2

H + e−tk−1Θ
∥∥∥QτXkn − QτXk−1n

∥∥∥2
H

+ 2τe−tk−1Θ
∥∥∥∇QτXkn

∥∥∥2
H

= e−tk−1Θ

(
2τ
ξ2

(
f0

(
S τXkn

)
,QτXkn

)
+

2
ξ

(
c0F∆Wk,QτXkn − QτXk−1n

)
−

2
ξ

(
c0F∆Wk,QτXk−1n

))
.

Using the fact that the last term is a martingale, we obtain

E
[
e−tkΘ

∥∥∥QτXkn
∥∥∥2

H

]
− E

[
e−tk−1Θ

∥∥∥QτXk−1n
∥∥∥2

H

]
+ E

[
e−tk−1Θ

∥∥∥QτXkn − QτXk−1n
∥∥∥2

H

]
+ 2τE

[
e−tk−1Θ

∥∥∥∇QτXkn
∥∥∥2

H

]
≤ E

[
e−tk−1Θ

(
e−τΘ − 1

) ∥∥∥QτXkn
∥∥∥2

H

]
+ E

[
e−tk−1Θ

2τ
ξ2

(
f0

(
S τXkn

)
,QτXkn

)]
+ E

[
e−tk−1Θ

τ

ξ2 ∥c0F∥2H

]
+ E

[
e−tk−1nΘ

∥∥∥QτXkn − QτXk−1n
∥∥∥2

H

]
.

Using the Taylor expansion
e−τΘ − 1 = −τΘ + O

(
τ2

)
and sum over time step

E
[
e−tlΘ

∥∥∥QτXkn
∥∥∥2

H

]
− E

[∥∥∥QτX0n
∥∥∥2

H

]
+

l∑
k=1

2τE
[
e−tk−1Θ

∥∥∥∇QτXkn
∥∥∥2

H

]
≤ E

l∑
k=1

[
e−tk−1Θτ

(
−Θ

∥∥∥QτXkn
∥∥∥2

H +
2
ξ2

(
f0

(
S τXkn

)
,QτXkn

)
+

1
ξ2 ∥c0F∥2H

)]
+ O

(
τ2

)
.
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From here, we proceed as in [21], and by applying Fatou’s theorem, we see that f̃ = f0 (X) and Y = ∆X.
From the uniqueness shown in the 2.2.1, it follows that the entire sequence converges to an analytically
weak solution of the problem (2.2)

ξ (X (t) , φ) + ξ
∫ t

0
(∇X (s) ,∇φ) ds = ξ (X0, φ) +

1
ξ

∫ t

0
( f0 (X (s)) , φ) ds +

∫ t

0
(c0FdW, φ) .

2.2.2.3 Approximation error

To complete the analysis, we now show that the approximations converge strongly. Although we have
already proven that the sequence

{
QτXk

}
k

converges weakly to the solution X, this result alone does not
guarantee convergence in the norm, therefore, using the previous steps, we will show strong convergence
of the error QτXk − X.

We multiply equation (2.5) by e−tk−1Θ
(
QτXk − X

)
, sum over the time levels

E
[
e−tlΘ

∥∥∥QτXk − X
∥∥∥2

H

]
− E

[
∥QτX0 − X0∥

2
H

]
+ E

 l∑
k=1

e−tk−1Θ2τ
∥∥∥∥∇Qτ

(
Xk − X

)∥∥∥∥2

H


= E

[
e−tlΘ

∥∥∥QτXk − X
∥∥∥2

H

]
+ E

 l∑
k=1

e−tk−1Θ2τ
∥∥∥∥∇Qτ

(
Xk − X

)∥∥∥∥2

H


= E

 l∑
k=1

e−tk−1Θτ2
((
∆X,QτXk − X

)
+

1
ξ2

(
f0 (X) ,QτXk − X

))
+ E

 l∑
k=1

e−tk−1Θτ

(
2
ξ2

(
f0

(
S τXk

)
− f0 (X) ,QτXk − X

)
− Θ

∥∥∥QτXk − X
∥∥∥2

H

)
+ E

 l∑
k=1

e−tk−1Θ2
((

c0F∆Wk,QτXk − QτXk−1
)
+

(
c0F∆Wk,QτXk−1 − X

)) + O
(
τ2

)
.

Since the last term is zero and using monotonicity, we obtain that

E
[
e−tlΘ

∥∥∥QτXk − X
∥∥∥2

H

]
+ E

 l∑
k=1

e−tk−1Θ2τ
∥∥∥∥∇Qτ

(
Xk − X

)∥∥∥∥2

H


≤ E

 l∑
k=1

e−tk−1Θτ2
((
∆X,QτXk − X

)
+

1
ξ2

(
f0 (X) ,QτXk − X

))
+ E

 l∑
k=1

e−tk−1Θ2
(
c0F∆Wk,QτXk − QτXk−1

) + O
(
τ2

)
.

By weak convergence, we have

E

 l∑
k=1

e−tk−1Θτ2
((
∆X,QτXk − X

)
+

1
ξ2

(
f0 (X) ,QτXk − X

))→ 0.

By applying the Cauchy–Schwarz inequality twice, we obtain

E

 l∑
k=1

e−tk−1Θ
(
c0F∆Wk,QτXk − QτXk−1

)]
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≤

l∑
k=1

(
E

[
e−2tk−1Θ ∥c0F∆Wk∥

2
H

])1/2
(
E

[∥∥∥QτXk − QτXk−1
∥∥∥2

H

])1/2

≤ ∥c0F∥2
√
τTrQ

√
NT

 l∑
k=1

E
∥∥∥QτXk − QτXk−1

∥∥∥2
H


1/2

.

Then by a priori estimate (2.12) we get

E

 l∑
k=1

e−tk−1Θ
(
c0F∆Wk,QτXk − X

) ≤ ∥c0F∥2
√
τTrQ

√
T
τ

C
√
τ ∼
√
τ
τ→0+
−→ 0,

which concludes that the right side tends to zero, and it follows that

QτXk → X in L2 (Ω, P; H) ,

∇QτXk → ∇X in L2 (Ω × [0, T ] , P × dt; H) .

We obtain strong convergence of the approximations to the solution. Since the limit function has already
been identified as the unique solution to the problem, the proof of convergence is complete.

2.2.3 Space-time numerical scheme

In this subsection we propose the fully discrete numerical scheme in space and time, discretization
of the domain U and finite differences.

We work on the discrete filtered probability space
(
Ω,A, {Fk}

NT
k=0 , P

)
as in Section 2.2.2. Here, we

approximate the infinite series in the representation of a Wiener process (1.1)

W M
k,h B W M

h (tk) =
M∑

i, j=1

√
λi, jβi j (tk)Phei j,

with M ∈ N, ei j are eigenvectors of truncatedQM approximate on grid, λi j are corresponding eigenvalues,
βi j are real-valued Wiener processes.

∆W M
k = W M

k −W M
k−1

denotes increment of approximation of a Q-Wiener process, which could be expressed as

∆W M
k,h =

M∑
i, j=1

√
λi, j∆βi j (tk)Phei j.

We introduce the discretization of U, ωh =
{[

ih1, jh2
]
, i ∈ n̂1 − 1, j ∈ n̂2 − 1

}
, where h1 =

S 1
n1
,

h2 =
S 2
n2
. ωh =

{[
ih1, jh2

]
, i ∈ n̂1 ∪ {0} , j ∈ n̂2 ∪ {0}

}
. A linear space of grid function

Hh B
{
u : ωh → R | u0, j = ui,0 = ui,N2 = uN1, j = 0, i = 0, . . .N1, j = 0, . . .N2

}
.

For the discretization of the Laplace operator, the finite differences will be used by definition (1.4.1). We
define the space

lp (ωh) =
{
Hh, ∥·∥ph

}
,
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where for f ∈ Hh, p > 1

∥ f ∥ph =

n1−1,n2−2∑
i, j=1

h1h2
∣∣∣ fi, j∣∣∣p


1
p

.

We propose the numerical scheme

ξXk = ξXk−1 + ξ∆hXkτ +
1
ξ

Xk
(
1 − Xk

) (
Xk −

1
2

)
τ + c0F∆W M

k,h on ωh,

X0 = PhX0,

(2.23)

where Xk : {0, . . .NT } × ωh → R is an Fτ-PT predictable stochastic process. For correct definition of
approximation of stochastic integral we define

N2
Wh
=

Φ : Ω × [0, T ]→ I 0
2h;Φ is predictable in respect {Fk} ∧ E

NT∑
k=1

M∑
i=1

∥∥∥ΦkQ1/2ei
∥∥∥2

h ≤ ∞

 ,
we require that F ∈ N2

Wh
.

2.2.3.1 A priori estimates

In this section, we show the boundedness of the solution of the fully discrete scheme for the purpose
of future work on its convergence.

We multiply (2.23) by Xk−Xk−1

τ B δXk and sum over ωh

ξ

(
Xk − Xk−1

τ
,

Xk − Xk−1

τ

)
h
= ξ

(
∆hXk,

Xk − Xk−1

τ

)
h
+

1
ξ

(
f0

(
Xk

)
,

Xk − Xk−1

τ

)
h
+

c0F
∆W M

k,h

τ
,

Xk − Xk−1

τ


h

.

(2.24)

First, we treat the stochastic term. Similar to (2.7) using the adaptedness on filtration and

∥∥∥F∆W M
k,h

∥∥∥2
h
=

∥∥∥∥∥∥∥∥
M∑

i, j=1

F
√
λi, j∆βk,i jPhei j

∥∥∥∥∥∥∥∥
2

h

we get

E
[
∥F∆W M

k,h∥
2
h

]
≤ E

[
E

[
∥F∥22h

∥∥∥∆W M
k,h

∥∥∥2
h
| Ftk

]]
= E

[
∥F∥22h E

[∥∥∥∆W M
k,h

∥∥∥2
h
| Ftk

]]
,

where

∥F∥22h =

M∑
i, j

∥∥∥Fei, j
∥∥∥2

h .

means approximated the Hilbert-Schmidt norm. By summing over k = 0, . . . , l and using the Young
inequality we get

E

sup
l∈N̂T

l∑
k=1

c0F
∆W M

k,h

τ
,

Xk − Xk−1

τ


h

 ≤ εc2
0

2τ2E

 NT∑
k=1

∥F∥22h E
[∥∥∥∆W M

k,h

∥∥∥2
h
| Ftk

] + 1
2ε
E

 NT∑
k=1

∥δhXk∥2h


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=
εc2

0

2τ
E

 NT∑
k=1

∥F∥22h

 Tr
(
QM

)
+

1
2ε
E

 NT∑
k=1

∥∥∥δXk
∥∥∥2

h


applying the definition of a Q-Wiener process.

The non-linear term we treat alike (2.8) according to the [6].

(
f0

(
Xk

)
, δXk

)
h
= −

τ

2

∥∥∥∥∥∥
(
Xk −

1
2

) (
δXk

)∥∥∥∥∥∥2

h
+
τ

4

∥∥∥∥(δXk
)∥∥∥∥2

h
−
τ

4

∥∥∥∥δ [Xk
(
1 − Xk

)]∥∥∥∥2

h
−

1
4

(
δ
[
Xk

(
1 − Xk

)]2
, 1

)
h
.

(2.25)

By applying Green’s formula and noting that the stochastic process X is zero on the boundary ∂U,
sum over ωh and multiplying τ, we get

τ

l∑
k=1

(
∇hXk,∇δXk

)
h
=

1
2

l∑
k=1

∥∥∥∥∇h
(
Xk − Xk−1

)∥∥∥∥2

h
+

1
2

∥∥∥∥∇hXl
∥∥∥∥2

h
−

1
2

∥∥∥∥∇hX0
∥∥∥∥2

h
. (2.26)

Using the previous estimates, equation (2.24) can be rewritten as

1
2

(
2ξ −

1
ε
−
τ

2ξ

) NT∑
k=1

τE
[∥∥∥δXk

∥∥∥2
h

]
+
ξ

2

NT∑
k=1

E
[∥∥∥∥∇h

(
Xk − Xk−1

)∥∥∥∥2

h

]
+
ξ

2
E

sup
l∈N̂T

∥∥∥∥∇hXl
∥∥∥∥2

h


+

1
4ξ
E

sup
l∈N̂T

∥∥∥∥Xl
(
1 − Xl

)∥∥∥∥2

h

 + τ

4ξ

NT∑
k=1

τE
[∥∥∥∥δ [Xk

(
1 − Xk

)]∥∥∥∥2

h

]
+
τ

2ξ

NT∑
k=1

τE

∥∥∥∥∥∥
(
Xk −

1
2

)
δXk

∥∥∥∥∥∥2

h


=
ξ

2
E

[∥∥∥∥∇hX0
∥∥∥∥2

h

]
+

1
4ξ
E

[∥∥∥∥X0
(
1 − X0

)∥∥∥∥2

h

]
+
εc2

0

2
E

 NT∑
k=1

∥F∥22h

 Tr
(
QM

)
,

(2.27)

Where ε is chosen to (
ξ −

1
2ε
−
τ

4ξ

)
> 0.

With the choice ε =
1
ξ2 , we get condition for time step

τ < 2ξ2. (2.28)

We obtain

ξ

2
E

sup
l∈N̂T

∥∥∥∥∇hXl
∥∥∥∥2

h

 ≤ ξ

2
E

[∥∥∥∥∇hX0
∥∥∥∥2

h

]
+

1
4ξ
E

[∥∥∥∥X0
(
1 − X0

)∥∥∥∥2

h

]
+

c2
0ε

2
E

 NT∑
k=1

∥F∥22h

 TrQM. (2.29)

From the equation (2.27) we can see boundedness of

ξ

NT∑
k=1

E
[∥∥∥∥∇h

(
Xk − Xk−1

)∥∥∥∥2

h

]
, ξE

sup
l∈N̂T

∥∥∥∥∇hXl
∥∥∥∥2

h

 , 1
ξ
E

sup
l∈N̂T

∥∥∥∥Xl
(
1 − Xl

)∥∥∥∥2

h

 , NT∑
k=1

τE

sup
l∈N̂t

∥∥∥δXk
∥∥∥2

h

 . (2.30)

By Poincaré inequality we get that that ∃K < ∞ such that

E

 sup
k∈N̂T

∥∥∥Xk
∥∥∥2

h

 ≤ K. (2.31)
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We have obtained following

∇Xk, Xk ∈ L2 (Ω, P; l∞ (0, . . . ,NT ; l2 (ωh))) . (2.32)

Similarly as in Subsection 2.2.2 we obtain boundedness in l4 (ωh) .
We will use discrete version of (2.16) in the form

wk
0 − w

k−1
0

τ
= − f0

(
Xk

) Xk − Xk−1

τ
+

3
2

c2
0Tr

(
F∗QMFXk

(
Xk − 1

))
(2.33)

Now we (2.33) substitute into (2.24), sum over ωh

ξ
∥∥∥δXk

∥∥∥2
h + ξ

(
∇hXk, δXk

)
h
+

1
ξ

(
δwk

0, 1
)
h
=

3
2ξ

c2
0Tr

(
F∗QMFXk

(
Xk − 1

))
+

(
c0F∆W M

k,h, δXk
)
h
,

where

Tr
(
F∗QMFXk

(
Xk − 1

))
≤ sup

k∈NT

∥∥∥∥Xk
(
Xk − 1

)∥∥∥∥
h

∥∥∥∥FQM1/2
∥∥∥∥
I
= sup

k∈NT

∥∥∥∥Xk
(
Xk − 1

)∥∥∥∥
h

∥∥∥∥FQM1/2
∥∥∥∥2

2h
.

Applying the Young inequality, using (2.26), (2.30) with some constant K > 0 and taking sum over time
step we get(

ξ −
1
2

) NT∑
k=1

τE
∥∥∥δXk

∥∥∥2
h +

ξ

2

NT∑
k=1

E
∥∥∥∥∇h

(
Xk − Xk−1

)∥∥∥∥2

h
+
ξ

2
E

 sup
k∈N̂T

∥∥∥∥∇Xk
∥∥∥∥2

h

 + 1
ξ
E

 sup
k∈N̂T

(
wk

0, 1
)
h


≤
ξ

2
E

[∥∥∥∥∇X0
∥∥∥∥2

h

]
+

1
ξ
E

(
w0

0, 1
)
h
+

3T K
4ξ

c2
0

NT∑
k=1

E
[∥∥∥∥FQM1/2

∥∥∥∥2

2h

]
+

c2
0

2
E

NT∑
k=1

∥F∥22h Tr
(
QM

)
.

Which implies

E

 sup
k∈NT

(
wk

0, 1
)
h

 ≤ C

and

E

NT∑
k=1

(
wk

0, 1
)
h
≤ E

NT∑
j=1

sup
k∈N̂T

(
wk

0, 1
)
h
≤ CT. (2.34)

Using interpolation operators and by (2.32), (2.34), we established that

QτQhXk,∇QτQhXk ∈ L2 (
Ω, P; L∞ (0, T, l2 (ωh))

)
∩ L2 (Ω × [0, T ] , P ⊗ dt; l2 (ωh)) ,

QτQhXk ∈ L4 (Ω × [0, T ] , P ⊗ dt; l4 (ωh)) ,

f0
(
S τS hXk

)
∈ L4/3 (

Ω × [0, T ] , P ⊗ dt; l4/3 (ωh)
)
.

2.2.3.2 Numerical algorithm

For future application of the designed approximation scheme in computer simulations, we summarize
its use in the following algorithm 1:
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Algorithm 1 Fully discrete scheme for the stochastic Allen–Cahn equation
Consider

ξ dX =
(
ξ∆X +

1
ξ

f0(X)
)

dt + c0F dW in [t0, T ] × U,

X(t0) = X0 in U,

X = 0 on [t0, T ] × ∂U.

Require: Q-Wiener process, i. e. given
{
ei, j

}
i, j∈N

, and eigenvalues λi, j, U = (a, b)× (c, d) ⊂ R2 domain,
initial time t0, T > 0 final time.

Require: Number of time steps NT , mesh parameters n1 n2 and truncation parameter M.
1: Set X0 = X0, set time step τ = T−t0

Nt
, tk = t0 + kτ, for k = 0, . . . ,NT .

2: Construct the grid, set h1 =
b−a
n1

, h2 =
d−c
n2
.

3: for k = 1, . . . ,NT do
4: Compute the discrete Wiener increment ∆W M

k,h.

• Generate independent Gaussian random variables ∆βi j(tk) ∼ N(0, τ), for i, j = 1, . . . ,M,

• compute the truncated Wiener increment ∆W M
k,h =

∑M
i, j=1

√
λi j ∆βi j(tk)ei j.

5: Solve the non-linear problem: find Xk such that

ξXk
i, j = ξXk−1

i, j +ξτ

Xk
i+1, j − 2Xk

i, j + Xk
i−1, j

h2
1

+
Xk

i, j+1 − 2uk
i, j + uk

i, j−1

h2
2

+τξXk
i, j(1−Xk

i, j)
(
Xk

i, j −
1
2

)
+c0F∆W M

k,h,

satisfying boundary condition

Xk
0, j = Xk

n1, j = Xk
i,0 = Xk

i,n2
= 0.

6: end for



Conclusion

This paper aims to study a numerical scheme for the stochastic Allen—Cahn partial differential equa-
tion. Chapter 1 provides the theoretical background necessary for the convergence analysis presented in
Chapter 2.

In Chapter 2, we present two schemes: the first with discrete time, and in the second, we consider
both discrete time and discrete domain U. We performed a priori estimates for both formulations. For
the Discrete-time scheme 2.2.2, we demonstrated convergence to an analytically weak solution.

The convergence of the second Space-time numerical scheme 2.2.3 will be the subject of a follow-
up master’s thesis, along with research on a more general stochastic partial differential equation and its
numerical scheme.

In conclusion, we have successfully combined the approaches of the theory of numerical solutions
to deterministic partial differential equations in Hilbert spaces and the theory of stochastic partial dif-
ferential equations. We have presented and carried out the complete proof of the stochastic Allen–Cahn
equation with discrete time, thereby fully achieving the aim of this work.
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